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HOMEWORK 1 - SOLUTIONS
Review of Quantum Mechanics

1 The Photoelectric effect

1. The minimum photon energy,Eph, equals the workfunction,W0. This also equals:

Eph = q ∗W0 = 1.6 ∗ 10−19 ∗ 4.3 = 6.89 ∗ 10−19Joule

The corresponding photon frequency is:

ν = Eph/h = 1040THz

The corresponding wavelength equals:

λ = hc/Eph = 0.288µ.m

The photon momentum, p, is:

p = h/λ = 2.297 ∗ 10−27kg.m/s

2. the wavelength threshold isλs = hc/W0 = 621nm, soλ < λs

Forλ = 546.1nm, we get for the Kinetic energy of the electron :

KE = hc/λ−W0 = 0.273eV,

sinceE = p2/(2m) = (1/2)mv2, we get for the velocityv = 3.098 ∗ 105m.s−1.
Forλ = 645.5nm, it comesv = 0m.s−1 sinceλ > λs and thenν < νs.

2 Hydrogen atom

1. Normalization condition involves
∫∞
0 |Ψ|24πr2dr = 1. It comes

4πC2

∫ ∞

0
r2 exp(−2r/a0)dr = 1.

Using integrations by parts, we get∫ ∞

0
r2 exp(−2r/a0)dr = a0

∫ ∞

0
r exp(−2r/a0)dr = a2

0/2
∫ ∞

0
exp(−2r/a0)dr = a3

0/4,

thenC = (1/(πa3
0))

1/2.

2. dP = |Ψ|24πr2dr, sodP/dr = (4/a3
0) exp(−2r/a0)r2

3. if we call E(r) = dP/dr, a maximum ofE(r) is obtained fordE(rp)/dr = 0. It comesrp = a0.
The Bohr radius (classical picture) corresponds, in fact, to an orbit where the probability to find an
electron is maximal (quantum picture).
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4.

P (0.9rp < r < 1.1rp) = (4/a3
0)

∫ 1.1a0

0.9a0

r2 exp(−2r/a0)dr,

After calculations we getP = 0.108 (10.8%).

5.

〈r〉 = (4/a3
0)

∫ ∞

0
r3 exp(−2r/a0)dr = 3a0/2

6. We note thatU(r) = −b2/r whereb = q2/(4πε0)

〈U〉 = −b2〈(1/r)〉 = −b2(4/a3
0)

∫ ∞

0
r exp(−2r/a0)dr = −b2/a0 = −27.1eV.

We also note that (in spherical coordinates)

T = − h̄2

2m

∂

r2∂r

(
r2∂

∂r

)
,

we then get

〈T 〉 =
h̄2

2m

1
a2

0

= 13.6eV.

SinceE = T + V , it comesE = −13.6eV . This is equivalent to the fundamental energy obtained
with the Bohr model.

3 Finite potential well

1. We get: 
ΨI = exp(ikx) + r exp(−ikx)
ΨII = E exp(iKx) + F exp(−iKx)
ΨIII = t exp(ikx)

Using the conditions of continuity:

ΨI(−a/2) = ΨII(−a/2); dΨI(−a/2)/dx = dΨII(−a/2)/dx

and
ΨII(a/2) = ΨIII(a/2); dΨII(a/2)/dx = dΨIII(a/2)/dx,

we obtain 4 equations with 4 unknownsr, E, F, t. We put the system into a matrix form and solve the
linear system for the unknownt. The coefficient of transmissionT is given by|t|2:

T =
1

1 +
(

K2−k2

2Kk

)2
sin2Ka

.

Since we know thatR + T = 1, it comesR = 1− T .

2.

f(E) =
U2

0

4E(E + U0)

and
g(E) = (2m(E + U0))1/2a/h̄
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3. Numerical application.

4. T = 1 for g(E) = nπ (n positive integer); finally we get

En = n2π2h̄2/(2ma2)− U0,

it comesE1 = 0.7eV , E2 = 50.8eV , E3 = 134.3eV .

Calculate (analytically) the energy values for whichT is equal to1 (total transmission). What are the
numerical expressions of these energy values (we consider only the values smaller than150eV ) ?

5. If E → ∞, f(E) → 0, soT → 1. At high energy, the electron ”does not feel” the effect of the
potential well. Same result than that obtained using classical mechanics.

4 Finite potential wall (30pts)

1. We get: 
ΨI = exp(ikx) + r exp(−ikx)
ΨII = C exp(iαx) + D exp(−αx)
ΨIII = t exp(ikx)

with k = (2mE)1/2/h̄ andα = (2m(U0 − E))1/2/h̄.

Using the conditions of continuity:

ΨI(0) = ΨII(0); dΨI(0)/dx = dΨII(0)/dx

and
ΨII(a) = ΨIII(a); dΨII(a)/dx = dΨIII(a)/dx,

we obtain 4 equations with 4 unknownsr, C,D, t. We put the system into a matrix form and solve the
linear system for the unknownt. The coefficient of transmissionT is given by|t|2:

T =
16

|(1 + α
ik )(1 + ik

α ) exp(−αa) + (1− α
ik )(1− ik

α ) exp(αa)|2
.

2. a >> 1/α leads toexp(−αa) << exp(αa), so

T ' 16 exp(−2αa)
(4 + (α

k −
k
α)2)

or

T ' 16
E

U0
(1− E

U0
) exp(−2αa).

3. From the previous result:

Log(T ) = Log

(
16

E

U0
(1− E

U0
)
)
− 2αa.

We set the errorε:

ε = Log

(
16

E

U0
(1− E

U0
)
)

such as
Log(T ) = −2αa + ε
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ε(x) > 0 is a necessary condition to obtain the maximum error; indeedT < exp(−2αa + ε) only if
exp(ε) > 1, thenε > 0.
We setx = E/U0; Within the positive region,ε(x) is maximal ifdε(x)/dx = 0; we getx = 1/2. So
ε(1/2) = Log(4) ' 1.4. Whenαa = 50, we get

Log(T ) = −100 + 1.4,

the formula is then exact at1.4%.
At the classical limitLog(T ) → −∞ thenT → 0.

4


