ECE609 Spring06

HOMEWORK 1 - SOLUTIONS
Review of Quantum Mechanics

1 The Photoelectric effect
1. The minimum photon energy,,,, equals the workfunctiori}s. This also equals:

Eyp=qxWo=16%10""%4.3 =689« 107" Joule

The corresponding photon frequency is:

v = Ey/h = 1040THz

The corresponding wavelength equals:

A = he/Ep, = 0.288u.m

The photon momentum, p, is:

p=nh/\=2297%10"*"kg.m/s

2. the wavelength threshold ¥, = he/Wy = 621nm, SO\ < A
For A\ = 546.1nm, we get for the Kinetic energy of the electron :

KE = he/X— Wy = 0.273€V,
sinceE = p?/(2m) = (1/2)mv?, we get for the velocity = 3.098 * 105m.s~ 1.
For \ = 645.5nm, it comesy = Om.s~! sincel > )\, and thernv < v;.
2 Hydrogen atom

1. Normalization condition involveg, |¥|?4mr?dr = 1. It comes
[e.e]
47TC2/ 2 exp(—2r/ag)dr = 1.
0

Using integrations by parts, we get

oo

/ 2 exp(—2r/ag)dr = ao/ rexp(—2r/ag)dr = a3/2/ exp(—2r/ag)dr = ag /4,
0 0 0

thenC = (1/(mad))"/?.
2. dP = |V |*47r?dr, sodP/dr = (4/ad) exp(—2r/ag)r?

3. if we call E(r) = dP/dr, a maximum ofE(r) is obtained fordE(r,)/dr = 0. It comesr, = ao.
The Bohr radius (classical picture) corresponds, in fact, to an orbit where the probability to find an
electron is maximal (quantum picture).



1.1ag
P0.9r, <r<1llry,) = (4/@3)/ 2 exp(—2r/ag)dr,
0.9ag

After calculations we geP = 0.108 (10.8%).

(r) = (4/ad) /OO 3 exp(—2r/ag)dr = 3ag/2
0
6. We note thal/(r) = —b?/r whereb = ¢ /(4eg)
(U) = =b*((1/r)) = —b*(4/a}) /Uoorexp(—Qr/ao)dr = —b*/ag = —27.1¢V.

We also note that (in spherical coordinates)

* 0 (1?0
r= 2mr20r <87‘> ’

we then get
h? 1
T)=—— =13.6eV.
(T) 2m a% c
SinceE = T + V, itcomesE = —13.6eV. This is equivalent to the fundamental energy obtained

with the Bohr model.

3 Finite potential well

1. We get:

U;r = Fexp(iKz) + Fexp(—iKx)

U, = exp(ikx) + rexp(—ikx)
\I/][[ = texp(ikx)

Using the conditions of continuity:
Ui(—a/2) =Vi(—a/2); d¥Vi(—a/2)/dx =d¥Y(—a/2)/dx
and
Urr(a/2) =Vyr(a/2);  d¥rr(a/2)/dx = d¥ rr(a/2)/dx,

we obtain 4 equations with 4 unknownsF, F', t. We put the system into a matrix form and solve the
linear system for the unknown The coefficient of transmissidfi is given by|t|?:

1
5 .
1+ (K;I;f) sin?Ka

T —

Since we knowthakR +7 =1, itcomesR =1 —T.

U2
f(B) = 4E(Egr Uo)
and

9(E) = 2m(E + Uy))"/a/h



3. Numerical application.
4. T = 1for g(FE) = nr (n positive integer); finally we get
E, = n*1*h?/(2ma®) — Uy,

it comesk = 0.7eV, By = 50.8¢V, B3 = 134.3¢V.
Calculate (analytically) the energy values for whiEls equal tol (total transmission). What are the
numerical expressions of these energy values (we consider only the values small&O#ian?

5 If FE — oo, f(EF) — 0,s0T — 1. At high energy, the electron "does not feel” the effect of the
potential well. Same result than that obtained using classical mechanics.

4  Finite potential wall (30pts)

1. We get:
U, = exp(ikx) + rexp(—ikx)
U = Cexp(iax) + D exp(—ax)
U = texp(ikz)

with k = (2mE)"/?/h anda = (2m(Uy — E))Y/2/h.
Using the conditions of continuity:

U (0) = Uy7(0);  d¥;(0)/dz = d¥;;(0)/da

and
Urr(a) =Yrrr(a); dVyr(a)/dx = d¥ rr(a)/de,

we obtain 4 equations with 4 unknowng”, D, t. We put the system into a matrix form and solve the
linear system for the unknown The coefficient of transmissidfi is given by|t|?:

. 16
(14 5)(1+ %) exp(—aa) + (1 = §)(1 - %) exp(aa)|?

o o

2. a >> 1/« leads toexp(—aa) << exp(aa), SO

T o 16 exp(—2aa)
(@G5

«

or
E E

3. From the previous result:

We set the erro¢:

such as



e(x) > 0is a necessary condition to obtain the maximum error; indeed exp(—2aa + €) only if
exp(e) > 1, thene > 0.

We setr = E/Uy; Within the positive regiong(z) is maximal ifde(x)/dx = 0; we getr = 1/2. So
€(1/2) = Log(4) ~ 1.4. Whenaa = 50, we get

Log(T) = —100 + 1.4,

the formula is then exact at4%.
At the classical limitLog(7T") — —oo thenT" — 0.



