ECE609 Spring07

HOMEWORK 2 - SOLUTIONS
Energy Band Theory and Semiconductor Fundamentals

1 Energy Band Theory

o (i) to (i): Up(r + R) = ™ e uy(r + R) = ™ uy,(r) = ey (r)

(i) to (ii): we setug(r) = e * Uy (r), thenug(r + R) = e e B, (r + R) = uy(r), since
e_ikR\Ifk(T + R) = Ug(r).

V(e* ug(r)) = ike* wg,(r) + e Vg (r)
A(e* ug (1) = —k2eM up (r)Fike  up (r) Fike g (1) 4 Aug (r) = e (— 4+ 2ikV +A)ug(r)
Finally, we obtain the expression we saw in class.

2 Energy band theory using the LCAO method

1.
—+00

U(z) = Z Cnn ()

n=—oo

2. We replace the expression ¥fx) in the Schodinger equation then we multiply hy, (z) and inte-
grate over all the real space (projection). We get:

ch(/ Um () Hup (2)dx) = Ech(/ U (z)vp (2)d),

n

where the second term is equal to zero butrfoe= n. Since we consider only the coupling between
first neighbors, in the first term, the sum over n is different of zero only.ferm, m + 1, m — 1.

cm(/ Um(z)HUm(x)dx)+cm+1(/ U (2) HUpg1 (z)d) +cm1(/ U () Hom—1(z)dx) = Ecyp,

or (m = n):
Eopcy, — Acn+1 — Acy—1 = Ecp,
with
Ey = /vn(x)an(x)dx
and
A= —/vn(x)anH(x)dx = /vn(:v)anl(:E)dx.
3.

E = E(k) = Ey — 2Acos(kl),

we can plot this relation on the first brillouin zorer/l < k < «/l. We obtain a permitted energy
band between the enerdy, — 24 andEy + 2A. The width of the band is equal td depending on
the strength of the coupling terr (i.e. tunneling effect between atoms). So if the tunneling effect
increases the energy band becomes larger.
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Uy(x) = Z exp(iknl)vo(z — nl)
it comes for¥ (x + 1):
Up(a+l) = Y exp(iknl)vo(z—(n—1)I) = exp(ikl) > exp(ik(n—1)l)vo(z—(n—1)l) = exp(ikl)(z)

5. we can easily show thai, () = ui(z + [), and we get the second form of the Bloch theorem.

6. |Vi(x +nl)|> = |¥r(z)]?> Vn, so the probability to find an electron on a given atom is periodic and
it is the same on each atom site. We say that the electron is delocalized.

7. we getexp(ikl) = 1 sok, = n2w/L. The length of the Brillouin zone is equal far/I. So, the
number of states available (87 /l)/(2w/L) = N — 1. One can also use the definition of the density
of state in the k-spacg(k)dk (then integration) to show this result.

If N >>1,thenN —1~ N.

2A1

If the energy goes td, + 2A4, k goes to+x/l or —m/l (extremities of the first Brillouin zone -

see figure of the dispersion relation becomes zero). This means that the electron cannot move in the
crystal if its energy is too close to the maximutp+2A. Just for information: this situation is similar

with what is happening in optic with the Bragg reflection.

3 Carrier densities

1. For 1D or 2D, we have

h2k?
E =
Gy + b1
e For 2D, we have in k-space:
S
k)dk = 2 x —=2nkdk
and in energy space
S (dEN™'  Sm*
E)="k (= -2
the DOS does not depend on the enekjy
e For 1D (per unit of volume), we have in k-space:
L
g(k)dk = 2« 2dk

(27)

the DOS does not depend on the enekjy

and in energy space



3D 2.41%10%V 1!
2D 4.5x%10%
1D 6.93 % 102

3. For non-degenerate semiconductors, derive analytically the expressions of the effective density of
states for a 2D and 1D systev{” and N!P).
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n = NCQD In (1 + exp(B(Er — Ev)))




