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HOMEWORK 2
Energy Band Theory and Semiconductor Fundamentals

1 Energy Band Theory (10pts)

• We consider a crystal with a periodic potential. The first and second form of the Bloch theorem are
given by (i)Ψk(r + R) = eikRΨk(r), whereR has the periodicity of the crystal, and (ii)Ψk(r) =
eikruk(r) with uk(r + R) = uk(r). From (ii) you will show (i). From (i) you will show (ii).

• The Schr̈odinger equation is given by:

− h̄2

2m
∆rΨ(r) + U(r)Ψ(r) = EΨ(r)

whereU(r) is periodic. Using the second form of the Bloch theorem, derive the partial differential
equation foruk.

2 Energy band theory using the Linear Combination of Atomic Orbitals
(LCAO) method (55pts)

We consider an infinite chain of atoms (going from−∞ to∞) wherel is the distance between the atoms.
For a given atomn, only one energy statevn(x) is available. We will not consider the overlap between
the different states (orthogonal tight-binding approach), in addition, the basis function{vn} satisfies the
normalization condition: ∫ +∞

−∞
vn(x)vp(x) = δn,p.

We would like to solve the Schrödinger equationHΨ = EΨ.

1. Write Ψ(x) as a linear combination of basis functionsvn(x) (atomic orbital- one by atom). We will
introduce the coefficientscn.

2. Show thatcn satisfies the following equation (we consider only the interactions between the first
neighbors):

E0cn −Acn+1 −Acn−1 = Ecn,

where you will give the expression ofE0 (on site energy) andA (coupling term).

3. We consider solutions of this form:cn = exp(iknl), wherek belongs to the first Brillouin zone. Find
and plot the dispersion relation. Comment. From the graph, comment on what would happen if the
tunneling effect between atoms increases.

4. Using the fact that the statevn can be obtained by translationnl of the statev0 (i.e.vn(x) = v0(x− ql)),
demonstrate the first form of the Bloch theorem.

5. We setΨk(x) = exp(ikx)uk(x), which conditionuk should satisfy ?

6. In the atom chain, where is the electron associated with the stateΨk ?
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7. We consider a finite chainL with N number of atoms such asN is very large. Using Born-Von
Karman boundary conditions (periodic B.C.), which are the possible values fork ? How manyk states
are available in the first brillouin zone (give the result in fonction ofN , also we will not consider the
spin factor). How can we approximate this expression if the number of atoms is very large (N >> 1).

8. Calculate and plot the group velocity of the electrons which is given by

VG =
1
h̄

(
dE(k)

dk

)
.

What is happening if the energy of the electron goes toE0 + 2A ?

3 Carrier densities (35pts)

1. Derive the expression of the density of state (DOS)g(E) for a 2D and 1D electron gas. We will use
the fact thatEn are the quantized energies inside the conduction band due to the confined direction(s).
We will also consider thatE1 < E < E2.

2. Calculate the number of states per unit energy in a 100nm by 100nm by 10nm piece of silicon (m∗ =
1.08m0, m0: mass of the electron) 100 meV above the conduction band edge. Write the result in units
of eV −1. Do the same for a 100nm by 100nm 2D silicon sheet and 100nm silicon wire (we consider
E1 = 40meV ).

3. For non-degenerate semiconductors, derive analytically the expressions of the effective density of
states for a 2D and 1D system (N2D

c andN1D
c ).

4. In the general case (Fermi-Dirac distribution), derive analytically the expression of electron density
for a 2D electron gas (we will give the expression in function ofN2D

c )
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