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1.3.2 A

elerationDerive the plane polar 
omponents of the a

eleration given in (1.3.56).Solution (25 points)The 
oordinates of a moving mole
ule are fun
tions of t, denoted by
r = R(t), θ = Θ(t). (1)The position ve
tor is given by

X = R(t)er. (2)Take the time derivative of the position ve
tor to derive the velo
ity ve
tor,
dX

dt
=

d

dt
(Rer) =

dR

dt
er+R

der

dt
, (3)and use the �rst relation in (1.3.54) to eliminate the time derivative of the radialunit ve
tor,

dX

dt
=

dR

dt
er + R

(

dΘ

dt
eθ

)

. (4)Take the time derivative of the velo
ity ve
tor to derive the a

eleration 
omponents,
d2

X

dt2
=

d

dt

(

dX

dt

)

=
d2R

dt2
er +

dR

dt

der

dt
+

dR

dt

dΘ

dt
eθ + R

d2Θ

dt2
eθ + R

dΘ

dt

deθ

dt
, (5)and use the relations in (1.3.54) to eliminate the time derivatives of radial and polarunit ve
tors,

d2
X

dt2
=

d2R

dt2
er +

dR

dt

(

dΘ

dt
eθ

)

+
dR

dt

dΘ

dt
eθ + R

d2Θ

dt2
eθ + R

dΘ

dt

(

−

dΘ

dt
er

)

, (6)
=

(

d2R

dt2
− R

(

dΘ

dt

)2
)

er +

(

2
dR

dt

dΘ

dt
+ R

d2Θ

dt2

)

eθ = arer + aθeθ. (7)The plane polar 
omponents of the a

eleration are therefore
ar =

d2R

dt2
− R

(

dΘ

dt

)2 (8)and
aθ = R

d2Θ

dt2
+ 2

dR

dt

dΘ

dt
=

1

R

d

dt

(

R2
dΘ

dt

)

. (9)2



1.6.1 Material linesA 
olle
tion of point parti
les distributed along a line in a �ow de�nes a materialline. Explain why, if the �ow is steady, a material line that lies on a streamline at a
ertain time will remain on the streamline at all times.Solution (25 points)In a steady �ow, the �uid velo
ity is independent of time. Sin
e a streamline istangential to the velo
ity ve
tor at ea
h point, the streamlines of a steady �ow arealso independent of time. A material line on a streamline therefore moves along thestreamline; that is, it remains on the streamline at all times.
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1.6.2 Rotation of 
oordinatesDerive two equations that relate the old 
oordinates, (x´, y´), to the new 
oordi-nates, (x, y), and then express them in ve
tor form similar to that shown in equation(1.6.25).Solution (25 points)Method 1. Using trigonometry in Fig. 1.6.2, we �nd that the old 
oordinatesare related to the new 
oordinates by
x′ = x cosβ + y sin β, y′ = −x sin β + y cosβ. (10)The old 
oordinates are related to the new 
oordinates in ve
tor form as
[

x′ y′
]

=
[

x y
]

·

[

cosβ − sinβ

sinβ cosβ

]

. (11)Method 2. Start with Eqn. (1.6.25), expression of x in terms of x′, x = x
′
·R,

[

x y
]

=
[

x′ y′
]

·

[

cosβ sin β

− sinβ cosβ

]

. (12)To get the expression of x
′ in terms of x, multiply both sides of this equation bythe inverse matrix R

−1,
x ·R

−1 = x
′
· R ·R

−1 = x
′
·

(

R · R
−1
)

= x
′
· I = x

′. (13)The inverse matrix is
R

−1 =
1

cosβ cosβ − (− sinβ) sin β

[

cosβ − sinβ

sinβ cosβ

]

=

[

cosβ − sinβ

sinβ cosβ

]

. (14)Therefore,
[

x′ y′
]

=
[

x y
]

·

[

cosβ − sinβ

sinβ cosβ

]

. (15)
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1.6.2 Flow de
ompositionCarry out the de
omposition of a two-dimensional �ow with velo
ity 
omponents
ux(x, y, t) = w(t)(2x + 3y) and uy(x, y, t) = w(t)(=x=2y), where w(t) is a givenfun
tion of time.SolutionThe velo
ity �eld 
an be expressed in ve
tor form as in Eqn. (1.6.38),

[

ux uy

]

=
[

x y
]

·

[

a b

c d

]

. (16)The four parameters are
a = 2w(t), b = −w(t), c = 3w(t), d = −2w(t). (17)The matrix 
an be de
omposed into three 
onstituents as in Eqn. (1.6.39)
[

a b

c d

]

=
1

2

[

0 b − c

c − b 0

]

+
1

2

[

a − d b + c

c + b d − a

]

+
1

2

[

a + d 0
0 a + d

]

. (18)Therefore,
[

2w(t) −w(t)
3w(t) −2w(t)

]

=
1

2
w(t)

[

0 −4
4 0

]

+
1

2
w(t)

[

4 2
2 −4

]

+
1

2
w(t)

[

0 0
0 0

]

. (19)
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