
Shear-free turbulent boundary layers, Part II:New concepts for Reynolds stress transportequation modeling of inhomogeneous 
owsBy BLAIR PEROT yAND PARVIZ MOIN yyDepartment of Mechanical Engineering. Stanford University. Stanford, CA 94305 USAModels for the dissipation tensor and (slow) pressure-strain terms of the Reynolds stresstransport equations are presented which are applicable near boundaries. These modelstake into account the large inhomogeneity and anisotropy that can be present near wallsand surfaces, and are inspired by the physical insights developed in Part I of this paper.The dissipation tensor model represents a fundamentally new approach to dealing withturbulence inhomogeneities. The pressure-strain model shows how the classic return toisotropy model of Lumley (1978) can be adapted to the near-wall region. The closurehypotheses underlying these two models are tested in an a priori fashion using directnumerical simulation (DNS) data.1. IntroductionWith a few notable exceptions (Durbin, 1993; Launder & Shima, 1989), the developmentof Reynolds stress transport equation models has tended to focus on unbounded 
ows suchas shear layers, jets, and homogeneous turbulence. In order to apply these models to wallbounded 
ows of engineering interest, modi�cations must be made to account for the nearwall physics. The early works of Launder, Reece & Rodi (1974) and Hanjalic & Launder(1976) discuss `wall re
ection' e�ects and the `wall echo' of the pressure. In order toaccount for these e�ects, functions of the wall normal distance (or wall normal vector)were used to alter the behavior of various terms in the equations (principally the pressure-strain and dissipation tensor). Similar modi�cations were made by Gibson & Rodi (1989)to account for the e�ects of a free surface.More recently, considerable e�ort has been devoted to eliminating explicit dependence onthe wall normal coordinate from Reynolds stress transport models. Functions of the stressinvariants, and sometimes the Reynolds number are now generally used (see Tselepidakis,1991; or Hallback, 1993). This makes the models applicable in complex domains. Therehas also been some interest in developing models which have the correct limiting behavioras the wall is approached (Lai & So, 1990; Launder & Reynolds, 1983). The present workrecognizes the importance of these developments. The models presented herein, have they currently at Los Alamos National Laboratory.yy also with NASA-Ames Research Center.



2correct limiting behavior for both walls and free surfaces, they do not include the wallnormal coordinate or the wall normal vector, and they do not involve functions whichmust be externally speci�ed.The turbulence near a wall or surface is strongly inhomogeneous and anisotropic. Theassumption of quasi-homogeneity, implicit to most Reynolds stress transport equationmodeling, is no longer applicable. We must therefore look directly at the near wall physicsfor modeling inspiration. The e�ects of mean shear produced by a wall is relatively easy tomodel. It is the more subtle e�ects of the wall, the `wall proximity' e�ect, which is crucialto the development of better near wall Reynolds stress transport equation models. Theshear-free boundary layers analysed in Part I provide the physical inspiration for modelingthese more subtle e�ects. The models which are presented herein, extend classical quasi-homogeneous models into the near wall region. Away from the boundary they revert totheir classical counterparts. For this reason, it is felt that these models re
ect additionalphysics, not alternative physics, and therefore will be useful in a wide variety of engineering
ows.2. Dissipation ModelWhat is described in this section is not so much a new model, but a technique forextending classical (quasi-homogeneous) models for the dissipation tensor into regions oflarge inhomogeneity (such as the near-wall region). Unlike previous techniques which wereultimately ad hoc in nature, this model for the near-wall dissipation tensor is based on asimple mathematical decomposition and physical observations of the behavior of near-wallturbulence. 2.1 Physical inspirationThe physical inspiration for the dissipation model is found in �gure 1. This �gure isfrom simulations of a shear-free solid wall (Part I). In these simulations a solid, no-slip wallis suddenly inserted into isotropic, homogeneous decaying turbulence. The wall interactswith the turbulence, creating a boundary layer in the turbulent statistics which grows intothe turbulence as time progresses.The �gure shows two planes parallel to the solid wall. The shading indicates the mag-nitude of the instantaneous tangential velocity. The top plane is far from the wall, andthe min/max values indicate that the rms intensity is very close to its free-stream value.The bottom plane is much closer to the wall and has much smaller min/max levels (andrms intensities). The crucial observation from these �gures is that the structure of theturbulence in the two planes is very similar (i.e., the location of the contours), while themagnitude or scale of the turbulent 
uctuations (measured either by the min/max of thecontours or by the rms intensities) di�ers by an order of magnitude from one plane tothe other. The distance over which the turbulent intensities are damped by the wall ismuch smaller than the distance over which the eddy structure (as measured by the eye)changes appreciably. This implies that in very near-wall turbulence, there is a separationof scales, with the turbulent intensities changing much more rapidly than variations inthe actual eddy structure. These observations also apply in the near-wall region of thestandard 
at plate boundary layer (the shape of the streaks does not change as rapidlyas the rms intensities, as one approaches the wall). Whether these observations apply in



3even more complicated situations is not a crucial point, since this is the inspiration, notthe foundation, for the dissipation tensor model.The decomposition of turbulence into a generalized turbulent intensity component and aturbulent structure component can be accomplished mathematically in the following way.ui = Qip~up: (1)Here, ui is the 
uctuating velocity (with zero mean), Qip is a generalized turbulent inten-sity, and ~up is the velocity structure. This operation can also be thought of as a mappingor a transformation which scales the 
uctuating velocity component, so that the resultantquantity, ~up, is nearly statistically homogeneous. Several appropriate choices for Qip whichaccomplish this goal will be discussed in Section 2.3. However, at this point it is su�cientto observe that equation (1) is a mathematical decomposition, which is well de�ned as longas Qip is an invertible matrix.The turbulent intensity, Qip, has an overbar to indicate that it is considered to be astatistical average of turbulence quantities and a known quantity (related in some way tothe rms intensities). Mathematically, the de�nition of Qip is arbitrary, but physically, it isimportant to choose a de�nition for Qip which re
ects its intended function as a measureof the turbulent intensity. In the context of this work, two de�nitions for Qip will beconsidered. One de�nition is based on the turbulent kinetic energy and the other de�nitionis based on the Reynolds stress tensor. It is our observation that better de�nitions for Qiptend to produce better models, at the price of increased model complexity. The choicesproposed in this paper are not necessarily optimal.Having chosen a de�nition for the generalized turbulent intensity, the properties of thevelocity structure can then be derived from equation 1. The velocity structure (unlikethe turbulent intensity tensor) retains the random spatial and temporal 
uctuations ofthe original velocity �eld. The velocity structure can be thought of as a normalized 
uc-tuating velocity scaled by the generalized turbulent intensity tensor. The result of thisnormalization by the generalized turbulent intensity is that the velocity structure becomesa homogeneous, or at least a quasi-homogeneous, turbulence quantity. It now becomespossible to think of the decomposition (equation 1) as a splitting of turbulence into a
uctuating component (the velocity structure) and a generalized intensity (the turbulentintensity tensor).An analogy with Reynolds decomposition into mean and 
uctuating velocities can bemade. In the present case, the decomposition is multiplicative rather than additive, andrather than subtracting o� the mean to get to 
uctuating velocity, we are dividing by someturbulent intensity (the variance) to get the velocity structure. The unknown turbulentquantity of interest (the velocity structure) now has zero mean and unity (or nearly unity,depending on the choice of Qij) variance. Like Reynolds decomposition, this is a usefulprocedure, because it extracts, as much as possible, the known statistical properties of theturbulence. 2.2 Mathematical detailsThe result of substituting this mathematical decomposition (equation 1) into the de�-nition for the homogeneous dissipation tensor,�ij � 2�ui;puj;p (2)
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Figure 1. Contours of instantaneous tangential velocity in planes parallel to a shear-freesolid wall. (Turbulent Reynolds number = 134)



5is �ij2� = Qim;p �~um~un�Qjn;p +Qim(~um;p~un;p)Qjn+ 12 �Qim;p(~um~un);pQjn +Qim(~um~un);pQjn;p�+ 12 �Qim;pWmnpQjn �QimWmnpQjn;p� (3)where the tensor Wmnp = (~um~un;p � ~um;p~un) is antisymmetric in m and n.This expression for the dissipation tensor splits the dissipation into three fundamentalparts: the dissipation due to spatial variations in the generalized turbulent intensity (�rstterm on the right hand side), the dissipation due to spatial variations in the turbulentstructure (second term on the right hand side), and coupling terms representing the inter-action of the �rst two dissipation terms with each other (last two terms on the right handside).The contribution to the dissipation due to variations in the generalized turbulent in-tensity (�rst term on the right hand side) dominates in regions of large inhomogene-ity where the turbulent intensity changes rapidly. This \inhomogeneity term" dependsonly on the turbulent intensity tensor and the Reynolds stress tensor (by de�nition,~um~un = Q�1imRijQ�1jn where Rij = uiuj ). The generalized turbulent intensity, Qij , isassumed to be well de�ned in terms of other quantities available in the closure, so theinhomogeneity term does not need to be modeled. Because equation 3 is an exact expres-sion, the inhomogeneity term can also be thought of as an \exact term". In regions wherethe inhomogeneity term dominates (such as near-walls), equation 3 will give exact resultsfor the dissipation tensor.The second term on the right hand side of equation 3 involves a statistical quantitywhich will be called the structure dissipation tensor. This quantity is much easier tomodel than the dissipation tensor itself because the velocity structure is, in fact, quasi-homogeneous. Therefore, models based on the assumption of quasi-homogeneity (i.e. mostclassical dissipation tensor models) can be expected to work very well for this quantity.The �nal two coupling terms can be thought of as redistribution terms. The �rst couplingterm (like the �rst term) does not need to be modeled. The second coupling term must bemodeled, but is zero for homogeneous turbulence, or when Qij is a diagonal matrix. In thecase where Qij is not diagonal, the second coupling term only contributes signi�cantly tothe o�-diagonal components of the dissipation tensor, and even then, it is relatively small.2.3 Dissipation modelThere are a number of choices that can be made for the generalized turbulent intensitytensor, Qij . A simple choice is an isotropic tensor proportional to the square root of theturbulent kinetic energy, Qij = k1=2�ij , where k is the turbulent kinetic energy. Theresulting expression for the dissipation then becomes�ij2� = (k1=2);p(k1=2);pRijk + 12 (k);p�Rijk �;p + k~ui;p~uj;p (4)



6This equation is attractive because of its simplicity. The only term requiring modelingis the velocity structure dissipation, ~�ij = 2�~ui;p~uj;p. The inhomogeneity term and re-distribution term (the �rst and second terms on the right hand side) are well de�ned,and in the sense described previously, they are \exact". Despite its attractiveness, thismodel su�ers from some basic 
aws. In particular, it is only weakly realizable; the kineticenergy is guaranteed to remain positive when using this model, but the Reynolds stresstensor itself may become inde�nite. Taking the trace of equation 4 gives the expression� = 2�(k1=2);p(k1=2);p+k~�. The quantity k~� can then be recognized as the modi�ed dissipa-tion (�̂) suggested by Hanjalic & Launder (1975). This equation provides a mathematicaljusti�cation for this frequently used quantity.A better dissipation model can be obtained by using a slightly more complicated choicefor the velocity scale tensor, QimQjm = Rij . This makes Qij a generalized square root ofthe Reynolds stress tensor. This square root is not unique. For example, if Qim is lowertriangular, then Qim is the Cholesky decomposition of Rij . If Qim is symmetric, then asomewhat more standard tensor square root is obtained, where the eigenvalues of Qim arethe square roots of the eigenvalues of Rij , and the eigenvectors of the two matrices arethe same. Because Rij is positive de�nite, the square root is well de�ned. The sign ofthe square root is not important in the model because all terms involving the generalizedintensity appear in pairs, canceling any dependence on the sign. In our limited experience,the actual choice of which square root to use, has not been critical, both the Choleskydecomposition and symmetric square root yield very similar results.The matrix square root is a natural generalization of the de�nition used to derive equa-tion 4. Irrespective of the form of Qim, the relation QimQjm = Rij implies that ~ui~uj = �ij ,indicating that the velocity structure is nearly homogeneous and isotropic (higher ordermoments of ~ui can not be guaranteed to be isotropic, but might be expected to be nearlyso). With the generalized intensity tensor de�ned by QimQjm = Rij , the expression forthe dissipation takes the form�ij = 2�Qim;pQjm;p +Qim~�mnQjn+ � �Qim;pWmnpQjn �QimWmnpQjn;p� : (5)where ~�mn = 2�~um;p~un;p is again, the velocity structure dissipation tensor.The �rst two terms of equation 5 are, the now familiar, inhomogeneous and homoge-neous dissipation terms. The inhomogeneous term is `exact' and the homogeneous termcan be modeled with any classical quasi-homogeneous dissipation model. The third termof equation 5 (the term in parentheses) acts as a redistribution term. It is the secondcoupling term of equation 3 (the �rst coupling term is identically zero). The redistributionterm is non-zero only when Qim has o�-diagonal components. The redistribution term isidentically zero for a shear-free wall and a free surface. It is non-zero in fully developedturbulent channel 
ow, but contributes only to the o� diagonal dissipation component.Calculations of the redistribution term for an adverse pressure gradient boundary layer(Yang Na, 1994), suggest that even for the o� diagonal dissipation, the redistribution termcan be neglected. A probable explanation for the unimportance of the redistribution termis the fact that this term represents a coupling between mechanisms which occur at di�er-ent scales. As indicated in �gure 1, there is a signi�cant di�erence in the scale over which



7the inhomogeneity in the turbulence changes, and the scale over which the structure of theturbulence changes. In what follows, the redistribution term will be modeled by assumingthat it is zero. 2.4 Mathematical constraintsIt can be shown that every component of this model has the correct leading (and oftenhigher order) terms in a Taylor series expansion about a no-slip wall or a free surface. Thisnon-trivial result holds irrespective of the model for the structure dissipation as long asthe structure dissipation approaches a constant near the wall. It is a result of the fact thatinhomogeneity dominates near boundaries, and the inhomogeneous term of equation 5 isexact.It is important that models have the correct asymptotic behavior as they approach thewall (Launder & Reynolds, 1983). For instance, at a solid wall the transverse components ofthe dissipation (�11 and �33) must exactly balance the corresponding di�usion components.The boundary conditions imposed at the wall (@R11=@y = 0, R11 = 0) will force thiscriteria to be true. If the dissipation is incorrect at the wall, the di�usion (and hencethe solution) will also be incorrect, at the wall. Some dissipation tensor models (see Lai& So, 1990) have the limiting behavior for a no-slip wall imposed upon them. Thesemodels will probably fail when presented with any other type of boundary such as a freesurface, a transpiring wall, etc. This is not the case for the current model, which does notimpose asymptotic behavior, but which obtains correct asymptotic behavior (wheneverinhomogeneity dominates) by virtue of the \exact" inhomogeneous term.The present model also satis�es certain mathematical constraints. By its construction,the model is Galilean and tensorally invariant. It can be seen from equation 5 (withWmnp = 0) that if the structure dissipation tensor is positive de�nite, then the dissipationtensor can also be guaranteed to be positive de�nite. Realizability (Schumann, 1977) inthe shear-free low Reynolds number limit can be shown by neglecting all but the viscousterms in the Reynolds stress evolution equations, and evaluating the system of equationsin the principal coordinate system of the Reynolds stress tensor. If it is assumed thatWmnp = 0 and Qij is symmetric, then it can be shown (Appendix A) that,Q��;t = �Q��;kk �Q���̂��=2: (6)where �̂�� is the structure dissipation tensor evaluated in the principal coordinate system(like Q�� this is a diagonal matrix). Since the eigenvalues of Qij are simply the squareroots of the eigenvalues of Rij (by the assumption of symmetry), this equation indicatesthat non-zero turbulent intensities di�use and decay exponentially in time, never actuallyreaching zero. Equation 6 also guarantees that stresses that start at zero (such as at asolid wall) will remain zero for all time. Together, these conditions guarantee that thismodel will not cause the Reynolds stress tensor to become inde�nite as time advances.2.5 ResultsThe results presented in this section are a priori tests of the model. That is to say,DNS data for the Reynolds stresses and dissipation rate, �, are used when evaluating themodel. The alternative, solving a closed set of Reynolds stress evolution equations with



8the model incorporated in the equations, has not been performed. An a priori test hasbeen used because it speci�cally evaluates the closure hypotheses underlying a particularmodel (our primary concern here). It does not say anything about the solvability of theresultant Reynolds stress transport equation model.Two classical models for the dissipation tensor assume that dissipation is isotropic,(�ISOij = 23��ij ), or that the dissipation is proportional to the Reynolds stress tensor (Rotta,1951), (�Rij = �kRij). A quick look at the DNS results in the following �gures indicatesthat the assumption of isotropy is not a good one near boundaries. We will therefore,make comparisons only with Rotta's model. The fact that Rotta's model does not obtainthe right limit (isotropy) at very high Reynolds numbers, led Hanjalic & Launder (1976)to propose a mixed model which uses a Reynolds number dependent blending function toobtain the right behavior at high Reynolds numbers. The functional form of the blend-ing function is found empirically. However, Mansour, Kim & Moin (1988) found thatfor DNS of turbulent channel 
ow, this more complicated formulation did not show anyimprovement over the Rotta model.In order to test the inhomogeneity model, a model for the structure dissipation tensor,~�mn = 2�~um;k~un;k (7)must be assumed. We will assume the simplest possible model for that quantity,~�mn = 23~��mn (8)where ~� is one half of the trace of the structure dissipation tensor. This is essentially theclassic isotropy model, but applied to the structure dissipation. Besides its simplicity, thismodel has some physical justi�cation, since the structure dissipation should be close tohomogeneous and isotropic. The near isotropy of the structure dissipation was the verymotivation for the velocity decomposition given by equation 1.Equation 5 with equation 8 (and Wnmp = 0) gives the full inhomogeneity capturingmodel for the dissipation tensor,�Iij = 2�Qim;pQjm;p + 23~�Rij (9)where Qij is taken to be the symmetric square root of the Reynolds stress tensor.Note that when using the classical models, � must be speci�ed. The quantity � equalsthe dissipation of mechanical energy only in homogeneous turbulence (for clari�cation onthis point, see Bradshaw & Perot, 1993). Otherwise, it appears in the Reynolds stresstransport equations principally as a scaling parameter. The quantity ~�, also acts as ascaling parameter; it is an inverse time scale. The magnitude of ~� can be derived from �(or vice versa) by requiring the trace of the inhomogeneity model to equal 2�. In the testsof the models, these quantities will be supplied from direct numerical simulation data,but in an actual modeling situation, they would have to be derived in some other manner(usually from a dissipation transport equation). The inverse time scale, ~� is smoothernear-walls than �, and impacts the overall model less in the near-wall region, because the
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Figure 2. Dissipation near a shear-free solid wall. (ReT = 134, t=T1 = 2:0).(a) Tangential dissipation, (b) Normal dissipation: � DNS data; Rotta model;inhomogeneity model; 1st term of Eqn. (9); 2nd term of Eqn. (9).
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Figure 3. Dissipation near a free surface. (ReT = 134, t=T1 = 2:0),(a) Tangential dissipation, (b) Normal dissipation: � DNS data; Rotta model;inhomogeneity model; 1st term of Eqn. (9); 2nd term of Eqn. (9).



11terms involving ~� go to zero near the wall. This is an important point, it means that thenear wall behavior of the model depends only on the Reynolds stresses, not on some modelquantity such as � or ~�.Figure 2 shows the non-zero components of the dissipation tensor near a shear-free wall(Part I). Both the Rotta model and the inhomogeneity model, capture the tangentialdissipation well (�gure 2a). The breakdown of the inhomogeneity model into its twoprincipal terms, shows that the `exact' inhomogeneous term dominates close to the wall.The normal dissipation (�gure 2b) shows more variation between the models. Close to thewall the inhomogeneous term dominates, and is exact. The Rotta model goes to zero atthe wall, but at the wrong rate. Away from the wall, the two models are very similar.This is is by design, since the inhomogeneity model reverts to the Rotta model, wheninhomogeneity is not important.Note that given the right blending function, a mixed model of the type suggested by Han-jalic & Launder (1976) could also produce good results for this particular 
ow. However,this introduces a degree of empiricism not present in the current model. It is unlikely thata mixed model tuned for the solid wall, would produce reasonable results for turbulencenear a free surface.The case of turbulence near a free surface, (also described in Part I) is shown in �gures3a and 3b. Turbulence near a free surface is only mildly inhomogeneous. Nonetheless,the inhomogeneity model continues to perform well, and obtains the exact limiting valueat the surface for both components of the dissipation. The Rotta model overpredicts thetangential dissipation near the surface, and severely underpredicts the normal dissipation.Note that a mixed model (with a blending function based solely on the Reynolds number),has little chance of success for this 
ow, since the turbulent Reynolds number is nearlyconstant across the domain, and neither the isotropic model nor the Rotta model capturesthe dissipation behavior adequately over the entire domain.The �nal test of the model is presented in �gures 4a-d. This shows the case of fullydeveloped channel 
ow, where mean shear is an important factor. The data is from Man-sour, Kim & Moin (1988). Both the Rotta model and the inhomogeneity model workwell for the streamwise component of the dissipation, though the inhomogeneity modelcaptures the near wall behavior somewhat better. Far from the wall, the inhomogeneitymodel is only as good as the Rotta model (which by design, it mimics when inhomogeneityis small). The spanwise component of the dissipation is very similar to the streamwise.Again, both models perform well, with the inhomogeneity model capturing the near wallbehavior almost exactly. The normal dissipation and o�-diagonal dissipation, �12, alsoshow very good near-wall behavior when the inhomogeneity model is used. However, thereis a signi�cant underprediction of �22 and overprediction of �12 away from the wall. This isa result of the structure dissipation model. Improvements in these dissipation componentswill occur when better quasi-homogeneous dissipation models are developed. Appendix Asuggests that improved quasi-homogeneousmodels might include terms involving Reynoldsstress anisotropy. Although the model for the o�-diagonal dissipation looks poor, it couldproduce very reasonable results when used in a full closure. This is because only the verynear wall dissipation is important in the evolution of R12. Away from the wall, where themodel agreement is not as good, the dissipation is not an important term (see Mansour,
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Figure 4. Dissipation in turbulent channel 
ow. (a) Streamwise dissipation, (b) Span-wise dissipation. � , DNS data of Mansour, Kim, & Moin (1988); , Rotta model;, inhomogeneity model; , 1st term of Eqn. (9); , 2nd term of Eqn. (9).
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Figure 4. (Cont.) Dissipation in turbulent channel 
ow. (c) Normal dissipation, (d)Shear stress dissipation. � , DNS data of Mansour, Kim, & Moin (1988); , Rottamodel; , inhomogeneity model; , 1st term of Eqn. (9); , 2nd term ofEqn. (9).



14Kim & Moin, 1988). Tests of the model in an adverse pressure gradient boundary layer(Na, 1994) show very similar behavior.The inhomogeneity model extends classical quasi-homogeneous dissipation models intothe very near wall region. It gives extremely good agreement very close to a wall orboundary. However, away from the boundary, the inhomogeneity model is only as good asthe quasi-homogeneous model upon which it is based. We have chosen to use the Rottamodel in these demonstrations. If better quasi-homogeneous dissipation models exist, orare developed in the future, they can easy be incorporated into this framework.3. Pressure-Strain Model 3.1 IntroductionThe classic model for the (slow) pressure strain term, is the Rotta (1951) return toisotropy model, �ij = �c1�aij where aij = Rij=k � 2=3�ij . Return to isotropy has beenshown to occur in homogeneous turbulence in the experiments of Lumley & Newman(1977). More recent models for the slow pressure-strain continue to be based on the ideathat the pressure-strainmust be a function of the Reynolds stress anisotropy tensor. Thesemodels add higher order terms in the anisotropy tensor, aij , to the standard Rotta model.Examples of models of this type are Launder & Tselepidakis (1991), and Speziale, Sarkar& Gatski (1991).The models of Lumley (1978) and Shih & Lumley (1986), take the slightly di�erentapproach of including the anisotropy of the dissipation tensor into the return to isotropymodel, so that �ij��ij+2=3��ij = ���aij . This results from examination of the evolutionequation for the anisotropy tensor in shear-free homogeneous turbulence,aij;t = 1k ��ij � �ij + 23 ��ij + �aij� (10)In shear-free, homogeneous turbulence, � > 1 guarantees return to isotropy, and � = 1indicates no change in the anisotropy tensor with time (which Lumley suggests is the highReynolds number limit). At low Reynolds numbers, �ij � 2=3��ij ! �aij , and no return toisotropy is expected (see Lumley, 1978), so �ij ! 0 (this phenomenon has been observedin the experiments of Hallback & Johansson, 1992). Note that these previous conditionsonly strictly apply in shear-free homogeneous turbulence. For inhomogeneous turbulence,return to isotropy is neither expected, nor observed.When boundaries are present, the slow pressure-strain term can be split into a stan-dard non-linear part, and a `wall re
ection part' due to the fact that the usual free-spaceGreen's function changes close to the boundary (Launder, Reece & Rodi, 1975). Sinceboth terms are `slow' (do not depend explicitly on changes in the mean velocity gradients)we will model them collectively. However, we will show that the slow pressure-strain neara boundary is fundamentally di�erent from the pressure-strain term occurring in quasi-homogeneous 
ows (far from the boundary), and the proposed model will take this changein behavior into account.



153.2 Pressure-strain modelThere have been various proposals on how to include near-wall e�ects into the pressure-strain term. Shih & Lumley (1986) include a coordinate dependence (L=y) into the co-e�cient �. Launder & Shima (1989) and Launder & Tselepidakis (1991) use the wallnormal vector and damping functions based on the wall normal coordinate direction. Inthis work, we abandon such geometry dependent formulations and attempt to produce anear-wall pressure-strain model based on the physical processes that occur near the wall(for a similar approach see Durbin, 1993).The physical insights into near-wall turbulent 
ow developed in Part I are a useful guideto this type of pressure-strain modeling. In Part I it was shown that the near-wall re-gion can be viewed as a balance between two opposing events: impingements (splats) andejections (antisplats). Both of these events transfer energy among the Reynolds stress com-ponents (the essence of the pressure-strain term), but they tend to exactly cancel, unlessviscous e�ects are present. So near boundaries, viscous e�ects (dissipation and di�usion)tend to control the amount of intercomponent energy transfer. This is a considerably dif-ferent process from that which occurs in homogeneous turbulence, where it is relativelyclear that anisotropy in the Reynolds stresses causes intercomponent energy transfer. Thedi�erent processes are re
ected by the fact that in homogeneous turbulence there is areturn to isotropy, while near boundaries there is a tendency to move away from isotropy.Figure 5a shows DNS data for the pressure-strain term (�11 = � 12�22) near a shear-freesolid wall at ReT = 134 and time t=T0 = 1:0. Close to the wall, there is a large transfer ofenergy from the normal stress component to the tangential stress components. This is dueto the imbalance between splats and antisplats. A plot of the anisotropy in the dissipationand di�usion terms (also �gure 5a) shows that there is very strong correlation between thoseterms and the peak in the pressure-strain close to the wall. We believe this correlationexists because close to the wall, viscous processes control the rate of intercomponent energytransfer.Farther away from the wall the pressure-strain becomes negative, indicating a transferof energy from the tangential stresses to the normal stress component. This is the morestandard return to isotropy type of behavior. The return to isotropy model (��aij) is alsoplotted in �gure 5a. It shows very good agreement with the DNS data in the region farfrom the wall.The following model for the pressure-strain is therefore proposed.�ij = C�eij � �eaij (11)where eij = �ij � �Rij;kk � 2=3e�ij is the dimensional anisotropy in the di�usion anddissipation tensors, and e = (�ii � �Rii;kk)=2 is the trace of these viscous tensors. Forhomogeneous 
ows, and C� = 1, equation 11 is identical to the model of Lumley. For in-homogeneous 
ows, there are some important di�erences. This model, includes anisotropyof the di�usion term along with anisotropy of the dissipation, and the return to isotropyhas been modi�ed by including the trace of the di�usion term. As indicated previously,we believe the inclusion of dissipation plus di�usion is more appropriate for near-wall in-homogeneous 
ows than the dissipation alone. Using the trace of the dissipation and thedi�usion in the return to isotropy term (rather than just �) follows logically from this



16choice, and has the added bene�t of causing the return to isotropy term to go to zero nearthe wall where the return to isotropy mechanism does not appear to play an importantrole (�gure 5a).The choice of C� = 1 results in a Reynolds stress equation closure in which only thetrace of the dissipation tensor needs to be modeled (not the tensor itself). Perhaps thiswas partly Lumley's motivation for this choice. However, the DNS data suggests C� 6= 1.When C� 6= 1 an accurate model for the dissipation tensor is required. The issue ofaccurate dissipation tensor modeling has been addressed in section 2.Using equation 11, the conditions on the return to isotropy coe�cient � change slightly.In high Reynolds number homogeneous turbulence � still goes to a value of one. However,in low Reynolds number homogeneous turbulence � ! C� (rather than � ! 1 as in theLumley model). When the turbulence is inhomogeneous little can be said about thesecoe�cients. In what follows the choice, C� = 2:3 and � = 1 + 1:3A exp(�Re1=2T ) will beused, where A is the `
atness' parameter described in section 2.5, and ReT is the turbulentReynolds number. This choice for � is functionally very similar to that proposed by Lumley(1978). It produces the correct Reynolds number limits in homogeneous 
ow. The valuefor C� was chosen to �t the simulation data. For the near-wall situations studied herein,either A is very small (near the wall) or exp(�Re1=2T ) is small (away from the wall), so � � 1throughout these 
ows. This means that the model results presented herein essentially usethe value � = 1, they do not test the general validity of the expression for �.The use of dissipation anisotropy for a (slow) pressure-strain model is strongly reminis-cent of the practice of using production anisotropy (Pij �Pkk�ij=3) in fast pressure-strainmodels (Launder & Shima, 1989). Energy source terms (like production) could easilya�ect turbulence in a similar way to viscous sink terms (dissipation and di�usion). We�nd it very appropriate to model the fast and slow terms of the pressure-strain in thiscomplementary manner. 3.3 ResultsA comparison of the present model (equation 11) with DNS data, and other slowpressure-strain models is shown in �gure 5b, for turbulence near a shear-free solid wall.The present model which includes the e�ects of dissipation and di�usion anisotropy showsvery good agreement with the DNS data.The model of Lumley (1978) is essentially,�ij = �ij � 23 ��ij � �aij (12)This assumes a value � = 1:0. Lumley gives a more complicated expression for �, but inthese 
ows this complicated expression reduces to � � 1:0. Lumley's model is not designedfor strongly inhomogeneous 
ows, so good agreement with the DNS data close to the wallis not expected. It is presented here, because it is the starting point for the present model,and shows the improvement resulting from these proposed modi�cations.The model of Launder & Tselepidakis (1991) is speci�cally designed for near-wall 
ows.It is given by the expression,�ij = �c1� (aij + 0:7(aikakj � amnanm�ij=3)) (13)
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Figure 5. Pressure-strain near a shear-free wall. (ReT = 134, t=T0 = 1:0), (a) � ,DNS data; , dissipation/di�usion anisotropy; , return to isotropy model. (b)� , DNS data; , Lumley's model; , Launder & Tselepidakis' model; ,present model.
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Figure 6. Pressure-strain near a free surface. (ReT = 134, t=T0 = 1:0), (a) � ,DNS data; , dissipation/di�usion anisotropy; , return to isotropy model. (b)� , DNS data; , Lumley's model; , Launder & Tselepidakis' model; ,present model.



19where c1 = 6:3A[min(A; 0:6)]1=2[1�max(1�ReT =140; 0:0)] (14)This is essentially a non-linear extension of the return to isotropy model. For this reason(and the fact that c1 strongly damps the model near a boundary) this model does notcapture the near-wall intercomponent energy transfer e�ects due to splats and anti-splats.Similar results for turbulence near a free surface (see Part I) are shown in �gure 6. Asin the previous �gure, the turbulent Reynolds number of the 
ow is initially 134, and thetime at which the the models were evaluated is t=T0 = 1:0. Figure 6a shows DNS datafor the pressure strain, as well as the anisotropy in the dissipation and di�usion, and thereturn to isotropy term (��aij). The magnitude of the pressure-strain term near a free-surface is generally smaller than that near a solid wall. However, many of the qualitativefeatures remain similar. Close to the surface, the turbulence moves away from isotropy.The anisotropy of the combined dissipation and di�usion correlates fairly closely with thisnear-wall behavior. Farther away from the wall, the more standard return to isotropy typeof behavior is recovered, and close agreement with the return to isotropy term is found.Figure 6b, indicates how the various models perform, for turbulence near a free surface.The agreement of the present model with the DNS data is not good in this situation.However, the model does display the right qualitative features; return to isotropy far fromthe surface, and a sharp increase in the pressure-strain very close to the wall. A changein the value of C� (to 0.5) gives a model that agrees very closely with the DNS data,and which outperforms the other two models. This indicates that C� would be betterrepresented as a function of the Reynolds stress invariants. Determination of this functionis a subject of present research.4. ConclusionsA new modeling technique for extending classical dissipation models into regions of largeinhomogeneity has been developed. It is derived from a simple mathematical decomposi-tion, and uses the the square root of the Reynolds stress tensor as a generalized turbulentintensity to transform (or map) the 
uctuating velocity into a quasi-homogeneous quantity(the velocity structure). The resulting inhomogeneity model, derived from this decompo-sition, satis�es all known mathematical constraints and is relatively simple to implement.It has been shown that the model gives superior results in both wall and surface bounded
ows, as well as shearing 
ows. The mathematical formalism developed for the dissipationmodel has also been applied, with success, to the modeling of the scalar dissipation andheat 
ux dissipation (Malan & Johnston, 1993).The slow pressure-strain model presented herein, generalizes the (quasi-homogeneous)model of Lumley, so that the model is appropriate near boundaries. The principal alter-ations were: (i) the use of dissipation and di�usion for both the leading anisotropy term,and for the scaling of the return to isotropy term, and (ii) a non-unity coe�cient, C�. Itappears that C� (like �) is best represented as a function of the various tensor invariants,but this functional dependence has not been explored further.



20Financial support for this work was provided by the National Science Foundation andthe Center for Turbulence Research. Supercomputer time on the Connection Machinewas provided by the NAS Division of NASA-Ames Research Center. The authors wouldlike to thank Mr. Yang Na for his detailed examination of the dissipation model. Usefuldiscussions with Dr. Paul Durbin are appreciated.Appendix A: Dissipation Tensor RealizabilityThis section examines some of the consequences of using the dissipation tensor model(proposed in section 2) in a full Reynolds stress closure. In particular, we will focus on thelow Reynolds number limit, where viscous e�ects (dissipation and di�usion) dominate. Inthis limit the Reynolds stress equations become,R;t = �R;kk �E A:1The ij tensor notation has been dropped, in favor of a simpler matrix representation ofthe problem, where R is the Reynolds stress tensor, Rij , and E is the dissipation tensor,�ij .Using the identity R = QQT and modeling the dissipation tensor with equation 5 andWnmp = 0 gives, (Q;t � �Q;kk)QT +Q(QT;t � �QT;kk) = �Q ~EQT A:2where ~E is the structure dissipation tensor, ~�ij .It is now assumed that ~E is modeled in terms of the Reynolds stress tensor. This meansthat we can write ~E = f(R), where f is some analytical function. All dissipation modelsknown to the authors, fall into this category. This assumption implies that ~E and R havethe same eigenvectors (principal directions). If Q is taken to be the symmetric square rootof R, then Q also has the same principal directions as R and ~E.Writing equation A.2 in the principal coordinate system gives,(Q̂;t � �Q̂;kk)Q̂T + Q̂(Q̂T;t � �Q̂T;kk) = �Q̂ÊQ̂T A:3where a hat indicates the quantity is evaluated in the principal coordinate system. Q̂ andÊ are therefore diagonal matrices, Q̂;t and Q̂;kk need not be diagonal.Note that if the diagonal components of Q̂ are non-zero, and Q is a symmetric tensor(which it is), then equation A.3 implies that that the o� diagonal components of Q̂;t��Q̂;kkare zero. This in turn, means that we can write,Q̂;t = �Q̂;kk � Q̂Ê=2 A:4which is the expression invoked in section 2.4 when discussing realizability.
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