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Abstract

A new moving staggered mesh discretization for the numerical simulation of incompressible flow problems involving

free-surfaces is presented. The method uses the staggered mesh to obtain speed and conservation properties. Mesh

motion provides a high quality mesh in the interior and detailed resolution of the free-surface motion on the surface.

Mesh flipping allows for optimal mesh connectivity to be maintained. The method uses an exact projection procedure

which reduces the number of unknowns as well as satisfying the continuity constraint without solving a pressure

Poisson equation. The implementation of surface tension forces in the staggered mesh framework is discussed. The

resulting method is tested against analytical solutions for liquid sloshing and free-surface channel flow. It is also

demonstrated on the cases of droplet collision, three-dimensional sloshing, and turbulence next to a free-surface.
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1. Introduction

Free-surface flows encompass a wide range of engineering and environmental flows from very small-scale

droplet dynamics to the flow around ships and offshore structures. The presence of a free-surface poses a
challenging numerical problem because the location of the free-surface and hence the shape of the domain

of interest may be time dependent. Additional physical degrees of freedom are also present with a free-

surface due to the action of gravity and surface tension forces. These forces can lead to waves and addi-

tional nonlinearities in the governing Navier–Stokes equations. Numerical simulations of free-surface flows

are particularly useful at large and small scales where it is frequently difficult to reformulate the problem on

a laboratory scale while matching all the relevant dimensionless parameters.
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There are two broadly different approaches to computing problems involving free-surfaces. The most

common approach involves using a stationary fixed mesh and a method for identifying where the free-

surface lies within that mesh. The level set method, the MAC method, and immersed boundary methods are

schemes of this type. The other approach is to have a mesh that moves with the free-surface and therefore

tracks it. Boundary element methods fall into this class of methods, but can only solve a restricted class of

free-surface flows (unsteady potential flows and creeping flow). More general moving finite volume or finite

element methods can be extremely computationally intensive (particularly in 3D) if the free-surface is

unsteady and the mesh must be regenerated at each timestep. In this work, we use evolution equations for
the mesh (as well as the flow) so that mesh regeneration is not performed and the solution procedure is

efficient. The fact that the free-surface is tracked by the mesh means that its evolution can be very accu-

rately tracked and that mesh refinement placed near the surface remains with the surface for arbitrarily

large distortions of the free-surface. This makes the method well suited for applications in which the free-

surface physics are of critical importance to the overall flow behavior. Moving mesh schemes using the

finite element method and space-time finite elements are treated by, among others, [1–3]. Moving mesh

methods based on finite volume techniques are treated in [4–6] where numerous prior references can be

found. In this work, the focus is on generalizing the staggered mesh discretization so that it can be used in a
moving mesh context and for free-surface simulations.

Cartesian staggered mesh methods date to the work of Harlow and Welch [7] and are very popular for

the solution of incompressible flows. They are also frequently used in conjunction with level-set and MAC

methods for free-surface flow problems (but using a fixed mesh). Staggered mesh methods have a number of

attractive properties that make them popular in this context. They do not display any pressure modes such

as those found in colocated finite volume methods, nor do they display the similar phenomena known as

�pressure locking� found in many finite element methods. They are known to locally conserve mass, mo-

mentum, kinetic energy, and vorticity. They are very computationally efficient and naturally conducive to
using fractional step or projection methods for the pressure solution and satisfaction of incompressibility.

Recently, staggered mesh methods have been generalized to unstructured (triangular and tetrahedral)

meshes by Nicolaides [8–11], Porsching [12,13], and Perot [14–17]. They have been shown in these prior

works to retain the properties of their Cartesian predecessor-lack of pressure modes, local conservation and

high efficiency.

This paper presents a generalization of the unstructured staggered mesh method to moving meshes in

Section 2. Unstructured staggered mesh methods do not have an obvious control volume associated with

the normal velocity component and so the implementation of a moving mesh is a nontrivial task. In Section
3 the solution procedure is described, including the time advancement scheme and exact projection method

for satisfying continuity. The evolution equations for the mesh and its reconnection strategy are presented

in Section 4. A novel method for the implementation of surface tension in the context of unstructured

staggered mesh methods is discussed in Section 5 along with more general boundary condition issues. In

Section 6, the methodology is validated on a number of different free-surface problems including 2D and

3D sloshing in a tank, droplet collision with a wall at different Weber numbers, droplet oscillation, channel

flow over a bump at different Froude numbers, and turbulence near a free-surface. A final discussion of the

results is presented in Section 7.

2. Moving staggered mesh discretization

Staggered mesh methods are discretizations in which pressure is located at cell centers and the ve-

locity is distributed to the cell faces, where only the normal component of the velocity at each cell face

is known. A schematic diagram of the Cartesian and unstructured staggering arrangement is shown in

Fig. 1. One major way in which the different unstructured staggered mesh methods differ is in how the
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cell velocity vector is reconstructed or interpolated from the normal component at cell faces. The in-

terpolation used in this work (Eq. (6a)) is known to result in local and global kinetic energy and

momentum conservation [14].

The staggered mesh method requires a single evolution equation for the normal velocity component at

each face. However, because we are interested in the face normal velocity equation on a moving mesh this

equation is first derived from the equations governing the flow in a moving and distorting cell control
volume,

dV
dt

¼
Z
CSðtÞ

usurf � ndA; ð1aÞ

dðqV Þ
dt

þ
Z
CSðtÞ

qðu� usurfÞ � ndA ¼ 0; ð1bÞ

dðquV Þ
dt

þ
Z
CSðtÞ

quðu� usurfÞ � ndA ¼
Z
CVðtÞ

ðqg�rpÞdV þ
Z
CSðtÞ

lðruþruTÞ � ndA; ð1cÞ

where V is the cell volume and the flux through the control volume surface with an outwardly pointing unit

normal n depends on the difference between the fluid velocity, u, and the control surface velocity, usurf . If the

mesh moves in a Lagrangian manner ðu ¼ usurfÞ this flux term drops out of the mass (1b) and momentum

(1c) equations. The first equation is unique to a distorting control volume and reflects the geometrical
constraint that the change in the volume is a direct result of the net normal motion of the control volume

surface.

Consider the following fully discrete version of these moving cell control volume equations:

V nþ1
c � V n

c

Dt
¼

Xcell faces

f

Umesh
f ; ð2aÞ

qnþ1
c V nþ1

c � qn
cV

n
c

Dt
þ

Xcell faces

f

qfðUf � Umesh
f Þ ¼ 0; ð2bÞ

qnþ1
c unþ1

c V nþ1
c � qn

c unc V n
c

Dt
þ

Xcell faces

f

qfufðUf � Umesh
f Þ

¼ �Vcrðp � qg � xCG
c Þ þ

Xcell faces

f

lðruþruTÞ � nf Af � Vcðg � xCG
c Þrq; ð2cÞ

Fig. 1. (a) Cartesian staggered mesh variable locations. (b) Unstructured staggered mesh variable locations.
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where Uf ¼
R
face

u � nf dA is the velocity area integral on the face, and Umesh
f is the equivalent mesh velocity of

the face. More information on the mesh velocity can be obtained from Eq. (2a). This equation is not solved

but is a constraint on the mesh velocity that should be satisfied exactly. Note that each face of an arbitrary

distorting tetrahedron (or triangle in 2D) has a face normal and face area that only depend on time, and the

mesh velocity is constant in time within a time interval but varies linearly in space since each node in the

mesh is assumed to move along a straight line within each time interval. With this information the mesh flux

is given exactly by,

Umesh
f ¼ 1

Dt

Z nþ1

n

nf �
Z
face

umesh dA
� �

dt ¼ uCGmesh �
1

Dt

Z nþ1

n

nfAf dt
� �

; ð3aÞ

where uCGmesh is the velocity of the face centroid (or center of gravity). In 2D the product of the face normal

and face area varies linearly in time, so

Umesh
f ¼ uCGmesh �

1

2
ðnnþ1

f Anþ1
f þ nnfA

n
f Þ:

In 3D the time variation can be more complex and

Umesh
f ¼ uCGmesh �

1

2
ðnnþ1

f Anþ1
f

(
þ nnfA

n
f Þ �

Dt2

12

Xface edges

e

ðvn1 � vn2Þ
)
; ð3bÞ

where the vn is the mesh velocity of the face nodes (corners), and each edge of the face contributes a cross

product of its two end point velocities with the endpoints oriented in a counterclockwise fashion with

respect to the face normal. Note that this mesh flux is the volume swept out by the face area during the time

interval, and it is a constant during that interval.

Eq. (2b) is the mass equation. If the density values on all the cell faces and within the cell are equal and

do not change with time and the constraint given by Eq. (2a) is satisfied, then Eq. (2b) returns the discrete

incompressibility constraint

Xcell faces

f

Uf ¼ 0; ð4Þ

which states that incompressibility is enforced on average over the time interval and over the cell. The time

advancement of the convection term in the mass equation has been left ambiguous in Eq. (2b). It can be
discretized as either

Xcell faces

f

aqnþ1
f ðUnþ1

f

�
� Umesh

f Þ þ ð1� aÞqn
f ðUn

f � Umesh
f Þ

	
ð5aÞ

or

Xcell faces

f

qnþa
f ðUnþa

f � Umesh
f Þ; ð5bÞ

where qnþa
f ¼ fð1� aÞqn

f þ aqnþ1
f g and Unþa

f is defined analogously. We believe that strict kinetic energy
conservation requires Eq. (5b) with a ¼ 1

2
. However Eq. (5a) with a ¼ 1

2
corresponds to the trapezoidal

update scheme and in the case where density is constant in time (as in this work), both schemes are

identical.

The momentum equation is given by Eq. (2c). We have chosen for the development of the staggered

mesh scheme to split the gravity term into a hydrostatic pressure contribution and a density gradient
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contribution. The density gradient is zero in the flows considered in this work and this term is therefore not

included in future analysis. Eq. (2c) assumes that the hydrostatic pressure gradient within the cell can be

approximated as a constant. A critical feature of the staggered mesh method, that distinguishes this par-

ticular approach from standard finite volume approaches is that the pressure gradient term is not ap-

proximated by a summation of the pressure over the various cell faces. The time advancement of the

momentum convection, diffusion and pressure gradient are similar to Eq. (5a), and are discussed in more

detail below.

In order to be considered a staggered mesh method the primary unknowns of the method should be the
normal velocities at the faces, and there should be only one update equation for each normal velocity

component. Eq. (2c) has the cell velocity vector as the unknown and three evolution equations (two in 2D)

within the cell. This dilemma is rectified by defining the cell velocity in terms of the face normal-velocity

components.

uc ¼
1

Vc

Xcell faces

f

UfðxCG
f � xCG

c Þ; ð6aÞ

where the mass flux Uf points out of the cell, x
CG
f is the face center of gravity (centroid), and xCG

c is the cell

position. For a discretely incompressible flow (satisfying Eq. (4)) the cell position is arbitrary, but for

numerical and analytical simplicity we take it to be the cell center of gravity. This interpolation or re-

construction procedure for the velocity has been shown to be second order accurate for arbitrary 2D

meshes [14] and nearly second order accurate on arbitrary 3D meshes [15]. In 3D the first order error term is

proportional to the change in the local mesh size from one cell to the next. On all practical meshes we have
tested, this first order term is actually smaller than the standard second order error term due to the linear

interpolation. This form of the velocity interpolation is critical to momentum and kinetic energy conser-

vation of unstructured staggered mesh methods on fixed meshes [14,15].

In addition to Eq. (6a), the following average is performed on each face. This average involves the two

neighboring discrete cell momentum equations.

ee1 � ðxCG
f � xCG

c1 Þ � ec2 � ðxCG
f � xCG

c2 Þ; ð6bÞ

where ec is Eq. (2c) for that cell. This is the discrete equivalent of integrating the momentum equation along

two line segments joining two cell centers. Note that the line joining two cell centers is not necessarily

normal to the face (unless cell circumcenters are used as the cell centers). Nonetheless, we get a single

equation at each face as desired.

Eq. (6a) can be written in matrix notation as u ¼ V�1RU , where V is a diagonal matrix of cell volumes

and R is a nonsquare matrix of the cell-to-face vector, r ¼ xCG
f � xCG

c . By design, Eq. (6b) is the transpose

operation, RT.
So the discrete momentum equation (Eq. (2c)) is rewritten as,

ðRTÞnþ1 q
DtV nþ1

Rnþ1Unþ1 � ðRTÞnþ1 q
DtV nþ1

RnUn þ aðRTÞnþ1
Anþ1 þ ð1� aÞðRTÞnþ1 V n

V nþ1
An

¼ �bGpnþ1
H � ð1� bÞðRTÞnþ1 V n

V nþ1
rpnH ; ð7Þ

where a is a weighting between explicit and implicit time advancement with a ¼ 1
2
giving the trapezoidal

method. The parameter b is the weighting for the pressure gradient term. For stability it can be shown

that b P 1
2
so the pressure gradient is always partially implicit even if convection and diffusion are

explicitly updated. The hydrostatic pressure is given by pH ¼ p � qg � x, and the cell advection–diffusion

vector A is given by
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AVc ¼ qc

Xcell faces

f

ufðUf � Umesh
f Þ �

Xcell faces

f

lðruþruTÞ � nf Af : ð8Þ

Note that the implicit pressure term results in a gradient operator defined by Gp ¼ pc2 � pc1, which is just

the difference between the two neighboring cell values. This assumes that the pressure is a continuous

function along the line joining the cell centers so
R c2

c1
rp � dL ¼ pc2 � pc1. The matrices in the very first term

can be collectively viewed as a type of mass matrix. This mass matrix is symmetric positive definite and
connects each face with its nearest neighbors.

3. Solution procedure

The resulting system of equations (Eqs. (7) and (4)) can be written in the following concise form,

1
DtM

nþ1 � aðRTÞnþ1
Anþ1 bG

bGT 0


 �
Uf

pH


 �
¼ ðRTÞnþ1 V n

V nþ1 f q
Dt u

n
c � ð1� aÞAn � ð1� bÞrpng

0


 �
; ð9Þ

where Mnþ1 ¼ ðRTÞnþ1ðq=V nþ1ÞRnþ1 is the mass matrix. Note that the summation in Eq. (4) is the negative

transpose of the gradient operator, and this divergence constraint can be multiplied by any nonzero b, to
obtain the last line of this matrix system.

The system given by Eq. (9) is symmetric if convection is explicit, but it is not positive or negative definite.

It can be solved as a full system, though this is expensive, or an approximate solution can be obtained via a

fractional step method. The fractional step method is attractive because it splits this system into an ad-

vection–diffusion solution and a separate Poisson solution. In this work we use a recently developed exact

fractional step method [18] that solves this system exactly. Taking advantage of the easily constructed null

space of the gradient operator, C, such that GTC ¼ 0. This allows Eq. (9) to be rewritten as,

CT 1

Dt
Mnþ1

�
� aRTAnþ1


Csnþ1 ¼ CTRT V n

V nþ1

q
Dt

unc

n
� ð1� aÞAn � ð1� bÞrpn

o
ð10Þ

for the unknown temporary variable snþ1, and Unþ1
f ¼ Csnþ1 gives the final solution. This technique for

solving Eq. (9) satisfies discrete incompressibility to machine precision even if Eq. (10) is only solved to

some finite level of accuracy using an iterative method. It also reduces the number of unknowns in the

system when the mesh is tetrahedral or triangular, thereby speeding solution times.
The pressure gradient can be recovered from the Eq. (2c) as a post-processing step once the final velocity

is found

bV nþ1
c rpnþ1

H ¼ �ð1� bÞV n
c rpnH � q

Dt
Rnþ1Unþ1

f þ q
Dt

RnUn
f � aV nþ1

c Anþ1 � ð1� aÞV n
c A

n: ð11aÞ

The pressure gradient at the very first time step can be obtained from a Poisson equation, or assumed to

be zero. The accuracy of the velocity solution is independent of the choice for b [19,20], and the fully

implicit choice, b ¼ 1, (used in Section 6) eliminates the need to ever compute the pressure gradient at all. It

may be convenient to rearrange Eq. (11a) into the alternative form,

qnþ1 ¼ 1

b
V nþ1
c

q
Dt

unþ1
c

n
þ ða � bÞAnþ1

o
� 1� b

b

� �
qn;

where

qn ¼ V n
c f

q
Dt

unc � ð1� aÞAn � ð1� bÞrpnH g: ð11bÞ
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This variable can be used to eliminate the pressure gradient in Eqs. (9) and (10) when b 6¼ 1. In our work,

the convection term is explicit, and the diffusion term is implicit and solved with the trapezoidal method

ða ¼ 1
2
Þ. The pressure is fully implicit so Eq. (10) becomes,

CT 1

Dt
Mnþ1

�
þ 1

2
RTLnþ1


Csnþ1 ¼ CTRT V n

V nþ1

q
Dt

unc

�
þNnþ1=2 þ 1

2
Ln


; ð12Þ

where L is the diffusion term and N is the nonlinear convection term. Implementing Eq. (10), (or Eq. (12))

requires knowing the expected mesh motion prior to solving for the velocity, because the final mesh po-

sitions and geometry appear implicitly in many of the terms, including the mass matrix and the mesh

velocity. This means that even if all the terms in Eq. (10) are implicit, the free-surface flow solution will not

necessarily be stable. Both surface tension and gravity can create surface waves which couple the fluid

velocity and free-surface position. Simple extrapolation of the free-surface position from prior velocity

knowledge is equivalent to updating the free-surface equation with explicit Euler or possibly Adams–
Bashforth time advancement. These types of time advancement schemes are known to be unstable for pure

wave solutions even if the velocity is updated implicitly. Fully implicit solution would require linearization

of the geometry terms and coupled solution of velocity, pressure, and position variables. Alternatively we

have chosen to use a three-step second-order, low storage, Runge–Kutta scheme for time advancement.

This particular scheme is stable for pure wave solutions as long as the CFL based on the wave speed is less

than 2. Since we are interested in resolving surface wave dynamics, this restriction is not overly burdensome

and is equivalent to requiring that the temporal accuracy matches the spatial accuracy. Convection and

diffusion can still be solved implicitly at each substep to avoid stability restrictions based on the fluid ve-
locity or viscosity. The three-step scheme used in this work is

ûunþ1 � un ¼ DtF ðunÞ;

^̂uûuunþ1 � un ¼ Dt
1

2
fF ðunÞ þ F ðûunþ1Þg;

unþ1 � un ¼ Dt
1

2
fF ðunÞ þ F ð^̂uûuunþ1Þg:

ð13Þ

This scheme is very easy to implement. It is second order, and the final substep can be left out if sufficient

viscous damping is present. At each substep the new surface position is predicted and then Eq. (10) is solved

for the normal velocity components.

4. Mesh motion and reconnection

The nodes on the free-surface move in a Lagrangian fashion and obey the equation.

dxnode

dt
¼ unode ð14aÞ

with the node velocity given by an average of the cell velocities.

unode ¼
1

ð#of cellsÞ
Xnode cells

c

uc þ ðxnode � xcÞ � rujc: ð14bÞ

The nodes in the interior of the domain do not move in a Lagrangian fashion since this can cause a highly

distorted mesh to develop. Instead, the interior nodes obey the following relaxation equation,

xnþ1
node � xn

node ¼ GT
n2ekeGn2ex

nþ1
node: ð15Þ

198 B. Perot, R. Nallapati / Journal of Computational Physics 184 (2003) 192–214



This equation is equivalent to treating each edge of the mesh as a linear spring [21]. The spring force is

proportional to the distance between the two nodes, Gn2ex
nþ1
node ¼ xnþ1

node2 � xnþ1
node1, and has a spring constant

ke. The equilibrium length of the spring is zero. The forces from each spring are then added to the node via

GT
n2e, and cause a net motion of the node towards equilibrium. This is illustrated in Fig. 2. In two di-

mensions the springs correspond to each face of the mesh. If ke  1 the relaxation to equilibrium happens

in one time step. If ke � 1 the mesh will not move more than the local mesh spacing in one time step. The

implicit solution of this relation equation is carried out using a Jacobi preconditioned Conjugate Gradient

solver. Smoothing an initial mesh can take some time depending on the quality of the mesh generator.
However, once the simulation is evolving the mesh solver takes 2–10 iterations to converge and is extremely

fast. This is far more cost efficient than regenerating the mesh after it becomes too distorted, and it

maintains a very high quality mesh at every time step. This algorithm does not change the mesh connec-

tivity so all control volumes retain the same neighbors as they move and distort. If a mesh starts with higher

resolution in one area, such as near the free-surface, it retains that higher resolution as the simulation

evolves.

Mesh smoothing can also be used to do adaptive mesh refinement [22]. The idea is to use a variable

spring constant. By making the spring constant proportional to the second derivative of the solution, the
mesh can be pulled into regions where the solution is changing rapidly and stretched where the solution is

linear or constant. It is even possible to perform anisotropic mesh adaptation in this way, to resolve features

such as boundary layers or shear layers. Anisotropic mesh relaxation takes the spring constant to be

proportional to the second derivative of the solution in the direction of the spring. In this way, springs

oriented along the boundary layer flow direction have small spring constants and stretch considerably,

while springs oriented across the boundary layer see large second derivatives of the solution, have large

spring constants, and cause a high resolution mesh to develop in the cross stream direction.

For adaptation on a single solution variable / the anisotropic adaptive spring constant is given by,

ke ¼
ðxnode1 � xnode2Þ � ðr/jnode1 �r/jnode2Þ

ðxnode1 � xnode2Þ � ðxnode1 � xnode2Þ
: ð16Þ

This spring constant is then normalized so that the average value on the domain is equal to 1, and for

stability reasons we frequently limit the extreme values of the spring constant to be at least 1/100 of the

mean value of the spring constant, and less than 100 times the mean value. When multiple flow variables

are present, the spring constant is taken to be the maximum of all the individual spring constants. This

causes the mesh to adapt to the worst resolved flow variable at any location. The technique for adapting

the mesh, has the advantage that it keeps the solution cost at each timestep constant. The user specifies

the mesh size that they are willing or able to use, and the adaptation makes the best use of the available
resources. Mesh adaptation schemes which insert points or recursively subdivide cells can lead to ex-

Fig. 2. Schematic representation of mesh smoothing in two dimensions. Arrows in the first picture represent spring forces acting on the

central node. Boundary nodes are assumed fixed in this simple example. (a) The mesh and forces before relaxation. (b) The mesh after

relaxation.
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tremely unpredictable resource requirements and solution times. An example of mesh adaptation is

shown in Fig. 3. The adapted mesh on the right contains the same number of mesh points but has over

20 times the mesh resolution in the critical shear layers. This vortex shedding from a square cylinder is

unsteady, and the resolution adapts in time, maintaining high resolution on the moving shear layers at all

times.

After a complete timestep, it is occasionally necessary to optimize the mesh connectivity. The Delaunay

criterion, that no node lies within any cell circumsphere (circumcircles in 2D), is used to judge when the

mesh connectivity can be improved. This criterion can be shown optimal in several senses for 2D meshes
[23]. The criterion is still used in our 3D calculations but may no longer be optimal. Rather than completely

rebuilding the mesh when it begins to loose optimal connectivity, a local connectivity correction algorithm

called mesh flipping is used. An example of mesh flipping in 2D is shown in Fig. 4. In two dimensions mesh

flipping removes a face and replaces it with a new face that improves the local quality of the mesh. The face

that is removed can be sensed by observing the quantity

ðxCG
c2 � xCG

c1 Þ � ðxCC
c2 � xCC

c1 Þ; ð17Þ

where xCC
c is the cell circumcenter position of the two neighboring cells. If this quantity is negative, the face

needs to be flipped. It can be shown [23] that in 2D, flipping faces based on this criteria will eventually lead

to a mesh that satisfies the Delaunay criteria everywhere. In practice, the Delaunay criteria is rarely

Fig. 3. Adaptive mesh refinement applied to the unsteady vortex shedding behind a square cylinder. (a) The best that can be achieved

without a priori knowledge of the solution. (b) Solution adapted mesh using anisotropic springs. Adaptation is based on the flow

kinetic energy.

Fig. 4. Example of 2D flipping. The face PR is removed and replaced with face SQ to improve the mesh quality. The dark solid line is

the Veronoi polygon formed by joining neighboring cell circumcenters. When the mesh is not Delaunay this polygon develops an

inversion or �fish tail�.
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violated, and once the initial mesh is made Delaunay, the mesh flips in one or two places every ten or so

timesteps. The local nature or this flipping algorithm makes it easy to implement and highly parallel.

Mesh flipping can also be performed in three dimensions [23]. However it is conceptually more difficult.

The flipping either turns two tetrahedra into three tetrahedra by removing one face and adding one edge

and three new faces, or the opposite. Other degenerate cases are also possible, such as two tetrahedra to two

tetrahedra when two of the faces on each tetrahedron are coplanar, or multiple tetrahedra sharing a

common edge flipping to fewer tetrahedra with the edge removed. However, we have determined that if all

possible 2-to-3 flips are performed first, and zero volume cells are allowed, then these degenerate cases will
automatically be taken care of. In three dimensions the criteria cited above (Eq. (17)) is necessary but not

sufficient to indicate a 2–3 flip. In some cases the two tetrahedra involved do not form a convex hull.

Flipping them would result in entanglement and negative volume cells. So in 3D the convexity of the two

tetrahedra sharing a face is also tested. Nonconvex hulls are ultimately fixed by the 3-to-2 flip, which re-

moves an edge and three faces and inserts a new face. Tests indicate that simply flipping faces which violate

the Delaunay criteria is not sufficient in 3D to guarantee a globally Delaunay mesh. In 3D �knots� can form.

These have been successfully removed in all of our 3D simulations by flipping the �worst� (closest to

nonDelaunay, but still technically valid) face neighboring the knot, and then flipping the knot. However,
there is no proof at this time that this approach, or some generalization of it, is guaranteed to work.

When a flip occurs the solution variables must be interpolated onto the new mesh. Because the flip is

local (involving only two or three cells) it is relatively easy to develop interpolation schemes that conserve

mass and momentum. For incompressible flows, mass is conserved when the volume is conserved, and this

is always the case in a flipping operation. Our exact projection scheme [18] eliminates pressure as an un-

known, and so it is not necessary to interpolate the pressure. The current interpolation scheme for the

velocity takes advantage of the fact that the vector stream function component along each edge is known

when using the exact projection method. The normal velocity at the faces (the primary unknown in stag-
gered mesh methods) can be easily recovered from these stream function components (using Stokes Curl

theorem). In two dimensions, the stream function is at cell nodes and is never altered by a flip-so the ve-

locity interpolation is conservative and nondiffusive. In three dimensions, a 3-to-2 cell flip removes an edge

and three faces and creates one new face. The normal velocity on the new face is obtained from the edge

stream function values, and this interpolation is conservative and nondiffusive. A 2-to-3 cell flip creates a

new edge, which requires a stream function value. The new stream function is assigned so that the vorticity

along the new edge equals the average old vorticity in the original two cells. In this way the 2-to-3 inter-

polation conserves momentum and vorticity. It is not know if the 2-to-3 interpolation is diffusive or not.
The stream function interpolation approach also guarantees incompressibility of the interpolated velocity

field. Other interpolation schemes are certainly possible, and because the flipping is restricted to two or

three cells at any one time, it is relatively easy to ensure that such interpolations conserve momentum,

dilatation, and vorticity.

5. Boundary conditions

In flows with a free-surface or an outflow it is frequently desirable to leave the normal velocity at the

boundary as an unknown. In the unstructured staggeredmeshmethod, it is possible to prescribe the boundary

pressure and leave the normal velocity as an unknown. Consider applying Eq. (7) at a boundary face. Nor-

mally, in the interior of the domain, this equation is an approximation for the momentum equation along the

two line segments joining two neighboring cell centers. On the boundary, it has a very similar interpretation,

but the integral is only along one line segment, joining the cell to the boundary face (see Fig. 5).

With this interpretation, the matrix operators R, which interpolates the face normal velocity to construct

cell velocity vectors, and RT which performs the line integration are still the transpose of each other. The
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implication is that the boundary face normal velocity component is only used to construct one cell velocity

vector, whereas in the interior, the normal velocity component is incorporated into the interpolation (re-

construction) of both neighboring cell velocity vectors.

With this interpolation, all the terms in Eq. (7) are well defined on boundary faces except the pressure

gradient at time nþ 1. The pressure gradient term requires the hydrostatic pressure of the face to be known.

Note that the exact projection scheme described by Eq. (10) eliminates the interior cell pressure unknowns

at time nþ 1, but not the boundary pressure.
At an outflow, it is often a good assumption that the pressure is hydrostatic. This is equivalent to as-

suming that the hydrostatic pressure is constant along the outflow plane, and this is a very easy boundary

condition to prescribe with this formulation. Note that the boundary faces have an implicit directional bias

associated with them because they use information from only one cell. At an outflow, the interior cell is

upwind, and this directional bias is known to be stable.

At a free-surface (without surface tension), the pressure can be assumed to be constant. The hydrostatic

pressure is then calculated using this constant pressure (usually assumed to be zero) and subtracting the

gravity term qg � xCG
f which is based on the face center of gravity position and the gravity vector. At the

free-surface, the mesh is required to move at the same speed as the fluid, so the convection term is set to

zero. This allows the free-surface to move up or down and still remain stable. The downward motion looks

somewhat like an unstable inflow condition, but is not-because the mesh moves at the same rate. Diffusion

is often small near the free-surface but is not necessarily zero.

Interestingly, the pressure boundary condition can also be adapted to prescribe a natural and stable

inflow condition. If a momentum source is present in the domain the fluid is sucked in through the inflow

and should not be prescribed. Setting the dynamic hydrostatic pressure at such an inflow

pD ¼ p � qg � xþ 1
2
qu � u to be constant and forcing convection and diffusion to be zero is equivalent to

assuming a quasi-steady potential flow is present at the inflow.

At a wall (either slip or no slip) or a standard inflow boundary, the normal velocity is usually prescribed.

In this case, Eq. (7) is not evaluated on the boundary face, and no knowledge of the boundary pressure is

required for these boundaries.

Surface tension is calculated on the free-surface using first principles. The force on a face is calculated as

a sum over all its edges. Each edge pulls in the direction of the neighboring face, with the force proportional

to the surface tension on that face. Fig. 6 shows the surface tension forces in both 2D and 3D.

Fig. 5. Line integral for an interior face and a boundary face.

Fig. 6. Surface tension forces in 2D and 3D. Each force lies in the plane of the neighboring face and perpendicular to the edge on

which it acts.
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The force is given mathematically by the expression,

ftension ¼
Xface edges

e

LerfiðxCC
fi

� xmid
e Þ=jxCC

fi
� xmid

e j; ð18Þ

whereLe is the lengthof the edge (which in 2D is just 1),rfi is the surface tensionon theneighboring face sharing

that edge, and xCC
fi is the face circumcenter position (midpoint in 2D). The circumcenter position makes the

resulting force at that edge perpendicular to that edge but still in the plane of the neighboring face.

This representation of the surface tension is independent of orientation and it does not require complex

derivatives or curve fitting. It accounts for variable surface tension effects correctly, and it can be shown to

be conservative [24]. Conservation means that the net surface tension force on an isolated liquid drop is

always identically zero and will not cause the drop to drift randomly in the absence of gravity. This surface

tension formulation, and the code in general, are validated in the following section.

6. Results

This section presents some of the results obtained from the numerical simulation of free-surface flows

using the present numerical techniques. The first few cases validate the code by comparing the results

of numerical simulations with analytical predictions or experimental data. The remaining cases present

simulation results for a few complex free-surface problems that test the effectiveness of the numerical

technique.

6.1. Free-surface sloshing in a rectangular tank

The first test case is 2D free surface sloshing in a rectangular tank. This problem consists of simulating a

small amplitude gravity-induced standing wave in a tank containing an irrotational fluid. The free surface is
given a small amplitude sinusoidal velocity profile and the resulting frequency of oscillation of the standing

wave is computed numerically. The wavelength of the standing wave is taken to be twice the width of the

tank. The size of the tank, L, and the initial depth of the liquid, D, are fixed at 1 unit each in these sim-

ulations. A two-dimensional triangular computational grid has been utilized for the problem as shown in

Fig. 7. The side and bottom walls of the rectangular tank are assumed to be slip-walls and the free-surface is

assigned a constant pressure boundary condition.

One cycle of the sloshing is shown in Fig. 7. The arrows in the pictures represent the local velocity vectors

and are colored by the vertical component of the velocity with red standing formaximumupward velocity and
blue for maximum downward velocity. While the maximum amplitude of the waves is only 10% of the initial

fluid-level in the container, this simulation demonstrates the mesh flipping, mesh smoothing and surface

tracking schemes, and the methods ability to accurately prediction free-surface deformation. We have com-

puted up to 10 cycles of this oscillation with no perceptible variation from cycle to cycle.

Analytically, it has been demonstrated that the fundamental period of sloshing of infinitesimal standing

waves with a wavelength 2L in a rectangular container of length L and initial depth D is given by [25],

T ¼ g
4pL

tanh
pD
L

� �
 ��1=2

; ð19Þ

where g is the acceleration due to gravity. The time period computed from the simulations are compared

with the analytical predictions for the same problem for various values of gravity. Fig. 8 shows a com-

parison of numerical and analytical solutions as a function of gravity. The maximum error of the simu-

lations is observed to be less than 2%. The presence of error can be attributed to the fact that the analytical
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Fig. 7. Mesh and vectors colored by vertical velocity in the 2D sloshing tank. (a) t ¼ 0, (b) t ¼ 1
4
cycle, (c) t ¼ 3

4
cycle, (d) t ¼ 7 cycle.

Fig. 8. Comparison of analytical and numerical results for the standing wave problem with dimensions D ¼ 1 unit and L ¼ 1 unit.
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solution requires waves of infinitesimal amplitude. It was confirmed that as the initial amplitude of the wave

is reduced, the error decreases.

The next case is viscous sloshing of an incompressible fluid contained in a two-dimensional rect-

angular tank. The computational setup is same as the one used for the problem above of inviscid

sloshing. The amplitude of free-surface sloshing is expected to damp under the influence of viscosity. As

an initial condition, the free-surface is assumed to be horizontal with a sinusoidal velocity field normal
to the free-surface. The Reynolds number in the problem, based on the initial depth and maximum

initial velocity is 100. The side walls are assumed to be slip walls while the bottom wall is assigned to

be a no-slip wall. A constant pressure condition is imposed on the free-surface as before.

Fig. 9 traces the displacement of the left corner of the free-surface as a function of time. The plot clearly

illustrates the viscous damping. The method is known to have zero numerical damping [15], and simula-

tions of viscous decay of a Taylor vortex (in a periodic domain) are in excellent agreement with the ana-

lytical solution [16], so we expect that this damping rate is correct.

6.2. Droplet oscillation

Two frames from a simulation of a 3D droplet are shown in Fig. 10. The drop is subject to an initial

perturbation which causes it to distort and then go into a damped oscillation. This droplet has a Weber
number of 1.8 and a Reynolds number of 34 based on the drop diameter and initial perturbation ve-

locity, this is equivalent to a 4.7mm water drop subject to a 7mm/s initial velocity perturbation. The

initial condition and maximum distortion are shown in Fig. 10. Note that the numerical errors associated

with many numerical methods will become obvious when applied to this simple problem. There can

be mass loss (due to surface fitting), drift of the droplet (lack of momentum conservation), erroneous

rotation (lack of vorticity conservation), or excessive damping (lack of kinetic energy conservation/

numerical diffusion).

The period of oscillation of the drop is shown in Fig. 11 and is compared with the known exact
solution for an infinitesimal perturbation ðT ¼ D=Up

4
We1=2Þ [26]. The discrepancy is due to the finite

(2%) amplitude of the calculated perturbation. This solution method has been used to simulated over

15 periods of this oscillation with no discernable loss is mass, momentum, or energy (when the drop is

inviscid) [27].

Fig. 9. Displacement of a point on the left wall (near the surface) as a function of time.
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6.3. Shallow water flow over a bump

Free-surface flow over a bump is the next test case. The problem consists of an open channel, and

the uniform flow of an inviscid fluid over a slip-wall which has a circular arc shaped bump perpendicular to

the direction of flow. The effect of the bump on the free-surface is investigated for different values of the

problem parameters.
A two-dimensional triangular grid is used in this problem. The initial depth h0 of the shallow flow is

assumed to be 15.5 units and the height D of the circular arc is 3.5 units. An inflow boundary condition with

a constant velocity is imposed on the left boundary. The right boundary is treated as an outflow with

constant hydrostatic pressure. The bottom boundary is a slip-wall and the top boundary is a free-surface

with a constant pressure boundary condition.

Analytical results are available for the present problem from shallow water equations assuming that the

bump height changes very gradually. The height h of the free-surface, directly above the bump, from the

bottom wall is given by, h ¼ h0 þ D=ð1� 1=FrÞ where Fr, the Froude number, is given by Fr ¼ U 2
0 =ðgh0Þ

Fig. 11. Comparison of calculated and theoretical period. The calculation was performed for a single drop after a small perturbation.

Fig. 10. Numerical simulation of a perturbed droplet. Re ¼ 34, We ¼ 1:8.
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where g is the acceleration due to gravity and U0 is the value of the constant velocity field at the inlet. One

can infer from this analytical formula that when the Froude number is less than unity, the free-surface is

expected to develop a depression above the bump. On the other hand, when the Froude number exceeds

unity, the free surface is predicted to assume a bump-shaped elevation.

Numerical simulation is performed independently for the cases Fr< 1 and Fr> 1. Figs. 12 and 13 show

the response of the free-surface to the two cases. As in the previous problems, the arrows shown in the

picture represent the local velocity vectors and in this case are colored by the horizontal component of the

velocity. The behavior is as predicted. The height of the free-surface above the bump for both cases has
been compared with analytical predictions and is shown in the following Table 1. Given the fact that the

bump height actually changes rather rapidly, these results are well with the acceptable tolerances.

6.3.1. Two-dimensional sloshing in a cubical container

The problem of gravity induced standing waves in an inviscid fluid contained in a rectangular container

has also been used to validate the three-dimensional version of the code. The simplicity of the problem and

the availability of an analytical solution make it an ideal first choice to validate the numerical technique in

three dimensions as well. The domain is a three-dimensional cubical container, each side L being 1 unit

long. A three dimensional tetrahedral grid with 2100 cells has been generated for this purpose.

For the initial condition, the free-surface profile is assumed to be horizontal and a uni-dimensional

sinusoidal velocity field is assigned to the two-dimensional free-surface given by the formula V ðxÞ ¼
Cosð2px=LÞ . All the walls are no-slip and a constant pressure boundary condition is assigned to the free-
surface. The initial surface mesh and surface velocities are shown in Fig. 14.

The results are shown in Figs. 15 and 16. Fig. 15 shows an isometric view of the free-surface and its local

velocity vector field at close to 1/4 of the cycle. The vectors are colored by the vertical component of the

Fig. 12. Flow over a bump. Fr ¼ 0:5.
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Fig. 13. Flow over a bump. Fr ¼ 4:5.

Table 1

Comparison of theoretical and experimental results for the bump problem

Case htheoretical hexperimental % error

Fr¼ 0.5 12.0 12.45 3.75

Fr¼ 4.5 20.0 18.67 )6.65

Fig. 14. Initial free-surface mesh and velocity vectors.
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velocity field. Fig. 16 is a similar view at close to 3/4 of the total cycle. The maximum percentage error in the

period for this 3D simulation is 5%, which is attributed to the fact that a very coarse grid has been used in

the present simulation.

6.4. Droplet impingement on a wall

This problem consists of a 2D droplet (cylinder) falling freely under gravity and colliding against a solid

wall. This problem is complex since it involves changes in the boundary condition with time, significant

surface tension forces, and large accelerations and deformations.

The study of droplet impingement finds its application in many industrial processes like spray painting
and spray cooling, polymer applications and other industrial surfactant based processes. Although the

Fig. 15. Free-surface mesh and velocity vectors at one-fourth of the cycle.

Fig. 16. Free-surface mesh and velocity vectors at three-fourth of the cycle.
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present problem is an over-simplified version of what in real life is a three-dimensional process, it helps us

gain good insight into the numerical methods ability to capture the evolution of the droplet under the

influence of a variety of forces such as gravity, surface tension and normal reaction.

A two-dimensional triangular grid is used to discretize the circular cylinder. The initial radius of the drop

is assumed to be unity. The mesh near the periphery of the free-surface is made denser than the interior in

order to obtain high accuracy when tracking the free surface. This is a form of user imposed mesh re-

finement. The spring constant for this simulation is constant and therefore the mesh adapts to the free-

surface motion but not the solution (velocity gradients). The solution does not vary rapidly enough to make
solution adaptation worth the effort.

As an initial condition, the droplet is assumed to be at rest. It is allowed to fall freely under the influence

of gravity until it impinges on the solid wall. The boundary conditions are complicated in this problem in

the sense that the boundary conditions on a few boundary nodes may vary with time. At the start of the

simulation, the droplet is not in contact with the solid wall and hence the entire boundary has a constant-

pressure boundary condition. However, as the droplet hits the wall, the part of the boundary that comes

into contact with the wall is changed to a no-slip boundary condition. The area of this boundary and hence

the number of nodes lying on it may change as the droplet deforms.
The problem is simulated for two different sets of values of the Weber number We ¼ V 2

0 D=r and Rey-

nolds number, Re ¼ V0D=m . V0 is the velocity of the droplet at the time of impact, D, its initial diameter, m is
its kinematic viscosity, and r is the coefficient of surface tension. In both cases, the drop falls in a vacuum

and it is ensured that the Weber and Reynolds numbers are sufficiently low so that drop will not disin-

tegrate into smaller droplets.

Fig. 17 illustrates the deformation characteristics of the droplet for a Reynolds number of 6.6 and Weber

number of 2.0. The contours in the plot represent the vertical component of the local velocity vector. The

figure shows that it takes some time for the influence of the impact to propagate to the upper surface of the
droplet. As the droplet hits the wall it flows radially outward owing to the inertial forces. However, after a

certain stage, the surface tension forces dominate and resist this radial motion. Eventually surface tension

reverses the radial flow direction. In the last figure the upper surface is now moving upwards.

Fig. 18 illustrates the droplet deformation characteristics for the case where the Weber number is 5.2 and

Reynolds number is 10.0. As the numbers indicate, the inertial forces are expected to play a more dominant

role than the surface tension and viscous forces compared to the previous case. This is confirmed by the

simulation results, and a rebound due to surface tension is not witnessed during the simulation.

6.5. Turbulence in a box

This test case involves preliminary results for turbulent fluid flow next to a free-surface boundary. This is

one of the eventual applications for the method, and a difficult test case that tests both the efficiency of the
method and its stability.

A grid of 12,000 tetrahedra was created in a cubical domain of unit size. The mesh is more refined based

on its depth in order to adequately capture the free-surface motion. The initial stream function is prescribed

by

w ¼ 0:1
1

2p
sinð2pxÞ sinð2pyÞ sinð2pzÞ

��
þ 1

3p
sinð3pxÞ sinð3pyÞ sinð3pzÞ

þ 1

5p
sinð5pxÞ sinð5pyÞ sinð5pzÞĵj

�
þ 1

2p
sinð2pxÞ sinð2pyÞ sinð2pzÞ

�

þ 1

3p
sinð3pxÞ sinð3pyÞ sinð3pzÞ þ 1

5p
sinð5pxÞ sinð5pyÞ sinð5pzÞ

�
k̂k
�
: ð20Þ
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Fig. 17. Droplet profiles colored by vertical velocity (Re¼ 6.6; We¼ 2.0). (a) T¼ 0.14, (b) T¼ 0.19, (c) T¼ 0.32, (d) T¼ 0.45,

(e) T¼ 0.73.
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This initial condition is not true turbulence, but it does rapidly degenerate into a very chaotic and un-

predictable flow similar to true turbulence. At the start of the simulation, the stream function is uniformly

prescribed to zero on all the boundaries. The top face of the cube is assumed to be a free-surface, the side-

faces are slip-walls, and the bottom face is a no-slip wall.
Fig. 19 presents the shape of the free-surface at various stages of the simulation. We notice that

the disturbances initially spread to the free-surface from the interior. However, the turbulence soon

decays due to the effect of the viscous forces and the free-surface slowly regains its original flat

shape.

7. Conclusions

A moving unstructured staggered mesh approach has been described and evaluated for a variety of

incompressible flows involving free-surfaces. The method takes advantage of the unstructured staggered

mesh discretization to obtain computational efficiency, exact incompressibility, conservation of mass,

Fig. 18. Droplet profiles colored by vertical velocity (Re¼ 10.0; We¼ 5.2). (b) t¼ 0.47, (c) t¼ 0.78, (d) t¼ 0.91.
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momentum, and kinetic energy. The staggering also allows us to bypass a pressure Poisson equation

and implement an exact projection method. Mesh motion is implemented in order to track the free

surface motion with a very high degree of accuracy. Mesh motion also maintains a high quality mesh in

the interior of highly distorting domains. The mesh motion is based on a spring analogy that allows for
mesh adaptation, and which is cost effective and parallel. The adaptation algorithm maintains a fixed

cost calculation, which is not always possible with point insertion algorithms. The mesh motion

maintains optimal mesh quality for a fraction of the cost of global remeshing. Mesh flipping has been

implemented to maintain optimal mesh connectivity. The flipping algorithm is also local, fast, and

parallel.

Unstructured staggered mesh methods are not based on a control volume, and therefore their

correct implementation on a moving and distorting mesh is a nontrivial problem. We have shown in

this work, how to connect the classic staggered mesh discretization with a control volume formu-
lation, and thereby include a moving mesh into the staggered mesh formulation. It is because of this

formulation that the method continues to possess conservation properties even when the mesh

moves.

The method was demonstrated on a number of two and three-dimensional flows. It was validated against

analytical solutions and showed the ability to compute flows with a wide variety of boundary conditions

and different surface physics.

Fig. 19. Time sequence of free-surface shape at various stages during simulation.
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