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Abstract We present a large amplitude oscillatory shear
rheology (LAOS) investigation of three different shear-
thickening particle dispersions - fumed silica in polyethy-
lene oxide (FLOC), fumed silica in polypropylene glycol
(HydroC), and cornstarch in water (JAM). These systems
shear-thicken by three different mechanisms - shear-induced
formation of particle clusters flocculated by polymer bridg-
ing, hydrocluster formation, and jamming. The viscoelastic
non-linearities of the three fluids were studied as a function
of strain and strain-rate space through the use of Lissajous-
Bowditch curves and local nonlinear viscoelastic moduli of
an oscillatory shear cycle. The nonlinear behaviors of the
three fluids were compared and contrasted to understand
the nonlinear shear-thickening mechanism of each. Both
HydroC and JAM dispersions were found to exhibit strong
strain stiffening of the elastic moduli and strain thicken-
ing of the loss moduli behavior associated with possible
hydrocluster formation and particle jamming. However, the
FLOC dispersion, in contrast, showed strong strain soften-
ing and strain thinning behavior at large strain amplitudes
associated with yielding of the microstructure. The expected
thickening of the loss modulus of FLOC in LAOS with
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increasing strain was not observed even though viscosity of
FLOC was found to shear-thicken in steady-shear measure-
ments. This disagreement is likely due to very large strain
amplitudes required for shear-thickening to occur by shear-
induced polymer bridging mechanism. The hypothesis was
confirmed through stress growth experiments. Conversely,
the HydroC and JAM dispersions required relatively small
applied strains for shear-thickening to occur by hydrocluster
and jamming mechanism. The comparison of local intra-
cycle nonlinearity through Lissajous-Bowditch plots and
nonlinear viscoelastic parameters indicated that the elastic
nonlinearities of all three systems are primarily driven by a
strong dependence on the magnitude of the applied strain-
rates within an oscillatory cycle rather than the amplitude
of the applied strain. A close inspection of the LAOS data
reveals strong differences in the viscoelastic nonlinearities
of these three different shear-thickening dispersions which
can be used to create a nonlinear rheological fingerprint
for each and offers valuable new insights into the nonlin-
ear dynamics associated with each of the shear-thickening
mechanisms.

Keywords Colloids · Suspension · Shear-thickening ·
Non-linear rheology · Large amplitude oscillatory shear (LAOS)

Introduction

Particle dispersions are ubiquitous in every day life.
These rheologically complex fluids are found in a host of
materials ranging from detergents, paints, food, cements,
and pharmaceuticals. Shear-thickening dispersions are one
interesting class of fluids, which are of enormous amount
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of interest in both academia (Barnes 1989) and indus-
try (Wagner and Brady 2009). In a shear-thickening fluid,
the viscosity abruptly increases with increasing shear rate.
A classic example is the cornstarch and water mixture
known as “oobleck”. Shear thickening can often have con-
sequences in fluid handling causing damage in industrial
processes by breaking equipment or fouling spraying equip-
ment and pumps. Still when properly designed and handled,
shear-thickening fluids have been exploited for a wide
range of innovative applications. Examples of these applica-
tions include developing bullet proof soft body armor (Lee
and Wagner 2003), machine mounts and damping devices
(Helber et al. 1990; Laun et al. 1991), and driving fluids for
enhanced oil recovery (Nilsson et al. 2013).

Shear-thickening in particle dispersions can occur by var-
ious mechanisms depending on the range of particle volume
fraction (Fall et al. 2008) and the nature of solvent phase
(Raghavan and Khan 1997; Kamibayashi et al. 2008). In
Brownian dispersions stabilized by electrostatic or steric
forces, for particle concentrations ranging from small to
medium particle volume fractions, shear-thickening occurs
due to the formation of hydroclusters (Wagner and Brady
2009). These dense particle clusters of tightly packed parti-
cles are held together by hydrodynamic interactions (Bossis
and Brady 1984, 1989). Beyond certain shear-rate, the
hydrodynamic lubrication forces dominate all the other col-
loidal forces resulting in the formation of hydroclusters. The
resulting anisotropy in the colloidal dispersions gives rise to
large stress fluctuations and as a result large shear viscosi-
ties (Melrose and Ball 2004). The magnitude and the critical
shear-rate for the onset of the shear-thickening are influ-
enced by several factors such as the thickness of polymer
grafted layer, polymer molecular weight, particle size, par-
ticle surface chemistry, and the viscosity of solvent medium
(Shenoy and Wagner 2005; Frith et al. 1996; Mewis and
Biebaut 2001; Mewis and Vermant 2000; Galindo-Rosales
and Rubio-Hernàndez 2010).

Partial stabilization of dispersion by the adsorption of
large molecular weight polymer can also cause shear-
thickening. The free ends of the adsorbed polymer chains
can interact with the neighboring particles by bridging to
one or more particles. During flow, the shear fields facilitate
interaction between polymer chains and particles caus-
ing flocculation of the particles by bridging with polymer
chains. The formation of such flocculated particle clus-
ters causes shear-thickening (Kamibayashi et al. 2008). The
shear-thickening behavior depends on a number of factors
including, the particle concentration, size, polymer concen-
tration, and molecular weight (Kamibayashi et al. 2008;
Khandavalli and Rothstein 2014; Otsubo 2001).

In dense non-Brownian suspensions, close to random
packing fraction, shear-thickening is due to dilatancy and
eventual jamming that can result in a solid-like material

(Fall et al. 2008, 2010; Brown and Jaeger 2009; Bertrand
et al. 2002). To accommodate flow, the particles dilate
due to crowding/confinement via the formation a dense
jammed network of particle clusters. The dilatancy in hard-
sphere dense suspensions is accompanied by a positive
normal stress difference (N1) (Lootens et al. 2005; Cates
et al. 2005), distinct from continuous shear-thickening due
to pure hydrodynamic forces which exhibit negative nor-
mal stress difference (Foss and Brady 2000; Lee et al.
2006). Large stresses due to particle contact/frictional forces
associated with the jammed structure are the cause for shear-
thickening (Fall et al. 2008, 2010). These jammed structures
are dynamic, continuously reforming and breaking up, and
are manifested by large stress fluctuations (Larsen et al.
2014) and the discontinuous behavior in shear-thickening
(Seto et al. 2013).

The shear-thickening mechanism in Brownian and
non-Brownian dense dispersions has been investigated
extensively through various techniques including experi-
ments, simulations, and light scattering (Fall et al. 2008;
Kamibayashi et al. 2008; Laun et al. 1992; Hoffman 1972;
Bossis and Brady 1984). However, studies on viscoelastic-
ity of shear-thickening dispersions, especially the nonlinear
shear behavior at large deformations, are limited to steady-
shear measurements and the measurements of the funda-
mental frequency moduli in oscillatory shear. Dynamic
oscillatory shear rheology studies on Brownian steric or
electrostatically stabilized systems showed strong strain-
stiffening behavior in the elastic moduli, G′

1, in addition to
strain-thickening in the loss moduli, G′′

1. The critical strain,
in addition to frequency/strain-rate, was found to affect
the onset and magnitude of strain-stiffening/thickening
(Raghavan and Khan 1997; Fischer et al. 2007; Jiang et
al. 2010; Chang et al. 2011) with the data following the
Delaware-Rutgers rule. For the case of particle dispersions
partially flocculated by polymer bridging, viscoelastic stud-
ies both linear (Otsubo and Umeya 1984; Khandavalli and
Rothstein 2014) and nonlinear (Otsubo 2001, 1999) indi-
cated that for these systems elasticity have an important role
in the shear-thickening mechanism.

There have been several studies examining the non-
linear viscoelasticity of dense suspensions, although none
that have been shown to shear-thicken through steady
shear rheology measurements (Lin et al. 2013; Nam et
al. 2011; Bricker and Butler 2007; Narumi et al. 2005;
GadalaMaria and Acrivos 1980). In transient shear and
oscillatory shear measurements on dense suspensions,
a strong nonlinear response involving a stress under-
shoot, associated with microstructural rearrangements upon
shear reversal has been observed (Narumi et al. 2005;
GadalaMaria and Acrivos 1980). Nam et al. (2011) have
conducted LAOS experiments on concentrated suspensions
of polymethylmethacrylate (PMMA) particles dispersed in
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Newtonian fluids and have examined the effect of various
factors such as particle volume fractions, medium viscosity,
and particle size on the nonlinear behavior. The suspensions
were found to show strong strain-stiffening behavior, and
the behavior has been attributed to shear-induced collision
of particles (Nam et al. 2011). The critical strain ampli-
tude for the onset of strain stiffening was found to decrease
with increasing particle volume fraction, but was found to
be independent of other factors such as the medium viscos-
ity, imposed angular frequency, and particle size (Nam et al.
2011). There have also been studies on shear-thickening
suspensions through shear-cessation and normal stress dif-
ference measurements examining the role of elasticity asso-
ciated with the shear-induced jammed structures and liquid
to solid-like transition (Larsen et al. 2014; 2010; O’Brien
and Mackay 2000).

The nonlinear viscoelasticity studies of shear-thickening
dispersions discussed to this point have been limited only
to variations of the moduli associated with the fundamen-
tal harmonics of the imposed oscillation frequency. The
higher harmonic contributions are often ignored due to their
relatively low magnitudes (Otsubo 1999; Raghavan and
Khan 1997). However, the viscoelastic nonlinearities due
to the higher harmonics can offer important insights into
the microstructural and physical mechanisms responsible
for the nonlinear rheological response. Additionally, even in
the absence of a clear understanding of the physics, often
a rheology fingerprint behavior can be ascribed/identified
to specific material system through LAOS measurements
(Ewoldt et al. 2008; Hyun et al. 2011). Recent developments
in nonlinear rheology enabled tools to characterize the large
amplitude oscillatory shear behavior through meaningful
material parameters and presentation methods (Ewoldt et al.
2008; Hyun et al. 2011; Ewoldt and Bharadwaj 2013). In
this study, we present a comparative study of the non-
linear viscoelasticity through large amplitude oscillatory
shear (LAOS) measurements of three shear-thickening par-
ticle dispersions which thicken by different commonly
known mechanisms. These dispersions are sterically stabi-
lized Brownian dispersions, fumed silica in polypropylene
glycol; partially stabilized nanoparticle dispersions floccu-
lated by polymer bridging, fumed silica in polyethylene
oxide; and dense non-Brownian suspensions, cornstarch in
water. The associated shear-thickening mechanisms of the
dispersions will be discussed in steady-shear rheology char-
acterization. The small amplitude oscillatory shear behav-
ior was also characterized prior to investigating the large
amplitude oscillatory shear behavior. The large amplitude
oscillatory shear rheology was characterized for various fre-
quencies and the viscoelastic nonlinearities were studied.
The viscoelastic nonlinearities associated with each shear-
thickening mechanism were examined while comparing and
contrasting between the systems.

Theoretical background

Large amplitude oscillatory shear (LAOS)

In dynamic oscillatory shear rheology, a sinusoidal strain (or
stress) signal is imposed on a material given as,

γ (t) = γosin(ω1t), (1)

where γ0 and ω1 are input strain amplitude and frequency,
respectively. For small strain amplitudes, the resulting stress
response is also sinusoidal. The linear viscoelastic (LVE)
response is represented as

σ(t) = σo sin(ω1t + δ1). (2)

The above equation can be rewritten as

σ(t) = γo

[
G′

1(ω1)sin(ω1t) + G′′
1(ω1)cos(ω1t)

]
, (3)

where the in-phase and out-of-phase components of the
stress response are termed as storage modulus, G′

1 and loss
modulus, G′′

1. When the input strain amplitude is increased
beyond a critical value, the stress response becomes nonlin-
ear and can be represented as

σ(t, γ, ω) = �σnsin(nω1t + δn), (4)

where additional higher harmonic stress components (n >

1) are present in the stress response. Therefore, the G′
1

and G′′
1 based on fundamental harmonic do not fully

describe the mechanical behavior beyond the LVE limit
and the higher harmonics cannot be ignored. One common
method to examine a nonlinear response is by performing
Fourier transform and examining the frequency spectrum
(Wilhelm 1999, 1998). The intensity of higher stress har-
monics is an indication of degree of nonlinearity. This
method has been a valuable tool for characterizing nonlinear
behavior for several materials such as polymer melts, filled
rubbers (Leblanc 2008; Leblanc et al. 2011), suspensions,
and emulsions (Hyun et al. 2006; Neidhfer et al. 2004; Klein
et al. 2008; Hyun et al. 2003). Only odd harmonics appear
in the nonlinear region, and the appearance is assumed due
to odd symmetry with respect to the directionality of shear
strain (Bird et al. 1987). The appearance of even harmon-
ics in Fourier spectrum can be attributed to the presence of
secondary flows (Atalik and Keunings 2004), asymmetric
wall slip or edge effects (Graham 1995). However, Fourier
transform rheology lacks a direct physical interpretation of
the material response. Another common method for inves-
tigating nonlinear response is graphical approach, where
stress versus strain curves known as Lissajous-Bowditch
curves are studied. The nonlinear behavior of material can
be identified from the shape of Lissajous-Bowditch or stress
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versus strain curve, as follows: linear, purely elastic; cir-
cle, purely viscous; ellipse, LVE; and distorted ellipse,
nonlinear viscoelastic. Thus, the progressive transition from
linear to nonlinear viscoelastic nature of the material with
strain amplitude can be studied from the graphical represen-
tation. The total stress can be further be decomposed into
elastic and viscous components through simple algebraic
manipulations using even and odd nature of the trignometric
functions (Cho et al. 2005). Extending Cho’s stress decom-
position (Cho et al. 2005) method, Ewoldt et al. (2008)
proposed more physically meaningful nonlinear viscoelas-
tic measures through representation of elastic and viscous
stresses through orthogonal Chebyshev polynomials of the
first kind. Ewoldt et al. (2008) have also defined nonlin-
ear viscoelastic moduli based on local material response at
small and large instantaneous strains/strain rates in an oscil-
latory cycle (Ewoldt et al. 2008). The nonlinear elastic mate-
rial parameters are given in terms of Fourier coefficients as,

G′
M = dσ

dγ

∣∣
∣
∣
γ=0

=
∑

n=odd

nG′
n, (5)

G′
L = σ

γ

∣
∣∣
∣
γ=±γ0

=
∑

n=odd

G′
n(−1)(n−1)/2, (6)

where G′
M is dynamic modulus measured at minimum

strain, where the instantaneous strain-rates are maximized
and G′

L is a large strain dynamic modulus. These mea-
sures can be obtained from Fourier coefficients or from
numerical differentiation of the material response. In the
linear-viscoelastic regime, these measures reduce to first
harmonic moduli, G′

M = G′
L = G′

1(ω). Similarly, the cor-
responding nonlinear viscous material properties are given
as,

η′
M = dσ

dγ̇

∣
∣∣
∣
γ̇=0

= 1

ωn

∑

n=odd

nG′′
n(−1)(n−1)/2, (7)

η′
L = σ

γ̇

∣
∣∣
∣
γ̇=±γ̇0

= 1

ωn

∑

n=odd

G′′
n, (8)

where η′
M is dynamic viscosity measured at minimum

strain-rate and η′
L is dynamic viscosity measured at max-

imum strain-rate. From these measures, intra-cycle vis-
coelastic nonlinearities can also be quantified. The elastic
nonlinearity is quantified as strain-stiffening ratio, S, given
by,

S = G′
L − G′

M

G′
L

. (9)

The elastic nonlinearity is strain-stiffening for the case
when S > 0 and is strain-softening when S < 0. While the

corresponding intra-cycle viscous nonlinearity, quantified
as shear-thickening ratio, T , is given by,

T = η′
L − η′

M

η′
L

. (10)

For the case when T > 0, the behavior is intra-cycle
shear-thinning and shear-thinning when T < 0. A detailed
description of the nonlinear viscoelastic measures can be
found in (Hyun et al. 2011; Ewoldt et al. 2008)

In addition to studying the nonlinearity within an oscil-
latory cycle (intra-cycle) through the local nonlinear vis-
coelastic moduli described above, further insights into the
origins of the observed nonlinearity can be gained by exam-
ining the change in the viscoelastic nonlinear material
properties with increasing imposed strain amplitude (inter-
cycle) (Ewoldt et al. 2008). Within an oscillatory cycle,
the strain and strain rate vary orthogonally. As a result,
as the strain is maximized within a cycle, the strain rate
goes to zero and vice versa. Thus, the nonlinear viscoelas-
tic response within a given cycle can be affected by the
varying strain and/or the varying strain-rate. For the case
of elastic nonlinearities, the variation of large-strain mod-
ulus, G′

L, with increasing imposed strain amplitude can be
attributed to strain-induced nonlinearities since the strain
rate at maximum strain is zero. Similarly, the variation
of the corresponding minimum-strain modulus, G′

M , with
increasing imposed strain-amplitude can be attributed to
strain-rate induced nonlinearities as the modulus is evalu-
ated at the point of zero strain within an oscillatory cycle.
Thus, changes to G′

L can be thought of as strain softening
or strain hardening while changes to G′

M can be thought of
as strain-rate softening or strain-rate hardening. By compar-
ing the relative magnitude of G′

M and G′
L, as a function of

strain amplitude, one can infer whether the observed non-
linearities are dominated by changes in strain or strain rate
within an oscillation cycle. As a consequence, when the
magnitude of G′

M >> G′
L, we will designate the nonlinear

response of the fluid to be strain-rate hardening/softening
while if the magnitude G′

M << G′
L we will designate the

fluid’s nonlinear response to be strain hardening/softening.
In a similar manner, the dependence of the viscous nonlin-
earity on the amplitude of the imposed strain or strain-rate
within an oscillatory cycle can be studied by examining the
inter-cycle variation of the local nonlinear dynamic viscos-
ity measures, η′

M and η′
L. As before, since η′

L is evaluated at
the maximum strain rate and η′

M is evaluated when the strain
rate is zero and the strain is maximized, changes to η′

L can
be thought of as strain-rate thinning or strain-rate thicken-
ing, while changes to η′

M can be thought of as strain thinning
or strain thickening. If the magnitude of η′

L >> η′
M , then

the viscous nonlinearities can be considered dominated by
strain-rate thickening/thinning effect while if the magnitude
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of η′
L << η′

M then the viscous nonlinearities can be thought
of as dominated by strain thickening/thinning effects.

Experimental

Materials

Hydrophilic fumed silica (AEROSIL @ 200) with spe-
cific surface area of 200 m2/g and primary particle size
12 nm was graciously supplied by Degussa. Polyethylene
oxide (PEO) with a molecular weight of Mw = 600 kg/mol
was purchased from Aldrich Chemicals. A fumed silica in
PEO dispersion (FLOC) was prepared according to (Khan-
davalli and Rothstein 2014). A fumed silica dispersion in
polypropylene glycol (Mw = 1000 g/mol, Aldrich Chemi-
cals) (HydroC) was prepared according to Chellamuthu et
al. (2009). Cornstarch was purchased from a local grocery
store and the cornstarch suspension in water (JAM) was
prepared according to Bischoff White et al. (2010).

Shear rheometry

Shear rheology was conducted on a stress-controlled TA
DHR-3 rheometers using a 40 mm 2◦ aluminum cone-plate
geometry at a constant temperature of 23 ◦C tempera-
ture. A solvent trap was used to prevent sample evapora-
tion during measurements. The samples were pre-sheared
before conducting any rheological measurements to erase
any shear history during sampling preparation and hand-
ing and allowed to rest for few minutes to reach equi-
librium (Raghavan and Khan 1995; Galindo-Rosales and
Rubio-Hernàndez 2010; Khandavalli and Rothstein 2014).
Steady shear rheological measurements were conducted in
the shear rate range of 0.01 to 100 s−1. The small ampli-
tude oscillatory shear tests were conducted in the frequency
range 1 to 100 rad/s, with a fixed strain amplitude cho-
sen to place the measurements well within the LVE region.
The large amplitude oscillatory shear measurements were
conducted for strain amplitude range between 0.01 and
1000 % for different frequencies between 3 and 30 rad/s.
The high frequencies were used to insure that the solu-
tions were probed at shear rates where shear thickening was
observed in the steady shear measurements. A sufficient
number of oscillatory cycles were run, ranging from 30 to
80, to ensure a steady-state measurement. The nonlinear
viscoelastic material parameters such as, the Lissajous-
Bowditch plots and the nonlinear viscoelastic parameters
such as minimum/maximum-strain dynamic moduli and
minimum/maximum-rate dynamic viscosity, were obtained
using the Fourier-transform software application of the TA
DHR-3 rheometer. The FT-Rheology application processes
the raw torque signal and the extracts nonlinear parameters

from the reconstructed/filtered signal. The reconstructed
stress signal was double checked with the steady raw stress
signal to check for poor reconstruction of any noisy sig-
nal. The data points affected by noise or inaccurate analysis
of the TRIOS software were either excluded from the
manuscript or the nonlinear viscoelastic parameters were
recalculated from the Lissajous-Bowditch plots. As the
LAOS measurements were performed on a stress controlled
rheometer, the data can be affected by inertia (Merger
and Wilhelm 2014). An oscillatory mapping of the geom-
etry was performed to compensate for the influence of
instrument inertia. However, when the torque generated by
instrument inertia is large, the rheometer’s compensation
routines are not sufficient to completely eliminate the effect
of instrument inertia. To insure high quality data, the rela-
tive ratio of inertia torque to sample torque, Tinertia /Tsample,
was checked for each experimental data point. When the
ratio of inertial torque to sample torque was greater than
20 %, Tinertia /Tsample > 20 %, the data were discarded.
Merger and Wilhelm (2014) demonstrated that, beyond a
ratio of 20 %, the sample response is affected by instrument
inertia. However, below a ratio of 20 %, quantitative agree-
ment between measurements on strain controlled and stress
controlled rheometers can be achieved. Any experimental
artifacts such as wall slip and edge fracture in measure-
ments are identified by examining the presence of even
harmonic intensity which are sensitive to asymmetric arti-
facts (Graham 1995). For all cases, the magnitude of even
harmonics was found to be very small. For FLOC and
HydroC dispersions, the intensity of even harmonics rel-
ative to the fundamental (I2/I1) was found to be less than
1 % and for JAM the even harmonics (I2/I1) were found
to be less than 7 %. All LAOS measurements were repeated
several times to ensure consistency in the trends and are
reproducible.

Results and discussion

Here, we present a nonlinear viscoelasticity investigation
of three particle dispersions which shear-thicken by three
different mechanisms. The first material system is fumed
silica nanoparticles (4.5 wt.%) dispersed in aqueous PEO
(0.4 wt.%) of Mw = 600 kg/mol (FLOC). This system
shear-thickens due to shear-induced formation of large par-
ticle clusters flocculated by polymer bridging (Khandavalli
and Rothstein 2014; Kamibayashi et al. 2008). The second
system is fumed silica nanoparticles (20 wt.%) dispersed
in polypropylene glycol (HydroC). Shear-thickening in
this system occurs due to the formation of hydroclusters
where the lubrication hydrodynamic forces play an impor-
tant role in shear-thickening (Wagner and Brady 2009;
Chellamuthu et al. 2009). The third system is a dense
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suspension of cornstarch in water (56 wt.%) (JAM). This
system shear-thickens by jamming mechanism, where the
frictional/contact forces of the jammed particle clusters are
responsible for the increase in viscosity (Fall et al. 2010;
Brown and Jaeger 2009). The shear-thickening mechanisms
of the three systems will be discussed in more detailed in
the next section. The three systems are labeled based on
their shear-thickening mechanisms to make the interpreta-
tions easier. The objective of this study is to identify the
viscoelastic nonlinearities associated with each mechanisms
and compare/contrast between the three mechanisms. Prior
to studying LAOS behavior, steady-shear and small ampli-
tude oscillatory shear rheology behavior will be presented.

Steady shear rheology

The steady-shear rheology of three particle dispersions,
FLOC, HydroC, and JAM , are shown in Fig. 1. The
three dispersions exhibited shear-thickening by more than
an order of magnitude at imposed shear rates between
2 s−1 and 10 s−1. The different mechanisms by which
the three dispersions shear thicken have been well stud-
ied in literature. For the case of FLOC colloidal dis-
persion, the higher molecular weight PEO polymer has a
strong affinity for adsorption onto the fumed silica sur-
face through hydrogen bonded interactions (Voronin et al.
2004). Under shear flow, the free ends of polymer chains
adsorbed onto particles at equilibrium can adsorb onto
more neighboring particles and can create a larger parti-
cle clusters bridged by polymer chains. Beyond a critical
shear-rate, the increase in the cluster formation due to bridg-
ing of more particles by polymer chains induced by shear
fields, results in a strong increase in the viscosity and
the observed shear-thickening (Kamibayashi et al. 2008;
Khandavalli and Rothstein 2014; Otsubo 2001). The sec-
ond system, HydroC colloidal dispersion, shear-thickens
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Fig. 1 Steady shear viscosity as a function of shear rate for a series
dispersions of (black square) FLOC, (black circle) HydroC, and
(white diamond) JAM

by hydrocluster mechanism (Wagner and Brady 2009). At
very low Peclet number, Pe = a2 γ̇ /D0, the microstruc-
ture relaxes through Brownian mechanism. Here, D0 is the
diffusion coefficient of the particles in solution and a is
the particle size. As the Peclet number is increased, the
hydrodynamic forces begin to compete with the Brownian
forces. Beyond a critical increase in Peclet number, when
the hydrodynamic forces predominate over the Brownian
forces, can result in the formation of large anisotropic
hydroclusters. These hydroclusters are associated with large
lubrication hydrodynamic forces and cause shear-thickening
(Wagner and Brady 2009; Raghavan and Khan 1997;
Chellamuthu et al. 2009). For the case of JAM , a dense
non-Brownian suspension, the shear-thickening behavior is
due to dilatancy and eventual jamming (Fall et al. 2008,
2010; Brown and Jaeger 2009; Bertrand et al. 2002). Due to
confinement of the particles within boundaries and crowd-
ing at high volume fractions, the particles jam into the
neighboring particles in order to accommodate the imposed
flow. The resulting large stresses associated with the fric-
tional forces due to particle contacts when jammed are the
cause for shear-thickening (Fall et al. 2008, 2010; Brown
and Jaeger 2009).

Small amplitude oscillatory shear rheology (SAOS)

The SAOS behavior is compared between the three shear-
thickening dispersions in Fig. 2. The FLOC exhibited
a gel-like response, where the storage modulus, G′

1, and
loss modulus, G′′

1, were approximately independent of fre-
quency. The predominantly elastic response is likely the
result of gel-like microstructure at equilibrium resulting
from the hydrogen bonded interactions between PEO poly-
mer and silica groups of nanoparticles (Khandavalli and
Rothstein 2014; Otsubo 1993). The HydroC dispersion,
in contrast to FLOC, exhibited predominantly viscous-like
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Fig. 2 Linear viscoelastic measurements of the storage modulus
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behavior, where the loss modulus was consistently larger
than the elastic modulus, G′′

1 > G′
1, in the frequency range

tested. Both the elastic and loss modulus scale approxi-
mately with a similar power law with frequency. These
observations were consistent with the literature (Raghavan
et al. 2000). The JAM suspension exhibited approximately
a frequency independent behavior, with G′

1 > G′′
1 indicating

predominantly elastic behavior. At low concentrations, the
microstructure formed in particle dispersions typically relax
through Brownian motion at equilibrium (Larson 1999).
However, because of the high particle volume fraction in
the cornstarch-water (φ = 0.45), the relaxation time scales
increase as the diffusivity of the particle is reduced, τ ∼
D−1

0 , due to increased confinement between neighboring
particles. The result is an increased elasticity as observed in
Fig. 2 and seen in the literature (Larson 1999; Mason and
Weitz 1995).

Large amplitude oscillatory shear rheology (LAOS)

Fumed silica in PEO (FLOC)

The large amplitude oscillatory shear behavior of fumed sil-
ica in PEO (FLOC) at different frequencies ranging from
10 to 30 rad/s is shown in Fig. 3. The angular frequen-
cies were chosen to ensure that the nonlinear response of
the fluid would be well into the shear-thickening regime
observed in Fig. 1. The storage, G′

1, and loss modulus, G′′
1,

were found to be independent of percent strain until about 2
or 3 % strain, indicating LVE behavior below that point. The
storage modulus was approximately two orders of magni-
tude larger than the loss modulus indicating predominantly
elastic behavior which is consistent with small amplitude
oscillatory shear behavior shown in Fig. 2. Beyond the
LVE limit, the elastic modulus was observed to decline
with increasing strain, whereas the loss modulus exhibited
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Fig. 3 Storage modulus (filled symbols) and loss modulus (hollow
symbols) as a function of strain amplitude for FLOC. The data include
experiments at several frequencies of (black square) 10 rad/s and
(black circle) 30 rad/s

a weak overshoot before declining at large strains. Such
plastic nonlinear behavior at large amplitudes is typical of
weak colloidal gels (Sun et al. 2011) even those that are
shear-thinning. The first-harmonic moduli response does
not appear to be universal for colloidal systems flocculated
by polymer bridging, some of those systems which shear-
thicken in steady-shear by the same shear-induced bridging
mechanism have been shown to possess an increased G′

1
and G′′

1 in the nonlinear region (Otsubo 1999). The likely
cause for the differences in response will be discussed in the
later sections. The LAOS response for different frequencies
showed no significant quantitative or qualitative differences
in the trends in G′

1 and G′′
1 behavior with increasing strain

amplitude.
In the nonlinear viscoelastic region, higher harmonic

stresses arise (Wilhelm et al. 1998). Although the domi-
nant response was found to be from the first harmonic,
additional insights can be gained from the response due
to higher harmonics contribution. The nonlinear response
of FLOC can be visualized graphically from the elastic
Lissajous-Bowditch plots. These plots of stress versus strain
are presented in Fig. 4. As expected, in the LVE limit at
small strains, the resulting elastic Lissajous-Bowditch plots
were found to be straight lines. In the nonlinear regime,
the plots become distorted due to the contribution of higher
order harmonics. The nonlinearities of FLOC were further
examined through the local viscoelastic material properties
quantified within an oscillatory cycle. The minimum-strain
dynamic moduli, G′

M , and large-strain dynamic moduli,
G′

L, are shown in Fig. 5a as a function of strain ampli-
tude. In the LVE region, these measures reduce to first-
harmonic storage modulus as expected. In the nonlinear
region, both G′

M and G′
L were found to decrease with

increasing strain amplitude for all frequencies, indicating a
softening behavior with both increasing imposed strain and
strain rate within an oscillatory cycle. The minimum-strain
(maximum-strain rate) modulus, G′

M , was found to decrease
more quickly than the large-strain (minimum-strain rate)
modulus, G′

L, with increasing strain amplitude. This sug-
gests that the elastic nonlinearity of FLOC is dominated
by strain-rate-softening of the elastic modulus. The strain-
rate-softening behavior is likely due to alignment of the
microstructure to the flow fields.

The elastic nonlinearities were further examined through
the measure, stiffening ratio, S, plotted as a function of
applied strain amplitude in Fig. 7a. In the LVE limits, where
the elastic Lissajous-Bowditch plots look straight lines, the
stiffening ratio is S ∼ 0 as expected. As described in the
theoretical background section, the stiffening ratio given by
Eq. 9 describes whether the elastic modulus softens, S < 0,
or stiffens, S > 0, with increasing strain within an oscil-
latory cycle. In the nonlinear region, beyond a strain of
4 %, the LAOS behavior of the FLOC within an oscillatory
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Fig. 4 Elastic Lissajous-Bowditch plots, (blue) total stress and (black)
elastic versus strain, for FLOC dispersion for several different strain
amplitude and frequency. The raw waveforms are also co-plotted in
black lines
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Fig. 5 Nonlinear viscoelastic measures a G′
L (filled symbols), G′

M

(hollow symbols) and b η′
L (filled symbols), η′

M (hollow symbols) as a
function of strain amplitude for FLOC. The data include experiments
at frequencies of (black square) 10 rad/s and (black circle) 30 rad/s

cycle was found to be strain-stiffening, S > 0. This can be
observed in the elastic Lissajous-Bowditch plot as a sharp
upturn in the stress at large strains. However, the behav-
ior is in contrast to the large-strain dynamic moduli, G′

L,
which was found to soften with increasing imposed strain
amplitude. This discrepancy is the result of the definition of
the stiffening ratio and can lead to misinterpretation of the
results. The stiffening ratio can be greater than zero, S > 0,
if the large strain modulus, G′

L, stiffens more quickly than
the minimum strain modulus, G′

M , or if G′
M softens more

quickly than G′
L. Thus, S > 0 can be interpreted as either

strain-hardening or strain-rate softening of the material and
only through examination of G′

L and G′
M can the distinction

be made and the interpretation of the data be valid.
As described above, In an oscillatory cycle, the strain and

strain-rate vary orthogonally. As a result, within an oscil-
latory cycle, the strain rate goes to zero as the strain is
maximized and vice versa. The elastic stress response within
a given cycle can thus be affected by either the varying strain
and/or the varying strain-rate. For the case of FLOC, based
on the measurements of G′

L and G′
M , the dominant nonlin-

earity within the cycle is a softening with increasing strain
rate. Therefore, the nonlinearity of FLOC within a cycle



Rheol Acta (2015) 54:601–618 609

can be interpreted as strain-rate-softening rather than strain
stiffening.

Similarly, the corresponding viscous nonlinearities can
be examined graphically from viscous Lissajous-Bowditch
plots. These stress versus strain-rate plots are presented in
the Fig. 6. The viscous nonlinearity quantified through the
measures, minimum strain-rate dynamic viscosity, η′

M , and
the large strain-rate dynamic viscosity, η′

L, are also shown in
Fig. 5b. Both the measures showed mild thickening behav-
ior at medium strain amplitudes and thinning behavior at
large strain amplitudes. However, the nonlinearity of η′

L was
found to be stronger than η′

M suggesting predominant strain-
rate thickening at moderates strains followed by a strain-rate
thinning behaviors with increasing strain amplitude.

The viscous nonlinearities are quantified using the shear-
thickening ratio, T , and are presented in Fig. 7b. As
described in the theoretical background section, the shear-
thickening ratio given by Eq. 10 describes whether the
viscosity thins, T < 0, or thickens, T > 0, with increas-
ing strain rate. The shear thickening ratio of the FLOC

was found to exhibit the same shear-thickening and shear-
thinning behavior with increasing strain amplitude as η′

M

and η′
L. The shear-thickening behavior of the FLOC at

medium strain amplitudes is commonly attributed to the
transients present at the start-up for colloidal systems (Sun
et al. 2011). Such behavior could be related to the break
down of gel-like microstructure built up at equilibrium/rest
as has been observed in steady shear (Wagner and Brady
2009; Kawaguchi et al. 1996). The strain-rate thinning at
large strain amplitudes could be due to orientation or yield-
ing of microstructure to the flow fields (Kamibayashi et al.
2008; Kawaguchi et al. 1996).

If the viscous nonlinearities of the FLOC observed
through LAOS are compared with the steady-shear mea-
surements in Fig. 1, a shear thickening of the viscosity
is expected for shear rates between 4 and 20 s−1. How-
ever, as seen in Figs. 5b, 6 and 7b, this is clearly not the
case. The inconsistency between the steady shear and LAOS
measurements indicates a sensitivity of the associated shear-
thickening mechanism to the instantaneous shear rates and
strains imposed during the oscillatory cycle. Unlike steady-
state deformation, the shear rates are not constant through-
out a LAOS experiment. This can be demonstrated with
a simple stress growth experiment. In Fig. 8, viscosity is
plotted against accumulated strain for our three fluids at a
constant shear rate. At shear rates where shear thickening
occurs, the viscosity of FLOC grows to a steady-state value
only after a significant amount of strain is accumulated. This
suggests that a minimum strain, in addition to a minimum
shear rate, is necessary for shear thickening by the associ-
ated mechanism for these nanoparticle-polymer systems. In
fact, the strains needed to achieve shear thickening for the
HydroC are so large, γ > 100,000 %, that they cannot be
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Fig. 6 Viscous Lissajous-Bowditch plots, (red) total stress and (black)
viscous versus strain, for FLOC dispersion for several different strain
amplitude and frequency. The raw waveforms are shown in black lines
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Fig. 7 a Stiffening ratio and b thickening ratio as a function of strain
amplitude for FLOC. The data include experiments at frequencies of
(black square) 10 rad/s and (black circle) 30 rad/s

achieved in LAOS. At smaller strains, the steady-shear vis-
cosity of FLOC solution thins with increased strain. By
comparison, the strains needed to induce shear-thickening
for both the HydroC or JAM are two or three orders of
magnitude smaller and easily obtainable in LAOS. Interest-
ingly, the first-harmonic moduli for some colloidal systems
flocculated by polymer bridging which also shear thicken in
steady shear by the same shear-induced bridging mechanism
show a contrasting increase in both the elastic and viscous
modulus in the nonlinear deformation range (Otsubo 1999).
These differing observations could be due to the difference
in the critical strains associated with each material system
required for shear thickening to occur; however, the experi-
ments of Otsubo do not contain the start up data needed to
make this hypothesis conclusive.

To summarize the LAOS behavior of FLOC, the sys-
tem exhibited both strain softening and strain-rate softening
of the elastic nonlinearity. The strain-rate softening behav-
ior appeared to be dominant over strain-softening response
resulting in a positive stiffening ratio. The strain-rate soft-
ening behavior is likely due to yielding or break down of
the microstructure. The viscous nonlinearity exhibited mild
strain-rate thickening at medium strain rates which could
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Fig. 8 Viscosity evolution under fixed shear rate for shear-thickening
dispersions of (black square) FLOC at a shear rate of γ̇ = 20 s−1,
(black circle) HydroC at γ̇ = 7 s−1 and (white diamond) JAM (53 %
Cornstarch in water) at γ̇ = 15 s−1

be due to dissipation of the equilibrium gel like microstruc-
ture. At large strain amplitudes, the behavior evolved to
strain-rate thinning associated with microstructure yielding.
In comparison to steady-shear, shear-thickening behavior by
shear-induced mechanism was not observed in large ampli-
tude oscillatory. The stress growth measurements indicated
that very large strain amplitudes are required for shear-
thickening to occur by such mechanism too large in fact to
be achieved in LAOS.

Fumed silica in PPG (HydroC)

The amplitude sweeps of the solution of fumed silica in
PPG (HydroC) for angular frequencies ranging from 3
to 30 rad/s are shown in Fig. 9. In the LVE region, the
loss modulus was found to be greater than that of the
storage modulus, G′′

1 > G′
1, which indicates a predomi-

nantly viscous behavior. With increasing strain amplitude,
both G’ and G” initially showed strain softening/strain-
rate thinning behavior. This behavior became weaker as
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Fig. 9 Storage modulus (filled symbols) and loss modulus (hollow
symbols) as a function of strain amplitude for HydroC. The data
include experiments at several frequencies of (white diamond) 3 rad/s
and (black square) 10 rad/s and (white circle) 30 rad/s
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the frequency was increased. The strain softening/strain-
rate thinning behavior could be due to alignment of the
microstructure to the flow fields, similar to the shear-
thinning regime observed in steady-shear behavior shown
in Fig. 1. Beyond a critical strain amplitude, both G′

1 and
G′′

1 were found to be dramatically increase by more than
an order of magnitude with increasing strain indicating both
a strong strain-stiffening and a strong strain-rate thicken-
ing behavior (Raghavan and Khan 1997; Chellamuthu et al.
2009). The critical strain required for the onset of strain-
stiffening/thickening was seen to decrease with increasing
angular frequency. This is likely due to an increasing Peclet
number with increasing frequency and increased importance
of the imposed flow stresses compared to diffusion.

The elastic non-linearity of HydroC can be exam-
ined through the elastic Lissajous-Bowditch plots shown
in Fig. 10. The corresponding quantified non-linear elas-
tic measures, the minimum-strain dynamic moduli, G′

M ,
and the large-strain dynamic moduli, G′

L are shown in
Fig. 11a. At small strain amplitudes, the magnitudes of
G′

M and G′
L were approximately equal indicating little non-

linearity. Beyond a critical strain amplitude, both the G′
M

and G′
L were found to increase dramatically with strain

amplitude.
This indicates a strong strain-stiffening and strain-rate-

stiffening behavior similar to what was observed for the
first-harmonic of the elastic moduli. Throughout the stiffen-
ing region, the magnitude of G′

M was found to be slightly
larger than that of G′

L. This stiffening within an oscillatory
cycle can be observed graphically from the distorted elas-
tic Lissajous-Bowditch plots shown in Fig. 10 and result in
softening of the stiffening ratio, S < 0, at large imposed
strain amplitudes. As before, this result can be misinter-
preted because it is not due to the softening of the moduli
within a cycle, but the more rapid stiffening of the minimum
strain (maximum strain rate) modulus, G′

M , compared to the
large strain modulus, G′

L, as seen in Fig. 11a. This is another
example where the stiffening ratio can mask some of the
details in the underlying nonlinear rheology when an elas-
tic response is dominated by nonlinearities associated with
increasing strain-rates. The appropriate interpretation thus
is that the elastic nonlinearities of HydroC are strain-rate
stiffening.

The viscous nonlinearities can be graphically visualized
through viscous Lissajous-Bowditch plots shown in Fig. 12.
The nonlinear quantities, minimum strain-rate dynamic vis-
cosity, η′

M , and large strain-rate dynamic viscosity, η′
L,

were also presented in Fig. 11b. Like the elastic nonlin-
earities for HydroC, both η′

M and η′
L increase dramati-

cally beyond a critical oscillatory strain amplitude. This
is indicative of strain thickening and strain-rate thickening
behavior mirroring the response of the first-harmonic of loss
modulus.

= 6.3 %, max= 0.7 Pa 2.5 %, 0.8 Pa
2 %, 1.1 Pa

4 %, 2.3 Pa
10 %, 3.2 Pa

25 %, 2.6 Pa

63 %, 6.3 Pa
16 %, 5.0 Pa 8 %, 4.6 Pa

150 %, 15 Pa
25 %, 7.6 Pa 10 %, 5.6 Pa

250 %, 27 Pa
40 %, 12 Pa 89 %, 3620 Pa

549 %, 394 Pa 150 %, 2510 Pa 111 %, 8154 Pa

641 %, 6309 Pa 166 %, 5787 Pa 129 %, 10580 Pa

700 %, 7156 Pa
179 %, 7052 Pa 138 %, 11449 Pa

Strain

S
tr

es
s

S
tr

ai
n

 [
%

]

Frequency, [rad/s]

3 rad/s 10 rad/s 30 rad/s

Fig. 10 Elastic Lissajous-Bowditch plots, total stress versus strain,
for HydroC dispersion for several different strain amplitude and
frequency. The raw waveforms are shown in black line

The details of nonlinearities of HydroC within an oscil-
latory cycle were also investigated through the thickening
ratios shown in Fig. 13b. For the ω = 3 rad/s frequency case,
in the thickening region, the maximum shear-rate dynamic
viscosity, η′

L, was found to be consistently larger than the
minimum shear-rate dynamic viscosity, η′

M , resulting in a
positive thickening ratio, T > 0. This behavior is con-
sistent with the variations in the loss modulus observed in
Fig. 9. While for the larger frequency tested, ω > 3 rad/s,
η′

M was found to be consistently larger than that of η′
L,

resulting in a thinning of the thickening ratio, T < 0.
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Fig. 11 Nonlinear viscoelastic measures a G′
L (filled symbols), G′

M

(hollow symbols) and b η′
L (filled symbols), η′

M (hollow symbols) as
function of strain amplitude for HydroC. The data include experi-
ments at several frequencies of (white diamond) 3 rad/s, (black square)
10 rad/s, and (white circle) 30 rad/s

This suggests that the appearance of shear-thinning in the
Lissajous-Bowditch plots is predominantly due to strain-
induced thickening of η′

M within the cycle. At these high
frequencies, the shear rates through out most of the cycle is
likely sufficient to induce hydrocluster formation and as a
result with increasing strain more hydroclusters are formed
and the fluid becomes more viscous.

To summarize, the HydroC at large strain amplitudes
exhibited strong strain-stiffening and strain-rate stiffen-
ing nonlinearities associated with hydrocluster mechanism.
By comparison, however, the magnitude of the stiffening
driven by the increasing large imposed strain-rates within a
cycle was found to be more significant than the nonlinear-
ities induced by increasing the strain amplitudes within an
oscillatory cycle. The corresponding viscous non-linearities
showed strong strain-thickening and strain-rate thickening
behavior at large strain amplitudes. However, the thicken-
ing behavior was found to depend on frequency. For low
frequencies, ω = 3 rad/s, the thickening was dominated by
nonlinearities associated with the behavior at strain-rates.
While at high frequencies, ω > 3 rad/s, the thickening of
the viscosity was dominated by large-strain-induced non-
linearities and was less sensitive to increasing strain rates
within an oscillatory cycle.
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Fig. 12 Viscous Lissajous-Bowditch plots, total stress versus strain-
rate, for HydroC dispersion for several different strain amplitude and
frequency. The raw waveforms (black line) are co-plotted along with
the reconstructed data

Cornstarch in water (JAM)

The amplitude sweep of cornstarch in water (JAM) at 10
rad/s frequency is shown in Fig. 14. Unfortunately, the study
at a wider frequency range was not possible due to exper-
imental difficulties. At small strain amplitudes, the storage
modulus was found to be larger than the loss modulus,
G′

1 > G′′
1, indicating a predominantly elastic behavior. With

increasing strain amplitude, the moduli initially declined,
indicating a strain softening/strain-rate thinning behavior.
This behavior is likely due to the alignment of particles to
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Fig. 13 a Stiffening ratio and b thickening ratio as a function of strain
function of strain amplitude for HydroC. The data include experi-
ments at several frequencies of (white diamond) 3 rad/s, (black square)
10 rad/s, and (white circle) 30 rad/s

the shear-fields, similar to shear-thinning regime in steady-
shear rheology shown in Fig. 1. Note that in Fig. 14, data
points appear to be missing at moderate strains of 3 and
80 %. Using the protocol described in the experimental
section, the data within this range was found to affected
by instrument inertia and was removed. This was caused
primarily by shear thinning of the fluid viscosity and the
resulting reduction of the viscous stresses. At larger strains,
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Fig. 14 Storage modulus (filled symbols) and loss modulus (hollow
symbols) as a function of strain amplitude at 10 rad/s for JAM

Strain

S
tr

es
s

S
tr

ai
n
 [

%
]

Frequency, = 10 rad/s

Elastic Viscous

Strain-rate

S
tr

es
s

= 0.1 %, max = 0.35 Pa = 0.1 %, σmax = 0.35 Pa

1 %, 0.39 Pa
1 %, 0.39 Pa

2.5 %, 0.41 Pa
2.5 %, 0.41 Pa

89 %, 683 Pa

102 %, 1436 Pa 102 %, 1436 Pa

132 %, 7083 Pa 132 %, 7083 Pa

89 %, 683 Pa

80 %, 276 Pa
80 %, 276 Pa

Fig. 15 Elastic (blue) and viscous (red) Lissajous-Bowditch plots,
total stress vs. strain/strain-rate for JAM suspension for several dif-
ferent strain amplitude at 10 rad/s. The raw waveforms (black line) are
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the onset of shear thickening increased the shear stress by
more than an order of magnitude. As a result, at these larger
strains, the inertial contribution to the measured torque
again fell below the 20 % threshold and the data were
included. At large strains, both storage and loss moduli
showed strong strain stiffening/strain-rate thickening behav-
ior. The mechanism for the stiffening/thickening behavior
appears to be similar to jamming that has been observed
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in steady-shear measurements. Such stiffening of elastic
modulus has also been reported for dense non-colloidal sus-
pensions and has been attributed to shear-induced migration
of particles (Nam et al. 2011).

The elastic non-linearities of JAM can be visualized
through the Lissajous-Bowditch plots are presented in
Fig. 15. The nonlineartiy was examined through the mea-
surements of minimum-strain dynamic modulus, G′

M , and
the large-strain dynamic modulus, G′

L, as a function of an
applied strain as shown in Fig. 16a. At low strain, the moduli
were both found to soften with increasing strain amplitude.
At the largest strains tested, this behavior was found to
reverse itself and a strain stiffening and a strain-rate stiffen-
ing of the moduli was observed. The critical strain for the
transition from softening to stiffening was similar to that
observed for the first harmonic storage modulus. In the soft-
ening region, the minimum-strain dynamic modulus, G′

M ,
was found to decrease slightly faster than the large strain-
dynamic modulus, G′

L. While in the stiffening region, the
G′

M was observed to grow much more quickly than G′
L.

This behavior suggests that the elastic non-linearities are
predominantly driven by the increasing strain-rates.

To further illustrate the elastic nonlinearities observed
within a given oscillatory cycle, the stiffening ratio is shown
in Fig. 17. As we have seen a number of times already, the
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Fig. 16 Nonlinear viscoelastic measures a G′
L (filled symbols), G′

M

(hollow symbols) and b η′
L (filled symbols), η′

M (hollow symbols) as a
function of strain amplitude for JAM
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thickening ratio as a function of strain amplitude at 10 rad/s for JAM

suspension

stiffening ratio is misleading. At intermediate strains, the
stiffening ratio was found to be strain-stiffening, S > 0,
not because the moduli are increasing, but because the mini-
mum strain (maximum strain rate) modulus decreases faster
than the large strain modulus. Additionally, at large strains,
the stiffening ratio appears to be strain-softening, S < 0.
As a result, the appropriate interpretations of the nonlineari-
ties occurring within an oscillatory cycle is that at moderate
strain amplitudes the elastic nonlinearities of the JAM sys-
tem were strain-rate softening and at large applied strain
amplitudes the elastic nonlinearities transition to a strain-
rate stiffening behavior as the particles begin to interact and
suspension begins to jam.

The viscous nonlinearity of JAM can be visualized
through Lissajous-Bowditch plots in Fig. 15. The nonlin-
earities were quantified through the local measurements of
minimum strain-rate dynamic viscosity, η′

M , and the large
strain-rate dynamic viscosity, η′

L, as shown in Fig. 16b. Both
the viscosities initially exhibited strain/strain-rate thinning
behavior at small strains. At large strain amplitudes, this
behavior reversed itself becoming strain/strain-rate thicken-
ing. This behavior is quite similar to observations of first-
harmonic loss modulus. The strain-thickening was found
to be as much as two orders of magnitude stronger than
the strain-rate thickening. This observation makes intuitive
sense as it is the solid-solid interaction between particles
that are known to cause shear thickening in these JAM

systems.
The nonlinearities within an oscillatory cycle can be fur-

ther examined through thickening ratios shown in Fig. 17.
The thickening ratio at medium strains was found to show
shear-rate-thinning. At large strain-amplitudes, the thicken-
ing ratio remained shear-thinning even as both the dynamic
viscosities transitioned to strain-rate thickening. This incon-
sistency is again a result of the details of the oscillatory
cycle. Both η′

M and η′
L increase with applied strain, but

the minimum strain-rate (maximum strain) viscosity η′
M
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increases much more quickly resulting in a thinning within
the cycle as the strain rate is increased, even though both
viscosities show dramatic thickening when compared to the
viscosity at small strains. A complete analysis of the vis-
cous LAOS measurements for JAM indicates the observed
nonlinearities are the result of a strong strain-thickening
behavior across all the strains applied.

To summarize the LAOS behavior of JAM , the elastic
nonlinearity with increasing strain amplitude was found to
be strain/strain-rate softening behavior at applied strains just
larger than the LVE limit, followed by a strong strain/strain-
rate stiffening behavior at larger applied strains. The viscous
nonlinearity initially showed strain/strain-rate thinning at
small applied strains and evolved to strong strain/strain-rate
thickening with increasing applied strain amplitude. The
viscous non-linearities were dominated by strain thickening
of the minimum strain-rate dynamic viscosity.

Conclusions

Large amplitude oscillatory shear behavior was investigated
for three shear-thickening dispersions, FLOC, HydroC

and JAM , which shear-thicken by different mechanisms.
The first material FLOC shear-thickens due to shear-
induced formation of particle clusters flocculated by poly-
mer bridging. The second system HydroC, shear-thickens
by the formation of hydroclusters. The third system JAM

shear-thickens by jamming mechanism. The viscoelastic
nonlinearities were examined through Lissajous-Bowditch
plots and through local nonlinear measures of an oscilla-
tory cycle such as, G′

M, G′
L, η′

M , and η′
L. The viscoelastic

nonlinearities of the three shear-thickening systems are
summarized in Table 1. The first harmonic moduli and the

local nonlinear viscoelastic measures of the three systems
are compared in Figs. 18 and 19 respectively.

The first harmonic moduli response of the three
shear-thickening systems indicated that, at moderate
strain-amplitudes, both HydroC and JAM have exhib-
ited strain/strain-rate softening and strain/strain-rate thin-
ning behavior, associated microstructure alignment to
the flow fields. However, the thinning/softening behav-
ior of HydroC was considerably less pronounced than
JAM . While at large strain amplitudes, both HydroC

and JAM have showed strong strain/strain-rate stiffen-
ing and strain/strain-rate thickening behaviors associated
with hydroclusters formation and the inter-particle jam-
ming mechanisms. However, the stiffening/thickening in
JAM was found to much more dramatic than HydroC and
larger by more than an order magnitude. The viscous non-
linearities of HydroC and JAM were found to present
strain and strain-rate thickening in good agreement with the
steady-shear behavior. While the FLOC, in contrast, was
found to show strain/strain-rate softening elastic nonlinear-
ity throughout the nonlinear regime tested here. The viscous
nonlinearity did exhibit a mild strain/strain-rate thickening
at medium strain rates which could be due to dissipa-
tion of the equilibrium gel-like microstructure, but at large
strain amplitudes, the behavior evolved to strain/strain-
rate thinning associated with microstructure yielding. This
response is quite different from the steady-shear behav-
ior of FLOC. When the viscous nonlinearity of FLOC

is compared with steady shear, no strain-rate thickening
was observed, even though the critical strain rates neces-
sary for strain-thickening are achieved. The stress growth
experiments indicated that large strains are required for
strain-thickening to occur by the associated shear-induced
polymer bridging mechanism, leading to this discrepancy.

Table 1 A tabulated summary of viscoelastic non-linearities of the three shear-thickening systems

Material Mechanism Frequency Elastic nonlinearity Viscous nonlinearity

(rad/s)
G′

M and G′
L η′

M and η′
L

Moderate strain Large strain Moderate strain Large strain

FLOC Shear-induced 10 – 30 Strain softening and Strain softening and Strain thickening and strain thinning and

bridging strain-rate softening strain-rate softening strain-rate thickening strain-rate thinning

HydroC Hydrocluster 3 Strain softening and Strain stiffening and Strain thinning and Strain thickening and

strain-rate softening strain-rate stiffening strain-rate thinning strain-rate thickening

10 – 30 Strain softening and Strain stiffening and Strain thinning and Strain thickening and

Strain-rate softening strain-rate stiffening strain-rate thinning strain-rate thickening

JAM Jamming 10 Strain softening and Strain stiffening and Strain thinning and Strain thickening and

strain-rate softening strain-rate stiffening strain-rate thinning strain-rate thickening

The text highlighted in italic is the dominant non-linearity
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Fig. 18 A comparison of first harmonic moduli for the three dis-
persions (black square) FLOC, (black circle) HydroC and (black
lozenge) JAM . The data include storage modulus (filled symbols) and
loss modulus (hollow symbols) as a function of strain amplitude at
10 rad/s

However, both HydroC and JAM were found to need rel-
atively smaller strain amplitudes to induce shear-thickening
by the associated mechanisms.

The nonlinear viscoelastic moduli, G′
M, G′

L, η′
M and η′

L

were examined to study the effect of strain and strain-rate on
viscoelastic nonlinearites within a given LAOS cycle. For all
three shear-thickening systems, the trends of the nonlinear
viscoelastic moduli with increasing strain amplitude were
found to be qualitatively similar to the first harmonic mod-
uli throughout the nonlinear range. However, the relative
dominance of strain or strain-rates driving the viscoelastic
nonlinearities has been found to vary between the shear-
thickening systems, yielding a LAOS fingerprint that can
be used to differentiate between the three different shear
thickening mechanisms. A summary of these finding can
be found in Table 1 with the dominant modes highlighted
in italics. For all three shear-thickening systems, as seen in
Fig. 19a, the elastic nonlinearities were found to be primar-
ily driven by strain-rates rather than the strain amplitude.
For the case of FLOC, the behavior was predominantly
strain-rate softening throughout the nonlinear range. While
for HydroC, the nonlinearity was very weak at moder-
ate strain amplitudes. However, at large strain amplitudes,
the strain-rate stiffening was found to be slightly more
important than the strain-stiffening. For the case of JAM ,
the behaviors were predominantly strain-rate softening, fol-
lowed by a strain-rate stiffening with increasing strain
amplitude.

Similarly, the corresponding viscous nonlinearities were
examined through dynamic viscosities, η′

M and η′
L, to study

the relative importance of strain or strain-rates in the vis-
cous nonlinearity of the three shear-thickening systems. A
comparison of the viscous nonlinearities of all three sys-
tems is presented in Fig. 19b. The FLOC was found to
exhibit a predominantly strain-rate dominant viscous non-
linearity throughout the nonlinear regime. At medium strain
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Fig. 19 A comparison of nonlinear viscoelastic measures as a func-
tion of strain amplitude at 10 rad/s for the three dispersions (black
square) FLOC, (black circle) HydroC, and (black lozenge) JAM .
The data include elastic measures, a G′

L (filled symbols) and G′
M (hol-

low symbols), and dynamic viscosity measures, b η′
L (filled symbols)

and η′
M (hollow symbols)

amplitudes, the response was mildly strain-rate thicken-
ing. At large strain amplitudes, the behavior evolved to
strain-rate thinning. For the case of FLOC, the viscous
nonlinearities were found to be dominated by the effect of
increasing strain-rates. While for HydroC and JAM , the
relative dominance of strain or strain-rate induced viscous
non-linearity was found to depend on the strain amplitude
and frequency. For the case of HydroC, at low frequency of
ω = 3 rad/s, the strain-rate thickening at large strain ampli-
tudes was found to be a little larger than strain-thickening.
While at higher frequency, ω > 3 rad/s, the strain-
thickening behavior was found to be modestly stronger
than the strain-rate thickening. In both cases, the degree of
strain and strain-rate thickening was essentially the same.
For the case of JAM , at medium strain amplitudes, the
behavior was predominantly strain-rate thinning. While at
large strain amplitudes, the dominant behavior of JAM was
strain thickening rather than strain-rate thickening. The pre-
dominant strain-induced thickening behavior at large strain
amplitudes of JAM is similar to that of HydroC observed
at high frequencies. However, the magnitude of viscoelastic
nonlinearities occurring within a LAOS cycle for the case
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HydroC were very much smaller than what was observed
in the case of either FLOC or JAM . In this LAOS study,
we have observed strong differences in the viscoelastic non-
linearities of the three shear-thickening systems in both
strain and strain-rate space, although they share a common
shear-thickening feature in steady-shear. We believe this
LAOS study offered valuable insights into the viscoelas-
tic nonlinearities of three shear-thickening dispersions each
with a different shear thickening.
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