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a b s t r a c t

In this paper, we present the results of an investigation into the flow of a series of viscoelastic wormlike
micelle solutions past a confined circular cylinder. Although this benchmark flow has been studied in
great detail for polymer solutions, this paper reports the first experiments to use a viscoelastic wormlike
micelle solution as the test fluid. The flow kinematics, stability and pressure drop were examined for
two different wormlike micelle solutions over a wide range of Deborah numbers and cylinder to channel
aspect ratios. A combination of particle image velocimetry and pressure drop measurements were used to
characterize the flow kinematics, while flow-induced birefringence measurements were used to measure
the micelle deformation and alignment in the flow. The pressure drop was found to decrease initially
due to the shear thinning of the test fluid before increasing at higher flow rates as elastic effects begin to
dominate the flow. Above a critical Deborah number, an elastic instability was observed for just one of the
test fluids studied, the other remained stable for all Deborah number tested. Flow-induced birefringence
and velocimetry measurements showed that observed instability originates in the extensional flow in
the wake of the cylinder and appears not as periodic counter-rotating vortices as has been observed
in the flow of polymer solutions past circular cylinders, but as a chaotic rupture event in the wake of
the cylinder that propagates axially along the cylinder. Reducing the cylinder to channel aspect ratio
and the degree of shearing introduced by the channel walls had a weak impact on the stability of the
flow. These measurements, when taken in conjunction with previous work on flow of wormlike micelle
solutions through a periodic array of cylinders, definitively show that the instability can be attributed to
a breakdown of the wormlike micelle solutions in the extensional flow in the wake of the cylinder.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The flow of viscoelastic fluids past a submerged body such as
a sphere or a cylinder is an academically and industrially impor-
tant class of flow problems which has received significant amount
of attention over the last few decades [1–3]. The common feature
of all these flows are stagnation points at the leading and trailing
edge of the submerged body which can lead to long residence times
and large deformation of the polymers or wormlike micelles in the
fluids. For polymer solutions, the strong extensional flow in the
wake of circular cylinders has been shown to distort the Newto-
nian velocity profile [4–6], produce significant elastic stress [7] and
result in an elastic instability [3,8,9]. In industrial applications, the
onset of elastic instabilities can be the limiting factor for production
and quality control processes, making a better physical understand-
ing of the conditions necessary for onset of the instability essential
for a broad spectrum of commercially relevant viscoelastic fluids.

The flow of a viscoelastic polymer solution past a single cir-
cular cylinder is a classically studied problem [3,4,7,9–17] with
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both experimental, analytical and numerical approaches. There are
a number of reasons for such a breadth and depth of literature
on the subject. First, as seen in Fig. 1, the flow upstream and far
downstream of the cylinder is Poiseuille while the flow around
the cylinder is complex, containing regions of shear in the gap
between the cylinder and the bounding wall and extensional flow
downstream of the cylinder. The relative strength of, and inter-
play between these regions can be easily modified by changing the
aspect ratio of the cylinder to channel height [3]. Secondly, there
are no geometric singularities such as those present at the corners
of a contraction flow [18]. This flow thus lends itself particularly
well to numerical studies as much of the meshing and simulation
complexity is abated by the absence of a singularity. Finally, there
exists an analytic solution to the kinematics of Newtonian flow past
a circular cylinder at low Reynolds and Deborah number to compare
numerical simulations and experimental results against [5,6]. The
Reynolds number is defined as Re = �UR/� and the Deborah number
is defined as De = �/�. Here U is the average velocity in the channel,
R is the cylinder radius, � is the fluid density, � is the characteristic
relaxation time of the fluid, � is the kinematic viscosity, and � = R/U
is the residence time of the polymer near the cylinder which is often
equivalent to the inverse shear rate, �̇ .

0377-0257/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
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Fig. 1. Schematic diagram of circular cylinder used in the experimental flow cell.

An excellent, in-depth review of the older literature is presented
in McKinley et al. [3]. We will not attempt to duplicate their work
here, but rather focus on some of the more recent developments
and emphasize the recent work done with surfactant solutions.
In order to simulate the flow numerically, the governing equa-
tions of motion must be coupled with a constitutive model for the
equation of state, relating stress and deformation. In a numeri-
cal investigation of the flow of viscoelastic fluids past a cylinder,
Hulsen et al. [14] used both Oldroyd-B and Giesekus equations
of state to observe the response of the drag coefficient to vary-
ing flow conditions. Over the range of Deborah numbers tested,
they found that the dimensionless drag coefficient was not only
time variant, but was a non-linear function of Deborah number.
Their results show that the drag coefficient initially decreases with
increasing Deborah number, then exhibits an inflection point and
begin to increase with increasing Deborah number. More recently,
Oliveira and Miranda [19] performed a numerical study employ-
ing a FENE-CR model to investigate the nature of the instability
in the wake of a cylinder. Similar trends in pressure drop were
observed between the two studies, as well the onset of an elastic
instability. Their results show that in flows where the local Deborah
number exceeds De = ��̇ ≈ 1.3 a time-dependant drag coefficient
emerges. These simulation results agree well with experimental
measurements.

Fluid flow around a cylinder has also been the subject of much
experimental treatment. Both McKinley et al. [3] and Baaijens et
al. [10] used laser Doppler velocimetry measurements to observe
the behavior and flow patterns generated by a highly elastic poly-
isobutylene (PIB) Boger fluids flowing around a circular cylinder.
Their velocity profile measurements showed a parabolic profile
upstream which flattened as the fluid approached the cylinder,
developing off-center maxima as the fluid approaches within a
diameter of the cylinder. The influence of the cylinder was found to
persist several diameters downstream. At low Deborah numbers,
the velocity profile is fore-aft symmetric, however, as the Deborah
number is increased the symmetry is broken and the influence of
the cylinder relaxes away more slowly, extending further down-
stream. Baaijens et al. [20] showed that the extensional flow in the
wake of the cylinder resulted in a strong birefringent tail that could
extend up to ten radii downstream. McKinley et al. [3] observed an
instability in the wake of a single cylinder lying perpendicular to
the bulk flow above a critical Deborah number of Decrit = 1.3 for a
cylinder to channel aspect ratio of ˇ = D/H = 0.5. Above this critical
Deborah number, a three-dimensional flow was observed isolated
to the wake of the cylinder with stationary vortices spaced peri-

odically along the axis of the cylinder. The wavelength of these
cells was found to scale roughly with the cylinder diameter. These
observations were later confirmed and extended by Shiang et al.
[9] through high-resolution particle image velocimetry (PIV) mea-
surements. Changing the aspect ratio had only a small effect on
the critical Deborah number, suggesting that it is the extensional
flow in the wake of the cylinder and not the shear flow around the
cylinder that causes the flow instability [3].

There are many other experimental studies in the canon of
investigations into the flow of viscoelastic polymer solutions
around a cylinder; however, no experiments to date have inves-
tigated the flow of viscoelastic surfactant solutions past a single
cylinder. A recent study did, however, investigate the flow of worm-
like micelle solutions past a periodic array of cylinders [21] and will
be discussed in some detail. Surfactants are amphiphilic molecules
which have both a bulky hydrophilic head and a relatively short
hydrophobic tail. Above their critical micelle concentration (CMC),
surfactant molecules in water will spontaneously self-assemble
into large aggregates known as micelles to minimize the exposure
of their tails to water [22–24]. There have been a number of studies
investigating the flow of dilute surfactant solutions, just above their
CMC, past single cylinders at high Reynolds numbers [25,26]. At
these low concentrations, the surfactant solutions for short unen-
tangled rods which demonstrate little to no elasticity and a modest
amount of shear thinning, but have been shown to reduce drag in
turbulent pipe flows [27]. For the flow past a cylinder, the addition
of surfactant was found to reduce intensity of the turbulent fluctu-
ations in the wake of the cylinder and reduce the overall drag on
the cylinder [25,26].

In this work, we focus on viscoelastic wormlike micelles [22,28],
which, as suggested by their pseudonym, ‘living polymers,’ display
many of the same viscoelastic properties of polymers. However,
although both wormlike micelle solutions and polymer solutions
can be viscoelastic, wormlike micelles are physically very different
from polymers. Whereas the backbone of a polymer is covalently
bonded and rigid, wormlike micelles are held together by relatively
weak physical attractions and as a result are continuously breaking
and reforming with time. In an entangled network, both individual
polymer chains and wormlike micelles can relieve stress through
reptation driven by Brownian motion [23]. However, unlike poly-
meric fluids, wormlike micelle solutions have access to a number
of stress relief mechanisms in addition to reptation. Wormlike
micelles can relieve stress and eliminate entanglement points
by either breaking and reforming in a lower stress state [24] or
alternatively by creating a temporary branch point which allows
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two entangled micelles to pull right through each other thereby
eliminating the entanglement point and relieving stress in what
has become known as a ‘ghost-like’ crossing [29]. Additionally, the
constant re-organization of the network structure results in sev-
eral interesting phenomenon when subjected to strong extensional
flows.

Shear and extensional rheological measurements of wormlike
micelles have shown these viscoelastic solutions to be heavily shear
thinning [24] and extensionally strain hardening [30]; however,
these are just a small subset of the wealth of behaviors that make
such solutions interesting. Under shear, wormlike micellar solu-
tions can demonstrate shear banding [31]. In filament stretching
extensional rheology measurements, when a filament of a worm-
like micelle solution had experienced a large enough stress and
strain, it has been found to rupture near its axial mid plane [30,32].
This behavior has been observed most recently by Bhardwaj et al.
[32], and is believed to be caused by a scission of individual micelle
chains due to extensional stresses built up in the flow. This fail-
ure can manifest itself as a new class of flow instabilities which
are present in both pure extensional flows, and complex flows as
well. Take for example the flow around a sphere, the kinematics
of which are very similar to the flow around a cylinder presented
here. This flow contains regions of shear around the circumference
of the sphere, along with regions of extension in the wake of the
sphere. Above a critical sedimentation rate, spheres falling through
a wormlike micelle solution were recently shown to exhibit a new
class of elastic instabilities in the wake of a sphere [33,34]. By mea-
suring the flow fields with particle image velocimetry (PIV) and
flow-induced birefringence (FIB) Chen and Rothstein [33] were able
to explore the kinematics of the flow and directly relate this flow
instability to the rupture of these micellar solutions during filament
stretching.

More recently, Moss and Rothstein [21] observed a similar insta-
bility in the flow of a series of wormlike micelle solutions around
a periodic array of circular cylinders. They were able to directly
correlate the measurements of pressure drop, PIV, and FIB to the
extensional and shear rheology of the test fluids. Measurements of
pressure drop as a function of the Deborah number were found to
initially decrease due to the shear thinning of the fluids, followed
by an increase with increasing Deborah number due to the exten-
sional thickening. One of the fluids, a solution of cetyltrimethyl
ammonium bromide (CTAB) and sodium salicilate (NaSal) was
observed to exhibit a flow instability above a critical Deborah num-
ber, while the other solution of cetylpyridinium chloride (CPyCl)
and NaSal remained stable for all Deborah numbers tested. It was
found that although both fluids strain hardened and ruptured in
the homogeneous extensional flow imposed by a filament stretch-
ing rheometer, the CTAB/NaSal solution did so at an accumulated
strain of ε = 2.5, while the CPyCl/NaSal solution requires an accu-
mulated strain of ε = 3.3 to fail. By making measurements of the
extension rate and strain accumulated in the wake of the circu-
lar cylinders it was found that the strain approached a value of
ε = 2.5. At the higher Deborah numbers tested, the rate of strain
was enough to induce rupture in the CTAB/NaSal solutions, but not
the CPyCl/NaSal solutions.

The single circular cylinder is essentially a periodic array of
cylinders spaced infinitely far apart. In such flow geometry, the
extensional flow in the wake of the cylinder is never in competition
with the compressive flow at the stagnation point in the front of the
‘next’ cylinder. Additionally and more importantly, the importance
of the shear flow produced by the channel walls can be minimized
by working with single cylinder having a small cylinder to channel
aspect ratio. Thus the single cylinder geometry allows for a con-
clusive study of the effect of the extensional flow on the stability
of viscoelastic wormlike micelle solutions. Finally, although there
are many similar studies utilizing polymer solutions, this work is

the first to investigate the flow of viscoelastic wormlike micelle
solution past confined circular cylinders.

The outline of this paper is as follows. In Section 2, we briefly
describe the experimental setup, the implementation of several
measurement techniques including flow-induced birefringence
and particle image velocimetry and the shear and extensional rhe-
ology of the wormlike micelle solutions used. In Section 3 we
discuss the experimental results and in Section 4 we conclude.

2. Experimental setup

2.1. Flow geometry and experimental setup

A schematic diagram of the test geometry can be seen in
Fig. 1. The circular cylinders were fabricated from acrylic rod,
and precisely lathed down to uniform diameters of D = 10 mm and
D = 5 mm. The cylinders were mounted transversally at the center of
a rectangular channel with a cross-sectional area of 50 mm square
and a length of 450 mm. This length was chosen to insure that the
fluid had a residence time of at least 10 times the relaxation time
from the time it entered the flow cell to the time in reached the
cylinder so that it could reach steady state even at the highest Deb-
orah numbers. In order to study containment effects and explore
the interactions between the flow near the cylinder and the chan-
nel walls, the blockage ratio was varied from 1:5 to 1:10 by varying
the diameter of the cylinder.

A positive displacement piston pump was employed to min-
imize any driving pressure fluctuations. The piston motion was
controlled with addressable micro-staging (Parker Industries),
capable of a flow rate resolution of 4 mm3/s. The flow cell was
plumbed to the piston using 25 mm inner diameter tubing and a
diffuser/nozzle was used at the entrance and exit of the flow cell
to minimize entrance effects. In this study, the Deborah number
was varied over two decades between 0.1 ≤ De = �U/R ≤ 10 in order
to explore the pressure drop, flow kinematics, and flow-induced
birefringence of two different solutions of wormlike micelles at
two different blockage ratios. Details of the PIV and FIB techniques
employed here can be found in Ref. [21]. The Deborah Number, was
evaluated using the average velocity, U, evaluated at the point of
maximum blockage in the channel. The Deborah number character-
izes the strength of the extensional flow in the wake of the cylinder.
Alternatively, a Weissenberg number, Wi = ��̇ = �U/(H − D), can
be introduced to characterize the strength of the shear flow in the
channel.

In order to measure the deviation from a Newtonian fluid behav-
ior, the flow cell was constructed with pressure taps machined
flush with the bounding side plates at positions 5 cm upstream
and downstream of the circular cylinder. Pressure lines were then
plumbed from the taps into a differential pressure transducer
(Omega PX154010-DI) having a range from 0 to 250 Pa. The signal
was then fed into a data acquisition board and sampled at 100 Hz
using a custom written Labview VI.

2.2. Sample preparation

Wormlike micelle solutions assembled from two different sur-
factant/salt combinations were chosen for this study. The first set of
wormlike micelle solutions that were tested were made up 100 mM
of the cationic surfactant CPyCl (Fisher Scientific) and 50 mM of
NaSal (Fisher Scientific) dissolved in a brine of 100 mM NaCl in
distilled water. The second test fluid was composed of 50 mM of
another cationic surfactant CTAB (Fisher Scientific) and 50 mM of
NaSal in deionized water. The surfactants and salts were dissolved
in water on a hot plate with a magnetic stirring bar. During mixing,
a moderately elevated temperature was applied to reduce viscosity
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Table 1
Parameters characterizing the rheology of the wormlike micelle solutions at
T = 25 ◦C.

CPyCl/NaSal CTAB/NaSal
100 mM/50 mM 50 mM/50 mM

Zero-shear viscosity �0 [Pa-s] 11 62
Plateau modulus G0 [Pa] 27 10.9
Relaxation time � [s] 0.50 5.7

and aid in uniform mixing. After the solutions were fully dissolved,
they were allowed to settle at room temperature for at least 24 h
before any experiments were performed to allow air bubbles intro-
duced during mixing to rise out of solution. At the concentrations
used, the wormlike micelle solutions are concentrated with a sig-
nificant number of entanglement points per chain [22].

2.3. Rheology

A complete set of steady and dynamic shear rheology data for
each of the wormlike micelle solutions used in this study can be
found in Moss and Rothstein [21]. In each case, the linear viscoelas-
tic response of the wormlike micelle solutions is well fit by the
predictions of a single mode Maxwell fluid. For completeness, the
viscoelastic properties of the fluids including zero-shear-rate vis-
cosity, �0, relaxation time, �, and the elastic plateau modulus, G0,
are listed in Table 1. As described in Ref. [21], the steady shear rhe-
ology is more complex. At low shear rates, the viscosity is constant,
however, at moderate the shear rates, the fluids shear thin. The
rate of shear thinning increases with increasing shear rate even-
tually approaching a slope of � ∝ �̇−1. At these large shear rates,
the fluids have been shown to shear band [35], although as we will
discuss in the following sections, no shear banding was observed
in our experiments.

These particular solutions of wormlike micelles have been
the subject of many extensional rheology studies in recent years
[30,32,36,37]. However, for completeness and for the purpose of
enabling a discussion on the differences observed in the response
of the two wormlike micelle solutions in the flow tested here,
a representative set of transient extensional rheology data from
our filament stretching extensional rheometer is reproduced here
in Fig. 2. In Fig. 2, the Trouton ratio, Tr = �E/�0, of the 50/50 mM

Fig. 2. Transient extensional rheology for the 50/50 mM CTAB/NaSal wormlike
micelle solution ‘�’ and the 100/50 mM CPyCl/NaSal wormlike micelle solution ‘�’,
both stretched at a Deborah number of Deext = 1.3. The figure shows the evolu-
tion of the Trouton ratio, Tr = �E/�0, as a function total accumulated Hencky strain.
Both experiments end with the rupture of the fluid filament before a steady-state
extensional viscosity could be reached.

CTAB/NaSal and 100/50 mM CPyCl/NaSal wormlike micelle solu-
tions is plotted as a function of total accumulated Hencky strain
for a Deborah numbers of De = 1.3. The extensional viscosity, �E, of
both fluids was found to increase monotonically with increasing
Hencky strain and demonstrate reasonably strong strain harden-
ing. The important point to take away from Fig. 2, is that although
the CPyCl/NaSal solution was found to strain harden more than
the CTAB/NaSal solution, the CTAB/NaSal solution strain hardened
much more quickly, achieving maximum extensional viscosity at
ε ∼= 2.5, as opposed to ε ∼= 3.3. In both cases, the filament stretching
experiment ended before a steady-state value of the extensional
viscosity could be reached because the fluid filament ruptured near
the axial midplane. It has been hypothesized that the tensile stress
of rupture corresponds to the maximum stress that the micelles
can withstand before they begin to fail en masse [30]. For the
CPyCl/NaSal solution, the tensile stress at rupture was found to
be ��E ∼= 8500 Pa while for the CTAB/NaSal solution tensile stress
at rupture was found to be lower at about ��E ∼= 2500 Pa. In both
cases, the stress at rupture was found to be independent of exten-
sion rate [30]. The dynamics of the filament rupture have been
captured with high-speed photography in the past and the inter-
ested reader is referred to Chen and Rothstein [33] or Bhardwaj
et al. [32] for details. We will see in the following sections that
the extensional rheology differences between these two wormlike
micelle solutions has a significant effect on the response of these
fluids as they flow past a circular cylinder.

When analyzing and presenting the experimental data, the
relaxation times and viscosities were adjusted to their values at
a reference temperature of Tref = 25 ◦C using time–temperature
superposition with a shift factor, aT, defined by the Arrhenius equa-
tion [38]. Within the temperature range of our experiments the
Arrhenius form of the time-temperature superposition shift factor
was found to be in good agreement with the rheological data for
each of the wormlike micelle solutions tested. However, because
of the sensitivity of the underlying wormlike micelle structures to
changes in temperature, every effort was made to maintain the
fluid temperature to within plus or minus a few tenths of a degree
of T = 25 ◦C for all of the experiments presented herein. This also
guaranteed that all of the experiments were performed above the
Krafft temperature which is just below room temperature for each
of the surfactants used.

3. Results

3.1. Pressure drop measurements

The pressure drop across the cylinder was measured as a func-
tion of Deborah number, micellar solution and blockage ratio of the
channel. For all of the experiments presented here, the large viscos-
ity of the solutions, lead to a vanishingly small Reynolds number,
Re < 10−3. The time-averaged pressure drop is presented in Fig. 3
for both micelle solutions in both the 1:5 and 1:10 blockage ratio
channel. In Fig. 3, a dimensionless pressure drop is presented where
the measured pressure drop is normalized by the response of a
Newtonian fluid with the same zero-shear viscosity:

˘ ≡ �Pmeasured

�PNewtonian
. (1)

Since no analytic solution for a Newtonian fluid through our flow
geometry exists, the low-Deborah number pressure drop (De < <1),
which increases linearly with increasing flow rate, was used to
approximate the Newtonian response and normalize the pressure
drop data in Eq. (1) [18,21]. A solution does, however, exist for the
flow past an infinitely long circular cylinder between two infinite
plates [5].
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Fig. 3. Normalized pressure drop as a function of Deborah number for the flow past
a circular cylinder of the CTAB/NaSal solution at a blockage ratio of 1:5 (�) and 1:10
(�), and the CPyCl/NaSal solution at a blockage ratio of 1:5 (©).

The normalized pressure drop curve seen in Fig. 3 was found to
exhibit four distinct regimes. In the low-Deborah-number regime,
the normalized pressure drop is constant at essentially ˘ ∼= 1.
Although the zero-shear viscosities of the two solutions differ by
a factor of approximately three and the characteristic relaxation
times differ by a factor of almost five, when the flow in the 1:5
channel is cast in terms of Deborah number and pressure drop is
measured at low to moderate Deborah numbers, the resulting plots
are nearly identical. At a Deborah number greater than De > 1, where
the bulk flow deforms the micelles faster than they can relax, a devi-
ation in the pressure drop from a Newtonian response is observed.
At moderate Deborah numbers (1 < De < 4), the normalized pres-
sure drop decreases monotonically, with a slope of approximately
˘ ∝ De−2/3 with increasing Deborah number as a result primar-
ily of the shear thinning of the micelle solutions. For the flow of
a power-law fluid through a channel, the dimensionless pressure
drop should go as ˘ ∝ De1−n where n is the power-law exponent
[38]. This is consistent with the expectation for a shear-thinning
fluid like the CPyCl/NaSal solution which has a power-law exponent
of approximately n ≈ 1/3 over this range of shear rates. This obser-
vation demonstrates that, in this regime, the trends in pressure
drop for the CPyCl/NaSal solution are due almost entirely to the flow
in the bounding channel. However, the viscosity of the CTAB/NaSal
solution shear thins more heavily, approaching a value of approxi-
mately n ≈ 0 soon after the onset of shear thinning [21]. One would
therefore expect a much steeper drop in pressure with Deborah
number. This observation indicates that the presence of the cylinder
and the extensional thickening of the fluid in the wake of the cir-
cular cylinder are offsetting some of the reduction in pressure drop
due to shear thinning in the channel. The strength of the extensional
flow in the wake of the cylinder, especially the CTAB/NaSal solu-
tion, will become more obvious when the full-field flow-induced
birefringence images are presented in the next section. As the flow
rate is increased further (4 < De < 7), the normalized pressure drop
plateaus at about ˘ 
 0.4. In this regime, the solutions are both
shear thinning as well as extensional thickening and the competi-
tion between these two effects roughly offset each other. At high
Deborah numbers, a slight change in slope becomes apparent after
the onset of a flow instability in the case of the CTAB/NaSal solu-
tion. The CPyCl/NaSal solutions were found to remain stable for all
the experiments presented here and did not show the same mag-
nitude of upturn in pressure drop as was observed in the case of
a periodic array of cylinders [21]. These pressure drop trends are

consistent with both experimental measurements [39] and numer-
ical simulations of the flow of viscoelastic polymeric fluids past a
single circular cylinder [7,20,40] as well as recent measurements of
flow of wormlike micelle solutions past a periodic array of cylinders
[21].

The effect of blockage ratio on the steady-state pressure drop is
also shown in Fig. 3. In comparing the response of the two fluids to
the varying blockage ratio, it is apparent that for the 1:10 ratio,
the onset of shear thinning is pushed off until a Deborah num-
ber of De = 2, or twice that for the 1:5 ratio. If, however, the data
were plotted as a function of Weissenberg number the data over-
lap nicely. This observation suggests that the decrease in pressure
drop is primarily the result of shear thinning in the bounding chan-
nel and not caused by the shear flow around the circular cylinder.
Additionally, the increased importance of the shear flow at lower
blockage ratios results in a reduction of the high Deborah number
limiting value of the dimensionless pressure drop which for the
1:10 case is approximately half of the 1:5 case. One of the reasons
for testing two different blockage ratios was to try to determine if
the flow instability was driven by the extensional flow in the wake
of the cylinder or if the shear flow introduced by the bounding
channel was critical for the flow to become unstable. In the case of
the CTAB/NaSal solution, above a Deborah number De > 4.5 for the
1:5 blockage ratio and above De > 6 for the 1:10 blockage ratio, the
pressure drop measurements were observed to fluctuate in time
with an amplitude that increased with increasing Deborah num-
ber. The fluctuations did not appear to be time-periodic and fast
Fourier transforms of the signal did not produce a clean fundamen-
tal frequency, rather the fluctuations appeared to be chaotic. If the
instability resulted solely from the shear flow, one would expect
that the critical value of the Deborah number for the onset of the
instability in the 1:10 case would be precisely twice the value of the
1:5 case. Additionally, as the blockage ratio is reduced, the exten-
sional deformation of the micelles in the contraction flow between
the cylinder and the wall is reduced. Taken together, these observa-
tions provide convincing evidence that the origin of the instability
is in the extensional flow in the wake of the cylinder and that the
shear flow along the flow cell wall does not significantly affect the
flow stability. Similar conclusions were hypothesized, but could not
be rigorously shown in the flow through a periodic array of cylin-
ders because of the complex interaction of the flow past multiple
cylinders and the bounding flow cell [21]. The modest increase in
critical Deborah number with decreasing blockage ratio is consis-
tent with the observations of the elastic instability in the wake of
cylinders where the test fluid was a viscoelastic polymer solution
although we will see in the following sections that the form of the
instability is very different. In the work of McKinley et al. [3], the
critical Deborah number was found to increase by approximately
50% when the blockage ratio was halved.

3.2. Flow-induced birefringence (FIB)

Full-field flow-induced birefringence measurements were made
using the crossed polarizer technique described in Ref. [21] for both
wormlike micelle solutions and blockage ratios, and a series of Deb-
orah numbers in each of the distinct flow regimes described in the
previous section. The areas of large micellar deformation are clearly
seen in Fig. 4 for the CPyCl/NaSal solution at a Deborah number of
De = 2.0. In the case of the polarizers oriented at 0◦ and 90◦, the
regions of deformation due to shear are highlighted, and appear
as relatively light areas or fringes. This can be seen clearly at 45◦

relative to the stagnation point in the front of the circular cylinder
and along the channel walls. In the case of the polarizers oriented
at 45◦ and 135◦, the regions of extensional deformation are high-
lighted. It is known that in flows with stagnation points, that that
a narrow region of high polymer or micelle deformation known
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Fig. 4. Full-field flow-induced birefringence measurements of CPyCl/Nasal at a Deborah number of De = 2. In the left image, the crossed polarizers are oriented at 45◦ and
−45◦ from the flow direction to highlight the regions of extensional deformation while in the right-hand image the crossed polarizers are oriented at 0◦ and 90◦ to highlight
shear. The flow is from right to left.

as birefringent strands can form in the strong extensional flow
just downstream of the stagnation point [41,42]. These birefringent
strands appear as bright areas or fringes directly in the wake of the
cylinder and at the stagnation point in the front of the cylinder in
Fig. 4. These fringe patterns are in excellent qualitative agreement
with the patterns observed in both experiments [20] and numerical
simulations [7,40]. For the purpose of brevity, the discussion and
figures that follow will focus on images taken with the polarizers at
45◦ and 135◦ in order to highlight extensional deformation of the
wormlike micelle solutions because these images contain most of
the pertinent information.

In Fig. 5, the birefringence patterns of the CTAB/NaSal solu-
tion and the CPyCl/NaSal solution for the 1:5 blockage ratio are
compared over a range of Deborah numbers, while in Fig. 6, the
birefringence patterns for the CTAB/NaSal solutions at the two
blockage ratios are compared. An initial observation is that the
CTAB/NaSal is considerably more birefringent for flows at compa-
rable Deborah numbers. Even taking into account the difference in
the stress-optical coefficient, it is clear that the CTAB/NaSal solution
experiences considerably more extensional deformation at a given
Deborah number. The birefringent patterns in Fig. 5 grow and scale
with the Deborah number; both the extensional and shear patterns
extend further away from the cylinder as the Deborah number is
increased. The extensional tail in the wake of the cylinder grows
dramatically at moderate Deborah numbers, extending five to ten
cylinder diameters downstream. It is the growth in the strength
of the extensional flow coupled with the extensional thickening of

these wormlike micelle solutions that results in the plateau and
eventual upturn in the dimensionless pressure drop presented in
Fig. 3.

In both Figs. 5 and 6, the birefringence goes through several
orders, indicating a substantial amount of deformation and thus
stress accumulated by the fluid as it flows past the circular cylinder.
Degree of deformation is found to increase with increasing Deb-
orah number for both fluids and blockage rations. In comparing
the two solutions in Fig. 5, we observe that the birefringent tail
of the CTAB/NaSal solution (left) not only grows in length, but in
width as well. It begins to dominate the flow field at higher Deb-
orah numbers. For example, the illuminated region in the wake of
the cylinder at a Deborah number of De = 0.5 extends approximately
two diameters downstream. By doubling the Deborah number to
De = 1, the tail goes through an order indicated by the fringe pattern
and grows to approximately three diameters downstream. By fur-
ther increasing the Deborah number to De = 4, the tail goes through
several orders, extends over ten diameters downstream and grows
in the spanwise direction to approximately three diameters. At
this point, due to its spanwise growth, the confinement effects of
the bounding channel begin to interact with the deformation field
around the cylinder. In the case of the CPyCl/NaSal, the birefringent
tail can be seen to go through orders and increase in downstream
length as the Deborah number is increased, but does not appre-
ciably grow in the spanwise direction. Further, the compressive
region at the stagnation point in the front of the cylinder can be
seen to go through far fewer orders in the case of the CPyCl/NaSal

Fig. 5. The extensional birefringent patterns produced by setting the crossed polarizers at 45◦ and 135◦ for both the CTAB/NaSal solution (left) and the CPyCl/NaSal solution
(right) at Deborah numbers of De = 1.0 (a and b), De = 2.0 (c and d), and De = 4.0 (e and f). The flow is from right to left.
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Fig. 6. The extensional birefringent patterns produced by setting the crossed polarizers at 45◦ and 135◦ for the CTAB/NaSal solution at blockage ratios of 1:10 (right) and 1:5
(left) at Deborah numbers of De = 2 (a and b) and De = 4 (c and d). The flow is from right to left.

than the CTAB/NaSal as evidenced by the fringe gradients seen in
Fig. 5.

The relative contribution of shear and confinement is made
clear by comparing the birefringent patterns produced by the
CTAB/NaSal solution at the two different blockage ratios seen in
Fig. 6. If the length and width of the extensional birefringent tail
are normalized by the diameter of the cylinder, l/D or w/D, they
are found to scale with the Deborah number. If instead the bire-
fringence measurements from the crossed polarizers oriented at 0◦

and 90◦ were shown for both blockage ratios, one would observe
that the shear deformation along the walls scales with the Weis-
senberg number instead of the Deborah number. Thus for the 1:10
blockage ratio, deformation due to shear is far less significant than
it is for the 1:5 blockage ratio at the same Deborah numbers. More
importantly, these images also demonstrate that direct interaction
between the shear flow and the extensional flow in the wake of the
cylinder is not required for the flow to become unstable.

The birefringent tail present in the CTAB/NaSal solution grows
in both the spanwise and flow directions until the flow becomes
unstable at a Deborah number of roughly De = 4.5 for the 1:5 block-
age ratio and roughly De = 6 in the case of the 1:10 blockage ratio.
As such, the images above this Deborah number presented in Fig. 6
are valid only for an instant in time chosen to be the point in time
just prior to the onset of the elastic instability. This instant is cho-
sen so that the largest values of stress the material can support are
compared in a direct manner. In order to gain a better understand-
ing of the behavior of these patterns a time series of exposures is
necessary. Presented in Fig. 7 is a sample of the time-dependant
birefringent patterns produced by the CTAB/NaSal solution. As the
flow develops from startup, the fringe gradients in the extensional
tail increase, indicating a building of deformation and stress. At
some critical stress, the fluid appears to tear in the wake of the
cylinder. The result is a sudden acceleration of the fluid, a break
in the vertical symmetry, and a reduction in the number of fringes
and thus the extensional deformation and stress in the fluid. This
observation is more easily seen from images taken looking down
on the cylinder in the gradient direction as seen in Fig. 8. As seen
in Fig. 8, the instability initiates at a random location near the aft
stagnation point of the cylinder. The FIB shows an apparent rup-
ture of the wormlike micelle solutions which appears as a sudden
reduction of the extensional stress. This instability appears sim-
ilar to that observed during other extensional flows of wormlike
micelle solutions [21,30,32,33,43]. This rupture event propagates
axially along the cylinder a short distance initially about one cylin-
der diameter before stopping. As the Deborah number is increased,
the rupture events occur more frequently and propagate further

along the cylinder. As discussed in the previous section, the rup-
ture events appear to be chaotic in nature. No dominant frequency
can be observed even at Deborah numbers just beyond the critical
conditions. Further, evidence of this instability can be seen in Fig. 8
as a striation in the birefringence tail in wake of the cylinder. The
form of the instability is very different from that observed experi-
mentally for viscoelastic polymer solutions. In those experiments,
a series of stationary counter-rotating vortices were observed in
the wake of the cylinder [3,9]. Additionally, for polymer solutions,
the vortices in the wake of the cylinder has been shown to have
no effect on the flow upstream of the cylinder [9], while in our
experiments, the rupture events are found to propagate both down-
stream and upstream of the cylinder affecting the flow everywhere
in the channel. A similar tearing instability was observed by Glad-
den and Belmonte [44] who pulled a series of different cylinder
shapes through a shallow layer of viscoelastic wormlike micelle
solutions.

Fig. 7. Time sequence of the extensional birefringence of the CTAB/NaSal solution.
As the fluid flows from right to left, the extensional tail in the wake of the cylinder
grows until rupture and the fluid accelerates. Here the time difference between the
two images is 2 s or roughly two periods of the instability. The flow is from right to
left.
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Fig. 8. Flow-induced birefringent measurements of the xz-plane with crossed polarizers aligned at 45◦ and 135◦ to isolate the extensional stress. The fluid is the CTAB/NaSal
solution at blockage ratios of 1:10 at (a) Deborah numbers of De = 8 during startup prior to the onset of the instability, (b) De = 8 after several rupture events, and (c) De = 16
after a great many rupture events. The flow is from top to bottom.

3.3. Particle image velocimetry (PIV)

Particle image velocimetry (PIV) was employed to create full-
field velocity fields for both of the test fluids and blockage ratios
over the entire range of Deborah numbers probed. Details of the
PIV setup and procedures used in these experiments can be found
in Moss and Rothstein [45]. While full vector fields allow for a clear
quantitative picture of the flow fields at any instant in time, it is
most instructive to examine ‘slices’ of the vector field so that the
evolution of the flow field can be more easily ascertained. By taking
a number of slices through the vector field along the flow direction
it is possible to track the evolution of the velocity profiles as the fluid
flows past the cylinder. Such a representative series of profiles are
presented in Fig. 9. As the fluid progresses towards the cylinder, the
profiles depart from the flattened parabola characteristic of shear
thinning fluid to become two distinct flattened parabolas enclos-
ing the circular cylinder. The impact of the cylinder can be seen
in the velocity profiles as far as ten radii downstream of the cylin-
der before the parabolic flow is re-achieved. These profiles clearly
show the effect of the cylinder on the flow kinematics and closely
resemble both the experimental and numerical literature for the
flow of polymer solution [3,4,10,12,20,46].

In Fig. 10a, the centerline velocity profiles for the CPyCl/NaSal
solution are presented as a function of distance in the flow direc-
tion so that the extensional flow in the wake of the cylinder and
the deviation from Newtonian flow can be quantified. Here, the
x-component of the velocity is normalized by the mass-averaged
mean stream velocity, vx/U. As before, such calculations have been
performed for all test solutions and blockage ratios studied, but
only a representative subset is presented in the interest of space
and clarity. The trends in the CTAB/NaSal solution mirrored the
CPyCl/NaSal solution, however, good PIV could only be captured
up to the point that the flow became unstable at De = 4.5. For this
reason the CPyCl/NaSal solutions were chosen for Fig. 10 so that
results up to De = 8 could be presented. For both test fluids, the
velocity begins at zero at the aft stagnation point of the cylinder and
increases to the expected centerline velocity far from the cylinder.
For a shear thinning fluid like the CPyCl/NaSal solution which has
a power-law exponent of approximately n ≈ 1/3 over the range of
Deborah numbers studied, a centerline velocity of approximately
vx/U ≈ 1.25 [38]. As has been observed in the previous literature
[3,10,15,40], the velocity returns to the unperturbed channel flow
solution more slowly with increasing Deborah number indicating
an increase in strength and extent of the extensional flow in the
wake of the cylinder.

The velocity profiles in Fig. 10a can be used to calculate the local
values of the extension rate and accumulated strain in the wake
of the cylinder. These calculations can be compared directly to the

Fig. 9. Non-dimensional velocity profiles for multiple positions along the flow direc-
tion. The effect of the cylinder can clearly be seen. The vectors are calculated for the
CPyCl/NaSal solution at a Deborah number of De = 0.5.
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Fig. 10. Normalized centerline velocity profiles (a) along with the resulting extension rate (b) and accumulated strain (inset b) for the CPyCl/NaSal solution as a function of
non-dimensional downstream distance in the 1:5 blockage ratio channel. Shown are curves of Deborah number De = 0.5 (�), De = 2 (�), De = 4 (�), and De = 8 (�). The hollow
symbols in the inset of (b) correspond to the fraction of the total strain accumulated from regions in the flow where the local Deborah number exceeds Deext > 0.5.

extensional rheology measurements presented in Fig. 2 to deter-
mine if the instability can be correlated to the filament rupture in
those experiments. The extension rate in the wake of the cylinder
is given by

ε̇xx = ∂vx

∂x
, (2)

and is tabulated for CPyCl/NaSal solutions in Fig. 10b for the veloc-
ity profiles presented in Fig. 10a. Additionally, the total strain can
be calculated by integrating the extension rate in the wake of the
cylinder:

εxx =
∫

∂vx

∂x
dt =

∫
dvx

vx
, (3)

which is given in the inset of Fig. 10b. The local extension rate can
in turn be used to calculate a local value of the Deborah number
for the extensional flow in the wake of the cylinder, Deext = �ε̇xx.
With the equivalent Deborah number in hand, the extensional rhe-
ological data can be used to gain insight into the nature of the
flow and the flow instability. In the case of the CPyCl/NaSal solu-
tions, the maximum extension rate in the wake of the cylinder
ranged from ε̇ = 0.50 s−1 (Deext = 0.25) to ε̇ = 8.8 s−1 (Deext = 4.4)
at a bulk Deborah number of De = 0.5 and De = 8 as shown in
Fig. 10b. For the CTAB/NaSal solutions, the maximum extension
rate ranged from ε̇ = 0.12 s−1 (Deext = 0.68) at De = 0.5 to a value
of ε̇ = 0.9 s−1 (Deext = 5.1) at De = 4. In all cases, the extension rate
initially increases quickly downstream of the cylinder before it
reaches a maximum and eventually approaches zero at a distance
of five or more radii downstream. At higher Deborah numbers, the
maximum extension rate moves progressively upstream, closer to
the cylinder even as the extensional flow is found to extend further
downstream of the cylinder. These measurements are consistent
for both surfactant solutions tested and are in good qualitative
agreement with both experimental measurements and numerical
simulations for the flow of polymer solutions past circular cylinders
[3]. As the solid symbols in the inset of Fig. 10b demonstrate, the
total accumulated strain calculated by integrated equation (3) from
the location of the first PIV velocity vector downstream of the cylin-
der remains nearly constant at a value of approximately ε ≈ 2.8. This
was consistent for the CPyCl/NaSal solution at all of the Deborah
numbers tested, but it was also true for the CTAB/NaSal solution at
both blockage ratios tested. However, it is important to note that
even as the total strain remains nearly independent of flow rate,
much of this strain, especially at lower flow rates, is accumulated
at extension rates for which the local Deborah number is well below
one and the micelles are not significantly deformed. A better mea-

sure might be to plot the fraction of the total strain accumulated in
regions of the flow where the local Deborah number is greater than
Deext > 0.5. These effective strain data are shown in Fig. 10b as hol-
low symbols in the inset and demonstrate an increase in effective
strain with increasing Deborah number which is consistent with
the birefringence measurements.

For the CTAB/NaSal solutions at the critical Deborah numbers
for the onset of the elastic instability (De = 4.5 in the case of the 1:5
blockage ratio, and De = 6 in the case of the 1:10 blockage ratio), the
PIV data show local Deborah numbers greater than Deext > 0.5 and
effective strains that are greater than ε > 2.5. For the CTAB/NaSal
solutions, this extensional flow is strong enough to induce a rup-
ture event in the filament stretching experiments presented in
Fig. 2 and the elastic instability observed in the wake of the cylin-
der. However, for flows of the CPyCl/NaSal solutions even at the
largest Deborah numbers that could be probed, effective strains
greater than ε > 3.3 were not achieved. As seen in Fig. 2, this strain
is needed to cause a CPyCl/NaSal solution filament to fail in a pure
extensional flow. The difference in stability of these two solutions
as the flow past a confined circular cylinder thus appears to be
directly related to their extensional rheology and their stability
in purely extensional flows. Finally, if this were the purely elastic
flow instability previously observed for polymer solutions flow-
ing past a single cylinder one would expect both fluids to become
unstable at roughly the same Deborah number independent of fluid
composition [10,12,14,16,20,25,44].

4. Conclusions

In this work, the results of an investigation into the flow fields
generated by two different solutions of wormlike micelles in cross-
flow past a single circular cylinder of two blockage ratios. Although
this benchmark flow has been studied in great detail in the past
using viscoelastic polymer solutions, these experiments are the first
to use a viscoelastic wormlike micelle solution as the test fluid. The
role fluid rheology and blockage ratio were investigated by sys-
tematically varying the Deborah number and measuring the flow
kinematics, stability and pressure drop. In both blockage ratios, the
normalized pressure drop was found to initially decrease due to the
shear thinning of the test fluid, before reaching a plateau as exten-
sional effects begin to dominate the flow. An elastic instability in
one of the test fluids, CTAB/NaSal, was observed above a critical
Deborah number, while the other fluid, CPyCl/NaSal, was found to
remain stable over all flow rates tested. The kinematics of both flu-
ids was fully investigated using PIV and FIB to elucidate the nature
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of the flow and the observed elastic instability in the case of the
CTAB/NaSal solution.

At low Deborah numbers, both fluids exhibit similar responses:
symmetric streamlines, and the normalized pressure drop remains
constant with increasing Deborah number. At moderate Deborah
numbers, where the response is dominated by shear thinning, the
normalized pressure drop measurements were found to decay with
increasing Deborah number for both fluids and velocity profiles
of the two fluids demonstrated similar trends. However, the flow-
induced birefringence patterns reveal that at comparable Deborah
numbers, the two fluids show disparate degrees of micellar configu-
rational changes with the CTAB/NaSal becoming much more highly
birefringent in the wake of the cylinder. This is a direct result of the
significant differences in the fluids’ extensional rheology. At com-
parable Deborah numbers, the CTAB/NaSal solution strain hardens
much more quickly than the CPyCl/NaSal. At even higher Deborah
numbers, the extensional rheology begins to become increasingly
important to the response of the fluids as the birefringent wake
is observed to extend far downstream of the cylinder. In this
region, the normalized pressure drop, which initially decreased
due to the shear thinning caused by the bounding walls of the
flow cell, was observed to level off as extensional effect begin to
dominate.

At a Deborah number of De = 4.5 for the 1:5 blockage ratio and
De = 6.0 for the 1:10 blockage ratio, the CTAB/NaSal solution was
found to become unstable while the CPyCl/NaSal solution remained
stable for all the Deborah numbers tested. Because the critical Deb-
orah number was observed to be only weakly dependent on the
blockage ratio these measurements clearly indicate that the insta-
bility is related not to the shear flow, but the extensional flow in
the wake of the cylinder. Perhaps more importantly, the FIB images
show that direct interaction between the shear flow along the walls
of flow cell and the extensional flow in the wake of the cylinder is
not required for the flow to become unstable. This is an observation
that could not be made when studying the flow through a periodic
array of cylinders were a similar flow instability was observed [21].

PIV measurements were used to further probe the strength of
the extensional flow in the wake of the cylinder by calculating both
an extension rate and accumulated strain from the velocity pro-
file. In all cases, the extension rate was found to initially increases
quickly downstream of the cylinder before it reaches a maximum
and eventually approaches zero several diameters downstream of
the cylinder. At higher Deborah numbers, the maximum extension
rate moves progressively upstream, closer to the cylinder even as
the extensional flow was found to extend further downstream of
the cylinder. The total strain accumulated at an extensional Debo-
rah number above Deext > 0.5 was found to increase with increasing
flow rate, however, the total strain was never found to grew larger
than ε = 3.0. If one examines the extensional rheology of the two test
fluids, a dramatic rupture of the fluid filament is observed for both
fluids after significant strain hardening has been achieved in the fil-
ament stretching experiment. However, at the extension rates and
strains accumulated by the micelle solutions in the wake of a sin-
gle cylinder, the extensional rheology of these fluids suggests that
only the CTAB/NaSal solution would be expected to become unsta-
ble. The effective strain accumulated by the CPyCl/NaSal solution
is simply not enough to cause the solution of wormlike micelles to
fail en masse.
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