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[[. CALCULUS OF YECTORS , DYADICS & TENSORS

A. Intreduction & Reyrew

[ Inths sechai we wil revued Some elementaiy (9eas
of vechr calcudus which yoy have Sceq n eathon
muth g physus and mechans (shics or dyaamecs)
courses , We will thea hy h derclop & moce
CUser - frieadly’ approach o the stidy of YR
caloulis and infroduce e coacept of fensors

In drn we will  discuss
e scalan (or dof or 1naer) producf
o« vector (or ccoss ) producf
. dex notafion and the summafim convenfion
for makig vechr calcadations fust & ewy
- vechr cagcu.iu.s - faking derevalives of scalar
ax] vechr foachoms
= gradlenf‘ | diyergence , curl
+ Llots oF wvector cperalions and eahI€s
. Infealra,l Thecrems = Divergenc and Stokes Theorem
Ao, differeat forms of Green's Theorem , which
will et GWak Wi our stdy of pdes.
. App“lun,fwi of seme of there deas to
derive o diffuion egn, shdy geomefry of  cuwives (and scrfus) et
- yector calewws of orf'hoacm.l cuvilinear
coordinater Such as car‘tcstah| cylmdru.uJ
ond SPWC&! (.Or-fdmaﬂ37 as well as a diScussion
ot +he neal Case whh leads B such sysiems
as oblaic and prlate spherodal toordinates ,
an introduction o tensors and dyadics
. and the answer 1o +he questin vWhat 1s o tensor

°

1]

NCTE: There are o nvmucr o buks whith focus en teuchuy avt
wehors, feasors and wecler calcwlws, Sewaiei cf my fayertf€ 1 felconds
fir ramng abont 1kus and Crampile A
F. Chorlten, Vector & Teascr AMetheds
H.0. Schey ,  Duy, Grad , Curl and ali That

7. q. Simmads, A Brief ¢n Teasor Analysss




2 scdas §  vectors

a. A scler 5 q 94@/77} or funcfion with maﬁlfvd( onl)/

€9 mass and tempounfue are wmmd scald,

b. A vyector s characterrzed b, magm‘fvdc and dir¢clion

(l) The most  commen Examples of veclrs are

a f«L«_ apphc}/ o moye a y/yco oé/c(f

(ctumly yo must knew both +he maimfvdc of

the "prce w vl as B direction 1 orde

® descube what hapoens tt the cbject) and

the veloaly wdh whith a given object mows
(e.a,, if yoo cempare duviag 1n a straghtlinc af
ZOmph or d/lmna af 2¢ mph G a  Circldas Tl’adr.’
then youo refli 0 order to compktely Characteee
the mehot 1 1§ n<<<ssa,17 T sp(clfy Lot a
the  magphae cf the v(’lou‘r’- e, specd -~ as

will as dlru[um}.

M ' I e ith ar g

B IrCC NN )
(i) Twe vNeetors  gne eguaf if -sz haye 4he same
masmhx‘k and same¢  dicechon.

% _b
/ / conclvde a= b
somefime Yhoe o calld

# pgaallel frans ,Jcrf of yectors’

<> Neyertheless, 15 very imporfant  fo keep in fund thad
the '{Hﬂf of a given vecr  may, indeed offen will,
deperd o B3 Locahen.

@) NIATIoN: I will fypeally ndicate a vechr guanh an
t’ndeer?, hP g er b (éiJld Us¢ 652’/44«/ 77/()

(Ancthts cmmen nckafun 5 K we Grnws @ or Z')

v
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tre fadd  comment on nefnen: @ UYNMT yECTOR by dehnihon hao k/)di/)"'i

2 Cartesiagn Coordinafe 5}/.57‘607

| 2. We will describe a vector by giviag s compments
\ relafie o a  curfesian , o a2, coordinate sysren.

b We will indiate the base yectos as (RISl h:‘:legﬁ-i)
£ 4% g=(00,1)
e,= (9,1,0)
or SST . €, (1,6,0)
yﬁ._"__pxz
X
%
" Whai o haw puu\, Seen "Whd we wil use"
; i NTE: W wil wnheart +he 3 corrdinake divechans
By X, X, Xs whewe XX gy g2,
C. In orde T desube a yectr you must give beth +he
Compenents  and e  base vectds ¢
fr exumpie * q = 4;'}:1' 4,J' t &k GH)

o we wil wates

I
11}

b9 t 45 145§ —
> lengh: /£/=Y4x*”y t 4
4. scarae  product (also called +he DT or INNEK product)
& The scalsr preduct of 40 vectors a aw b 5 defiddas
(1 Q-6 =/9/[b] coss 2

f;Q whiw 18] amd [B] Gk the Z)/er )

krﬁfﬂs N maam’hdeS, of +h twe vechers




(scatar  product camhnued)
b.
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The Scalat preduct 15 coumufafive and  diSHAAIK.

4-b=5g

and  (2+L)-¢ = 4-c + b

-

0rthogond f a-b=0 L_,b

If Q ad b are both nonzo vechors (g,g#Q)
then 6-b=0 —> Q=T and +the twe vectrr an popendiids:.

C. Two vecfors are

d. Swce the carfesian uait vectors i,k  sahsfy

ig=1, =0, 1:k=0, ck. +hen

8-b = ax bx + ay by + az ko (118
= O,b, + G b, + G5 bs tn o new nofafion.
A}gol 32 - 4‘1 4 azl . 432 & /3/2

(R (Sgugwe of te lenyk)

5

VECTOR (o crOSS) product of fuT wectors

d. The vechr product of 2 vectvs ¢ and b K defined as
) 1

- b
arb =]4| || sne e Qe y Ld; .

where €

is a unt veeRr 10 the direcnin perpendrcudan
fothe plane frmed by 4 an/ b as gnes by the RIGHT-#AND RULE.

b, Frem the definon * ar4 =90 (cross product of a vector with M’Q) '
W™oor tog
h«xcmh“ Also,

grb = - -b"QJQHs) and as(bag) = g4b + are

(1ry)
T4 fillas +hat Ind=k 5 =i 5 kM=)

lee

¢ You mw abo rememky wiifny Somthur lice
iu’j k ’ h'? 7"

grb = dd & 4 O =;_(q,h£-qlL’)Q‘(aik,-a,t@)*_g(a,&,-a,s,‘) (19¢)
b; b’ bg <~ rarfé:ir/jﬁ?a) 0
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Much of +the above s Cumbersome and fright e o unte.
We now tedice @ conyearent Sherthand nofatio” whih will
31mpltf7 muny - manjpidations.

B ENSTEIN WoEX  NOTATION & THE SummATION ConvENTIon
sowe of
[ Let us reconsider ¥ the above manipulafios. Frem now on
keep 11 mind that we ane fyp;c'a@: having to repreent
veefors 1 a three-dimensimal werlh and so we wili aluays
wrte vectrs with 3 compoments.

Z. label +he (xyy,z) coordinates by (1,2,3) .

Q, Dencle the vectr a4 with (ompenents a; ang base vecrrs €

whew e subsunpt may fuke en +the 3 valeo (=12 o 3.

We wrife :
() E’°|§.+az§l*03§3=2a;<:; = 4¢; (= a;j €;
: 1=~

T d ummy
[M Svmmebon I/m./x/
m

b. From now on we will nct usvally write +the summafioy Symbxl,

CONYENTION i an ndex () appews Twice

in_an expression,
then we will knew that we shouid ferfarm a Symmalin
C owith =42 and 3,

Thes, e veerer 0 s expressed as g =0¢ =q

[ =i m Sm
U .
dvmmy sunmak
= Ths idea of implied summaten when L’;‘:;Lu h\: 5':*"1“
an ndes agptass TWKE  muor be Cl +he same f,«ﬂ;
LIS min)  before Yo move on.

¢. Ths netatien s|mply allws w B poceed  withew
Co./m‘.na'. artund  the  Svomatol Iymbc[.




inner  paduct of  basc

A, we PI'QWOUJ“/

o i feems of the (4,2,3) potutien we nay

€-e =1
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vechors  and the  Kripnetker deita S)/roévf

Saw

-

that  Leb=f ) gyt g

7 SrS e ) €% =0 €50, %40
b. Tres, we see that
eo o e. b= N .‘-' H
@) £ 5 { it =) C,ﬁl‘zxu\{
: ol ° °® Of
O if '*J base vecfors
whee

| —

C. Kronecker deltn

let us define e symbo

Therefore we  see +hat
(2

iundJ may ‘l’?alu. M any of the voles 1,2 or 3.

" Q@ Conyenent Sherthan) nofafion

iy

0ii  as
0 4
A Lt :
) glJ ={ X ',j wheae 121,23
i L‘J ' J:l‘z'3
..QJ- = J:j (n,h,(:/, = 4 -~ ’::J.
asd =0 f it
reviseted
3
Lae J_i‘ b ¢ = ; arbi = a;b;  Ea4+ah 45h)
i = whee we have
e it

3
NOTE: 0 the seund sum, bj¢ we have ued He dvmy
B
Summghn "’Jelj 3’c a not fo cenfue cpmfany mih
the frst sum vhhds b 4o a simaatin 1xler
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b. Use #he 5{1' Shorfhund an) the summatin conyertor /M;’gﬂ’r !
q é = a'.Q’.f. é/ QJ = 0/?/ (g/.%.) :4’6@ = q-é,'
reche opempin; lchuzzn/mmé #e
ok ack o yechrs ans Goctle
not #e Cemponents,

“afnw Cfﬂ“h‘f

C. YERY IMPCRTANT:

\ We ax
Hhat Whmee e see a  regeated 1ok
e Man an 172phed Sum  mypk she
Ths, it i ImperRat fo  use
bcymnu? ogichas s For _Cwé)

m:} the  Semngfion cnenfia P rece u2e
(",9", 9 €, e _0/6/
(ndez I‘zzbf, e valuer 32 and3
fferent svmmahion labelo when

a-b = a4 - bg

T— a_ ddfount sunmahn nda,/
NEVEK WRITE aq;e: - be;
which v Cchfu;/nd,.

d. A fw remanks

Q) bic = Cueb s &3 = 3 Mhete we haye iy the sunmafip
comenna,

U] &j " n(faccmaf opoafr, Jy‘g: ¢;

G Somctines peoule ox Slypy ans do et wioke the uny vectby

i.e.., inskud  of 94 =4 ¢ ) occ:wm«[é yo see wriffer AN
whith y® (an rctogma' SIKL un 1ndex will Apptth ch’/ e Free indes’)

Whenewes prtomiy vects cprutios I will AAY keeo pack
of the uad v’?cfzn, v

(v) Example:

(a<b)e= qrb; ¢ = aqb ¢ ¢ ad yw mght cal
- )~ " B (44 ) g A Jﬁ(wH/mmr
of 1the vechor
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**-}hd syrnbo/ wili be useh X ¥ q
S \_Vhenever vector products arise
) 5, Permutaton Symbo | E,-J-K i"lz@ 123 Ke(23
2. Definition Eiie = }( *hoe=§ of ik ae all differeqt
- lJK b

. i 12
0 _Ff_ an/ IWo__érdices_are the same__ _(_Si)
- En.m__-_ . e e e e T

T ———— e

_ I56) T E TS 4 if F i 4  an EVEN oo, ndfion_ flz,.a T
R e e T e A
- > B s o 53“'/_ £2..!/ ~dq S R e e
) UZ-SL) 5};- -1 # | ,j:n  are an oD p;;;&mm of 11,
- T — _€2,3=-~/ E,32 =~f 832/ =~/ —
-.__ _‘;V;’;__ -even a’»aa’m% We mean Aot g, even * of nferu‘:mp of #e
N e ___\_ZJ:cq nw ocevr o 9:" bk B the oder 23 } o5 e e
S Mdogw mﬂnunj of 0dd permutaion,.. .
D cm;m“m‘_b'ms definchen__hao Hhe hollowing cyelic and_ inferchange property =
44m.¢ o aspk: < Eijk = E_ ;. = € :\s @zu)
€5 NN ’ ) £ 3 .
___:—_ dpd af hvo mdncc: ar.c rmply mfcrdqanye.d, the "‘ﬂ" changq
o GZE") gl.j" s - EII-'.J .. or J& = -EJLK . -

, _“9}1'_;:‘_1 K__ can ew; h:kc on Hv. vam 3, -
+ JY] mdgr_fy e (,7., Yen _
= .mh_sg,_rz(iwtx ?-? q.umhne.t. S _ o

[ P 5'1?)"az'r)7tf;*_" = Bl
- referrs o 1o the we at r ﬁ -
cvcryz o ﬁs ytf

Us_,s_o.g. 2 grg, =+ ;.5 - 51;:.533 N
=y

=) ——

We fow_haw  an
fhe vcdw_PndVd’

——— e .

e{fcdm, Shorthand nofxhay for r!pfe.fcﬂﬁy _

————

= b . ' = g.e. s b e.
let £ ga— ) write _a‘qlgo ) .b é;:J
208 b e .. ‘
QZB) a4b =qb; €iju S ) wote careruy THE ORCER OF THE WDICES ©
€= Co

€ 5 We have Ce = a:b; E'J" v f:’qaunfx 3
eqns K=l a2
]ezezcnse). V"'ﬁ.%,’,’f‘;“d I3 11 agreement
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e, z‘T:'plc scalar product < {bnc)
"gam we are careful % use d;fﬁermt du:m’ inadices fir each wefor So
3 4 # 4
LT TR NP Svow ey SIS
o vhe Gueg T S
o . .._.—_— ...._ 5" s e v -
J“, 4'6 L EU“ d, (445).6 --{C'\djé : )
- & ST by using eydic prperty -
Recall also ot ’ ¥ Eije Exerdise -
4 4 g ' 'C;nwmc Ym’dft nﬁfﬁ? hal
» . : it 2 demrhis m
g-(t4g) = dd{ b b b3 = gza"’Jc‘& index expression,
¢, ¢C2 C3 v

Mdex reprcenfation of
tHe 3x3  determmant

S, USCM dentthe mwlvmj E wmi §

’J,lm can
= ° ° 3 d ﬁk‘
(ﬁ) Leun Exim = &1 ij - & in) taa:rah/‘rzefivaw '

this eTn (orrcpondt
P(wff vcrrfy b brate Bree for each of +he 8j / & Joasmrit

Howtver t ts best o make ywn Ife easier kyqn?hu
sides chug. sgn erther
Sd& vanshg 4 l'J

) that both

J or Lé¢m an mferdmvd, Al , beth

or U=

m, 7770;, Consider rcma.mhg terms Lke:

Ellh. elll = e.wl -+ £|p %zn' + €|13 t!.n_ = | i ._; '

J" 62, - d}(}n_ = | S o.k, ' )
Likewse -
€2k E&lb =

€€y Gfuy + €y, ‘O)QL» Suéea - G562 =0 S0 o0k,

e e el i ek, 7 . i,
‘Exu E 4" Show_het _€ = '5, Emni Em 1€, . J;m @-&y'd;n' .
 vlly  Em en e,

M :

,"'_ fmnl flwu € * &im E""U S
= (56': fu) =2¢, b 4

> [Erorvle 2+ show -t g4(ac) « o €) - € (a-b) ’w
'

%; Qa(hkg) =0 & (b g~ Cx e,‘) =q-€ (‘k Jklgl ):q‘.qu‘E.“(si,\g‘) ~.

=a‘LJQ EJKJ illmet 4,5". EJKJE‘(h’ 9,,, -quu (6:]"8-'-1 6- &ﬂ)S'
S0 e b, <o) s -(44)cne, s (3<)b - @b)e X
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Some 4 Examoles

ot _the use of index notahod

First, a brief summao, of +h¢ jmpo,fq"f ideas

(;) ei'ej = }’/ LJ : . L. . - P
o t |4 ),k an even permitation of 2,3
(i) &4 g = eg,‘ (A _ Ej.,, f=1 | i)k an odd permutghon o 1,23
: S - ..U O .| any two _sndices the same_

@) Summahon camgnhai < whcnévcr 4 Subseript prcarf /chc_,—__-_
Q@ Summation from /= 3_is implied.
(a Subsmum' showld never appcu more than_ Nl“)

Examfes 3

Q) SI.L 6]]'_ —'-' &J’ Since ‘51 s oaly punrers when th so the k
w §g may be replaced by J-

W [s'u = Sy + 6,2 + 553 =+ (+4=3 nofe ¢ Smee ¢ wao a dummy
l"dCXJ [u &g‘ -a-nm C{C'

(k) XIJ Eije = £k =0 site  two of the ndices are +he saune,

([V) 5.;';., Ezjj‘ -= gfj'ke"-'ﬂ by fist rofrﬁfy *IT', indices on e Xead £,
vt we e identty » Eiu€itmt| 6f G - Gn Gy

¥ &k &njz O, gy - $ij6aj = 3 fin =~ §ia » 28,
. - . ? -

(v) ~ ayb, E.;A'g “Gabafang =2

"‘l h ‘!f““’ twie W each +¢}..n__:o S.Unmlﬂﬂ Is mplmd. N

B“* mén an ’mm ﬁv';iny vanabks jue-) M could Ju.sf as well e ancther letr,
A 50, examine he Second term .

apba €myg.

dn "mfnng = "4 "minng ) now et j:n) ne=k

= -~ a;t : hich is e " the above sice
aJ b EJLQ" w So-t‘r:a.'hoqsa:#_),l 1S i:’h(d. '
= —4mbn Emng lethag 1= k2p -
So,we see that g v J
Ambn Emng = QrbmEmng =2 Amby Emng

SN 2 mo('f“‘f
(277, —#* g
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( Taking JCrivallves ot veclr /‘chfiwys)

e  now  wish 1T consider The  derivallye?d of

n\{) VECTOr funcf/(,,/s whlich Jepcnd 7 a Scalar VG/MWQJ

9., coLeulute fcuf’cf‘afzaﬂ/:,( of he velociTy _y(f/ .
wrth resp@et fo fime (W scalar funcriens
which depend @ pesitwn | €.q., The temporaiure
T(x.y,2) ot spahad  locafin  (xyi2l and (iiv)
vecltr funchons which depend on posifon |, €.4.,
the elecTric field E ( X,‘;)%) “or  velocTy freid of

QA ‘Hu.d ! (X.y,?) ﬁz.U' ‘005 dlon (K,y}f >

NoTaTNién @ we vl T\,P\cul\{ use the veclte X fo

dengte the posTign  vecTTr IOQCLﬂf)ﬁ~C1 pont

In - space.
7 ,
ﬁ Z, - (X) Y;%) :(X’/XQ;X3)
e o ¢
- fz 5
: // 7‘7} V{Lwe A
| 4 -5 : Mepends o Locall”"

X n space

On@ Can dlSCUSS SCALAR jC]C,d_S CF(_X_) = cp (K.)Xq_)ﬂ) or )\,Uf C)b
q(foslﬁo)'\

me Can  discuss  YECTOR freis 2 QS) =, (X%2,%) € + & (X% ¢

/-_/‘P"

- + Gz (K )%,43) €

each c{'a‘:/zt = 3 M2y =3

conpenenrs e veefer d 0
- - 7

depends M |acangn o space. =2 somefimes one €€ Hu ,;/zn g

—~

& and  one  Can discuss vecTr fleis of a 51/7(6 yanuble ) €y b (£).
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j’ p'H@’él’)ﬂ&,ﬂon "‘f vCCfUG ~ Jcarntes,ar vase e lors,
/ censranr /{/7/4717 (=1) an/
i Suppee =4t = 4t g Cers ranr dieciron,
d} b= - 5 yeciors aie cdnsiasr
dt VCCﬂ’f) d §/. _:O‘
at
b. Bx{ the  producl  ruc
- o 1a | b
dlq&%b&)J: L:‘g fﬁ‘dﬁ
dr - dt gt

-

. Exencise © Evdd d
4 XL valur bl L ¢(t) q Ur)J g

We will now  Wsider  spatal  dervalves o scalan ganciions | eg.,
) (XY ) 2 e 0 b(x,
2.t ,;; ) or 2 Blxy)

4. Gradent operafer Kreysig S 8,845 Grecntery $ 93 ; fhkebrani 56
A Let ®(X)  be o Scalon fuscnon which varies with posiTen x y & in Space.

e rofe of vavanlien cf ¢ the x- dwection s = '-%?;L , in The

Y-dwecﬂm 19 99-’9? yand 1n the E-ditecion s =9 o .
T)" ol 22 -"D‘xs
b. We nfroduce the vector
= & P55
Cdﬂ(d the "
comma
9fdd|mfcf"f’) T(nmf,o,,t,,f a €, S The wlyvajiee Actahen Yo indicaft
YITh  resoccr 10 K[ dif ferentuapion
' respect to K
radienr = - e L,e 2 -e D
gcpemtbr = S, T Trem T Srasy O Qv’"
- - s (Chemal A=
4w = hm Qlt8E)-ad =8ttty Cchgrmatic atprel
-~ 10 At Q&) of e deriaime
2 a (++4t)



/344
Fou/ HMose whe  uw  nTenes €d wn A4 N :},@;,mmc
T €vgreﬁmdi o A 3rad(cmr cpendder -
| ‘ X )= dlxy, 2l
Censder & = g

Sc&iﬂ/‘l f‘uncﬂch of pcsmc‘n @ (

=)

- . ‘ , . o .
J_maamz drawmﬁ TWu SM‘]CZIC(:'\S Lno space (abeled 4 and >,
e ofhey

S
whene CP = C, = consfant atimg 3/ and gf =C = Constant 4@7-2

¥ An &xagamad'cd vew of Wb sufces mmf whuh O(X) ;cous)‘a/ﬂ‘u

Cleany,
(S/acwj ! or distance

aLg 61‘%01 ‘ff
of ¢ wih /25/607‘ fo changes #
Spaﬂﬂl Location Wil depend o +he  direchion  in whwh 1R CW/.S’MC@

: Cons ien +the  fweo M(Mb\’ Pomﬁ Qaloel{zd M and N-
_ You showld ﬂiﬂoﬂmi’f and  agpreciafc that since The

sewecn e W sufucso charges ot diffenent focatiuis L
? the swfaces, then the  rat ~ofchange

Now, for small (infinresimal) c haage, coms#ucfarz%f‘f_f@ﬁ& abaut”
the Poz/ﬁ' 3
T
M 1/), A -

A g = BO) + gy

N y s

(g = g -pm) = dx-LE] W I¢= S =
w ang d& - %, d/://.

Jc/‘anyc P Green JzJﬂa{mw /J.
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5. Ine aqectimal dervalive and he  yragiear <perarr

a,Sa,;po.«,e YU Jie nfewdled Lo Some  Scalur  funcitint - posihn
P(X) wheen may descube  the  Tempeadiic disTriewnion
(‘- a compoend n youn Steeo or compurer. Ihe change .
wn Kmperadue iy am displaced by a small amod
ax  ( fa AYPRTUd and secton) 15 given by the
Cdirechivnal  derivadine’)

b. Prelimaay i Cosior a path er cuve, o Space. Measure ot
(2,&0)? ht e by S, whten w e MW

(di'd!, = ’dﬂlzdx,ttdx:'ﬂ;b:dS'

/L, Corsider a small desplacement 0%
whene /o’z / = (s

( dis rance wa,lo? /mni )

= The unif fangent vector T in the dicechon
of  dx B fo 036 _ o dxie

- ds ' ds

C. AS\L how 4? VYA€ O.‘.DY\.& "(hﬂ. WVQ?;» C_g = ?

Use the Chawn-rule
d f dxz . dX = dx. .
%qb(xns)) i % 2 %'75":%_
/Doﬂﬁd?l' \J

“— direchivnal derrvalive
of ¢ i the t-direchion.

Excidse = Shaw  #sing index Netall
that +.¥¢= t; 2P

X}

[Lwﬁ P . (i32)

d. Now censider a Sunfuce aleny wh
P (X) = constaat, |

Now ao ¢= comtant on ths surface fﬁcw;face,

L then' deso for ary dispbkement alow A
mm'/p"‘hdml Then, Mrom (132) t-¥¢ =0 for movemerry ua? o
df_Z‘P / or Fangent fo The suyace. It necessauly foilbws that t. 1 7 ¢ o 7.0




B 6. D:verch_ncc of g vechr field = Y- o divf ]
a..: 'r'upiy_v;bm,mi‘z Mma_m ‘Mndard__wcae.
- Vf = e 2 i ,7[ S/ = & Df;‘ - fe - °= usig_th
-~ ’jvg_ﬂ\w' DX,’_A/_> L J / e - J_ 2% 'peru
e e S R ! A rale
_ - & 2 ‘omma nitofisn ; A -
- TS, somehmes U0V 5iace e €]
— /\____,\\7)7&‘ ; [ﬂf(#lf veciors wh
- £ 122) [ = b_p‘ |, 3{:' B-":z 3‘)(’ \ . o nct Yaay wth
- U R j = — + ) - posrhon n spaceS
_ ~— WA Xy %z "”‘5 >7) CY——————
b NOTE:  yow that You have qone %rcuak ths , make yowy [ife eavien,
U The g, are_consmrt sectors Sith respect f afferenfiation so
I ..,M__hﬁow t s o fo  simply wate = 3
. S s~ of o ) sa”%€ 100G
-+ _=.____§1_-3:.;-.. @;J/ i =T X,
_ - o _3{ — o — w k’ vTK o —. v ®
=P Ako whEnEWs YOO se€ a4 term T "Zon TyyevTMOv KO TR
_ I _'Cu%n__idmtﬁ}f__uag__mmx nofnfien, ° et ®(x) e a scalan field
o (i) use preduct rale

< ) e:j are_Constant vectors

(i) +he 1an€r proaocr )

[ =, =] 0 _[of] soly_operaes o Ve,
__________ J/ Ry 0/ nst the scalon (Omponerts
- Yl i A SR Ml

J %y I X[ /
= b £ 4 6 o _ [N4)-F + & V-
I 2% J = '/ -~ ~
o v il
o (,,‘._/——/*/‘A_—\/\
= v (b%) = I¢]-f + & V- == JNeTCE ,
e ~ ~ @49 {, 1,,- £ e

Exercise Evaluate O Y- (g b)
@ ¥ (a-p)
wheae Aty  and b (XY aae vector funchonc of nnciien



12T,

7 Cunt of a vectwr ﬁ’6!d= Y“JC or  semchimes cwzéf

~

a. Let us fist calewdake using sfandaid ideas

As before, 17 —‘ej e
y/\.ﬁ = & 2 N (’6 %’) T conspant vecros . Also_the
-~ K] cud (N operafun only éfchr vecls

_— = . /\.e_. - _J.__ se teemiom e Sme e e a— s = ez B —

T NGTE: SomefimeT Yo Wbl —
C - g~ that—people—wntt

25 N,
i Q ) (—Vﬂ_{)k = eka-_ -3¥‘.—_
= | h
(s In etfect, Wik N 1 ndicates— the K=
OWT what Egh 5 TEPrBL ) __ component of the
} vecér yif,

b.  Ako, since €ijw = Buij W may wrie

o | af = e X oe
- “OX¢

c. Alternafively, lets sumply Show +hat egn (135) agrees
with what Yo hawe seen i your easlin vectsr calauduo courseo,

.__ Since, .
B J A f = {\eﬁ- A e;) ‘}I__L and Suing Yhe Summaghon  coavertion
) Y DX huo been aasumed and e vatiable
- H .'-’\) a‘n_wc_e ;e mudt- _Sum
A;A /= /—)3) 1= ' *5. &
1 R A
v-f = (e/g) N, ere M e ae s e AQW
. — 7’ J i! j—bx‘ N —,I‘%__; Y_\é - ‘5..}. - = -?Ti
- ] — —
-3 = ~€3

o X2 X3 ) Xy X, | \ %z =22
®  TEE e |

—— s > l which s probably how Yoo

) B Ry DKo X3 previcusly saw it mgraepfed.

A4 T =
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8. Two exam pIes

4. fn mportant \denTThjf Evaduae Y *Yok)

Using index nofafign we have - I
. -
evg s a3 (5 %) - e

= e - e
B Y A o T 3 S A M T 2L

T - S - -

i{ — ke - R
S XK

Neat, notwe that by using the mdcces—/m‘mc/zaﬂyz prwfy
of € we may wrie

2 . g TR g vh o
YALe = i oxoxy S T EJ““SXTWS&— i\ DX OK;
M .
J : reiabel dummy vauables: VI
BY CO?npa/]mg +e fint and wa\ Jj>i
i = rovided '3250 > |
. | €1 wbx.(, = moaxe = O (e o ?53&) ;
Exeacse’

A5 qAQ=0 then
"G -a.%b‘)&_& 9

w‘ ’“’3"‘“
You 5

A ws

4> = Q for ay twice ¥ drfferentable |
scadan  function 55(.’.0,_,_

. s‘f'aﬂ{- D ma{rbe
- con 2 .
, = F T (2D R
i n P
= _ 2D . [AA\‘: Al ; I i bolQ'b \ Enp &7
=X VY "R e A
, — ; — 4
_—_ = “~4 ¢ N\ o - 2 La-l \ o '/-_> 9“_‘, = t‘/'[.‘k-
=(&-e) = U8 TR = 2 T %] et il
S T ) i
B _: —é_l[
o =(24 Ve b, ¥ BB £ .- 4
_ > Y = CA
\ Y
TV (arh T = PN Ege b = 5w Eie g = (VA o (TR A
! -_*_V____CQ__- _b_ — Sy bu 7‘:. é'k'.:% i (\_Y 5)“ o= }J'J

Or  n \NECDF nohxﬂai.‘
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9 A me nager e cf W;(‘ad calcylations

a. In man Prcblems a  scalar or vecTur fuac tin , P(x) o F(x) say,
depends o posifion X . )
let x = posifion  yectrr

2 . 2
(et r~= 2%2-x = x: denote  distance From the origin.

- |
x3 f‘:llf
X
b. What s vz ? >
—~ X
2 _ el o2 or '
>~ =€e:-2 7 =B IF ==
Y =) X J : Xy 6)
L_!' . R ?
What (s ths ¢
: - . ddress
‘..cormnue_ (noa memort, bwt fiest fefs :aan'-t +he 9ues17ux,
whal s Vr 0" 1A (ompmest faem 20 I @
=X °
C. Sinx r= \1711”21'2‘2' '=\1x.‘+x~}+€ We  see that
or - X X,
s =t - X ©smlaly ¥ s X o 2%
T N A A
r - X Vr ~e 20 - &Xj 2
and so 2%, c or Yr SR J_(: =
. Xy X
o /2—: = FJ ) }Y’ =
J 36c) " (13es)
Alteraatvely, we  may nfe  thar 2= XX )
S'D'mtus (b/bX' 81\/65 [
’ 2r (?I = 1 (,xlxt = foblll = 2 X
_ % R X '3 J
-~ hh
f,.-' ® ') W
g - % = _)SJ (note the simplicdy of +he
Ul ‘ M c idex nefahon  calculatfion.
€d..ond s6 new we refwin v ) B ser Hhot Vr*: %2"'_)S = 2X
3 - r N
£ . &l ¥ = Ay f ] ro_ P S PN S use chawnr.
€ Evaluke Y (ze) /@/}_)e + 1-¥e =3¢"+ X153, e F resdt ak
_ y or 2 C X, K r - r
=3e’e X g e setr Ahe = B.r)e,

T Exercise: tvelugle TAX,
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D. In+e3m\ Theovems %

|. DIYERGENCE

CLOEENS 25 ~=>TH~§OREM ( also, sometimes referred 1o as Gy
(LRE HE Greens or Ostrogradsiy's Theorer,
= This theoren relates infegrals over yolumes v

mieqgrals over the bo«zadlr}q surfacess) .

0. The Diverqence Theorem states “hat
vector funchm f(&)

%fyer; a continy
| wWith  Corfpveus
derivafives,  then

rst Pa/ma/
D\YEQCJENCE@)@

T EoREn f v-f dv=f_n-f s By

yolume = Vv mdﬁ:ﬁ;_? S
surfuces I
thfz

N 15 the unif outward nomal
from V

b. You may msh o read & recall dhe Pfoo‘f of the wores
ven 1o Math 21, We will provde a  proof Por the fnz
dtmmslmad Sl'NCth.

C. E?n 37, wrdlea out m 30, 5

[ 2 D)o« fgnhonh) o
V

S
or  usiay indexk  nofafion

A gV - fﬂ,‘ﬁ“ dS

V S

G When wrm.uj thy thecrem w vecter fam, it s usehd to
n o on W lﬁﬂ The

gt inte the habit o weohag
fo "’w hﬂbhmc

trder Wil be h}(c/fwﬁ' nheq we appy the Divergaw Thgrx’m
@ I+ 15 Cmmen fo sec # velum /.7)‘<qu ndeakd o5 ﬂ'L a Hhc  Swifice ,/]f'(jm[
h’

s ‘gs o Lowil Arays  yye —f‘u. .S,/r.,a".‘) nefafivr  shewa 7 cygn (/56) and C‘/(Q:}/
tndicak” Vilome or SkMa Inteemfren with U AV ar S ds re,/:ec}‘/rf//,



Sy

(__7_.12) I4.
2. PUma/z VefSIb_)_i_{ Of "Hl.( Dner\iencc 7-/)(’0/?/)7 ((C/?iﬂ?(,‘)? ° discus)
e Hee «7 n?/?t'du(ﬂ-’}’
velrtr calidud C<uriea,
2, (onsider some areaw A i The plase  bounded by @ carve C.
The D‘yezgqm,c Theprem (e(w 13) 6 now
(%) [9-%an = § ot
g C v byl oy
b. YOu, /749‘6 Proba.b‘y secn  the Dlyerﬂen(c 7/7(0,f/71 7 Qq
Scmewhat  diffoent  Torm,
Let n and 1 deénote the wunt outward nhomal and hnymf
véctors  ale +he bounday € (e sketrh) .
Let  dx  indicak o small displaccment alongﬁlc bomdau/ (dS ]dx
dx
Smce t = = = T ds = dx, & + dx, €,
Ase, as n-1 =0, Fhe
n= dxle‘ -'d_x} €, - A ds = dx, §, - GA 5,
B ds  ds N
C. I we

Sumply  expand  egn (1362 Then

[(%- %) - fol o Yo ho)

which s a cmmon egn Fo  see,

Mk’na,.“?vdy) 'f wc l€f’ ](; (xl)xz_ ): /Y(x,)xz)
7[1 ( X, X2) = m("u x2)  theq
ax, dx, = qx t/y

[EBm) T - bana) o

aﬁcoﬁ akc Cc???o;ﬂié/ Q410 10 /nf)cdv'cfcly vecre (ZL/U‘ZU

Lovvseo,

Hhen  4< may unk



wiph 1O °“"7 42
d. Preof he Dlyc:ymc Theevem vn 2D nfeg A #.

@A result we will ngeg: f 99 (xy) dx = Jlsy) - gy
X = g OX

b, (onsides f (b{ ) dx dy
JH

L€+ The feg A tt Such that an)/ Velflcdf lure or hol’azcn‘fl! fmé
ntersects bmmdd,]y CQ in at Mot e points  (see shefeh)

»;dcnhfy )cunLTlMs Xely), Xa ty)
which  desaube +h Lbundm, Wty
y-dercion @ Davesed fam ¢ + d,

= Smdatly, Yo (r), Yy (x) descuke.

Hi boonda, ao the x-direhei CI— —
15 braversed " from a4 t b,

C Thiﬂ X, )) Yy (x)

[ s s [ ’

Fe X=Xy )n a y:yW

//f(h,Y) fx(xz,y)]dy /[{(x,y,, )[y(x/)’()/ y

fo/ﬂr °f‘f
l’(uf/a?ﬂm

d
/fx(*»‘wrﬂ;f/f (hor) hy)dy /fy(‘w 9 /7( b )d
y».c
y=a X=b

= f £, (xy) d) ~ é {Y(x,y) d}

¢ ¢
O 25 S M g;(,g @y - 4 dx) <0 ] g
— A C C
RZm(ul: -’.Ei (s .)rrwy Y -
Exie. W "A“'m it k)“! 'hib”. d( k Cqr v ; ] P21 Cle v "c..
Qr - b7 & bdivadi 7“_,‘“ rey. M\’!‘h " neres  yn .;;77 r d:ﬂc (ks Cloch nis€ /t/( Y/
Sredar Agins Jenlar fo T fyil “d N = { //J, = /s )




[43.

Note: I;{L AR +e/m,bl'y.u5eful o \q:h‘em h memcrize al/
d/f’&/wnf YErJ/omy 7 Whlcf) ¢ D/ny&/(e f/zeoreﬂ
/77(1}/ be writlen, ﬂd’im .Qmpéf SUmem bea

Vfav = [n.f i _ _ |
,é‘ﬁ gfﬂ-dS 20 A[deﬂ~£n'{df w2

and recognige that with a [ty
, ba & : '
most  jatermediaic Formules, wﬁ( %meﬁ}' . o

o planar veuen of Shites' Theerem

Recall €94| G}G() o e hotfam of Fa /41.

Loty he  scala funchon NOy,) and 6
¢ X2/ @ /’(1) 1) uth .
Jl , (ﬂhpmmb cf a  wrfor aCCCrdg)I; fo ki ﬁ*

g (l) =q, (X,)!:.) g(- t G(X,\X) €, =

-

MxoX%) e + Nix,x/ e,
Thin, ﬁm 136) we e

4 _ ’BG, =
f <D‘677‘*1 ?Xz) dA f 0, dl’ *% dxz
A

C

which W

mfuf xpis :n g Slmfle ’t‘”’” uau?' wch- nclabon

Planas version of Shie Theorem,

we'|l (e baye o The i~ @ 4{«’ /470



. | ‘ /94,
3. Somc thevrens ,or enfite which follow dzrecﬁ/ Trom +he

)
Di vergence Theorem |

Begin with Y:f v = Q':f dS @»)

¥ ) [#4

or YLM may wish b Write J::?i' dv = J‘n;)(; dS
v o S

—> In +he Cadculahon preseged belaw Z will work n vecro-
netmhion. Yeo may wish 1nsfzad o wene 4 ndex nefativn,

6 Let 1= ¢ b wha ¢-00) an brs ar wibhay COTAAT ve

Subshhue yte Qr),
Sce b= contand vecto, Y-(¢L)= b.Y¢
So, we auue af

whre b can be tates

ahid  of he lnfeg rals becai

it v a CONsSTAMT vectrr,
3

(/4-0 ) whech  yox may hi
* g b as e
(Dm'nycna’ Thewrea, for
Scalar fnchoo,
¢ The formul aagument fo ge fom (%) & () Qo like Yhe:
&qmuuaz @) o

el | A - ke e
wn Hhis (U rse, Um) b [ Jv Yo df fsg ¢d3] Y Sm E%jz nkga?ﬂ&i?y al vectr.

Remembea é has bech Quovmed fo be an a/;b/ﬁzuy cnsfand Vectp-

The from (4) we mwt ¢tr hage

) =0 bt b v aobtoy s () § @) qunmy b ,(-m;.‘:if
h bb.lj = Thefos L]0 / %’%
(\\\\) b ‘

-~ s = b? = c_:‘;n‘jb a
- /_Ysb aV-/a¢d5 o b _‘;‘.Q, 5f
% S nter¥ 5
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d. Another theor el
{3 Oﬁfamcd ;h /eﬁi;‘/ W 7%5'71 Yhe DIVU}COCt /Zeo,em

Iy R
Then since v f Y (Vﬁ) g 2 ("J _.?) o ’%zfz
XK N T /!

2
= ___b“‘¢“'_‘22¢*’b¢'—"b¢ i
WK, xR awr _ﬁcg’__f
D B L e A~
e 4e LAPLACIAr

e 9ra¢]l , O‘F ¢ Vv ﬁl—c
on dzrecﬂax of +he
unrt- nermad n
(ie, directronal ™
der/vafivc a-lm‘j /I}

4, GREEN'S T HEORES ( Hildebrany ) P 30/-2 Kr‘/"'? }9.6)

d, ng with  the D/Vcrgen(,c Theore¢ and /ef — ‘1/ VP,
Tha; | I -

/‘W) w2 (Ve ) o /( ;J

fw I Ry z:fJ "«
v ' -

[w n- v¢ S = f W-Ip+y qubj v ‘;16754‘22
5 ”7%,7 v C‘Q) o Greens 1%

Icfenﬁﬁ/
L, in4£rcﬁanye W @ e abowe €4n then susTradt frum the €y | ST denived,

/f(w 21 43 w) d> = WVL‘# @ Vlw) dv Green's

2% Form

o
‘43} é’r(r‘(n'g Secc.c
Exo cisC ° denwe Tho €44 Zden ity




An m‘kéﬂzshhg aside = \We will mMn 1o thio idea whea 2
Stvdy pdes - Just skin for now.

C, Green's Theorems are OT11% o P"“‘“’S
Seme very Scnercbt res udts ., S
For example, beam wrth  Green's fint fbfm’“ /87‘_’!/__:@

[42 4s = j[ 94 -9¢- wv%—}—d\/————»--
m =
b opde

Voo val

_— Now suppose you. wish t solye V¢ =0 CLaglace's egn)
== iV fbe'edYb 4he b ' _ .

What 15 ¢(xy. for XEVT

Well y we are given P=0 on the boundam{ S So ¢=O
e % e S0

Furthermore, Siice V¢ =0 n Y +he eq,n, above. redices o

[[ge-x8] & =0 "::

\ .
But e \nfasrand Yo- YCL v the sum of S_q,ua/wa ,00_

5 alwag posthué . For fhe ntegal. t vanish_w_must

COnu%uznﬁy W 24) ij) =0 ev!/n,thertv Ln V—"_’

% y_¢ < D) R CP doean 't Vany with gpaj)q! Posrﬁb"‘\ L;\—
= 93 = constant (n V
But P =0 o O ad S0 4‘/72"21’3)1 52( =0 ﬂmujéou?‘ i

79/_-



5 A further generalizahen of Hhe Dnvergevcc Theorem s /

A We begun by sTating the Divergence Theo,en, j
where S represents e clo v

Vfd\/ fnfds
.

. *d surface
Cnclesing +he volume V' and n s wa
Mo rmal “frmy  +he volume., e unt. ot -

We then proved a furn suli:able far scalqrz ﬁ;ZEmJ

\frw v =:£g¢d5 _f.;‘:;;@_,, i,

or U)’mj 0K nofation N

e ———— e

(B e [mdes o -
V = ‘

I 1w ' ' ——
wf coe vic‘:::rs e eg_ua.l Her cor/espondmy com/pnarb a,g ew}s‘)

(%) 7%?‘; & §n ¢ 45 for 05,2 0 3,

| o S
C b e —————
5 w
Q no

Construd a furm weful for when the C.msne """ vet_appenrs,
for exomple | consider m'teyals of +he ’&rm..

It s S'mf"“t o work 1n index nefah
o, Nohee +h
Banialy e 1, T f e i e e, e
! (4
vector ;ef\:m‘fd “BRER by comee 5 each C%poncnf of +he

So uSmy mdex notation

f Vm{ vV = L/ ?rfx’ €ji & dV = S\Eﬁ‘ d\/ ‘E_‘i:

Y b Bl N
e T hese o gust
T fe h { Coﬂﬁuﬁerumma
Bu each koand | we kngo Hut L et s i eted 5.
i} : Ha achvally represents
‘}( ’%J aVv jnJ fi b) Svum of lzs of 401015)

L vt words —ﬁy <ath K, =
) st S M E use €gn 8 and et fu =@

: VY s E ,( TP E g
% Hen(e/

vfy“fdv ]ff%‘: " f Ad G = farf s (144

o o



C. Nofwe | that we can convenientt Summapie
the abwc vesutts concermn9 The —bgvef’?cncg waﬁ,d;, :
Follows * - -

where & s any W 5 362747;21?0@(9 —
and + IS an}/ Opefaﬁon. ( scalgr p’oa’ocf‘
Yector product or 4. simple 9radlcnf openaﬁm ]““_‘ ‘

that malzej Sense T

JEXAMPLES : o ———-
@ let 8= constont vech [ 2-g ds f g dV =0
= | Vv _-_,41‘:_9? Cor
) . | T e

' Balia f -@4f) és e
By +he ~:>.W9m¢ Theorem, T
(2 197) &5 = (3 SUTY R T e R
= -V O*f—or any. fwice wﬂ?nums/)l

l differ nchiov:
(&) Eveluate f n.v r=48 ethiable  vech Sunchon
S | .
ling indey ndkhen;  p.Y (=g () + «..%;(r‘) =20 3= 2K/

So ‘ or - X{ , 139
’ fﬂ,Yr‘a'S =;”/'3’&k;("‘) dS e e /r (s /

S
— § i - Bx‘_ 7%( ’DVZ( &7
—fzxi,x,a’S—zf dVéy g
) == f N = VD’vrnC F demqin ¢ g
/// I T V_/'f-’ # /
& dsfl_y_r__.df’ b, where N2 volume o doi .| Bounded




C.

Notwe | thad we (an conveniently summapieg w
+he qbwc yeswis concermng the —D¥V€f’ cnoqtﬂ ue:‘;,fildz B
fpllows * Y o

where @ s any gaaﬂﬁ‘f}/)kc‘cf/ar o

veelvr,

and + s CM}/ Opefa,ﬁon ( scalar prodoc;‘
Vechor  product or 4 simple yrad:cn/' ope/,aﬁm)‘“""

that n?akQS Sense

d. EXAMPLES : ————
() let 4= constart vechr /'7 ‘9 dS fy“—‘dv =0
S . _V_ o a~vccz.;§m
P
By the "Js>.v¢r9¢ncc Theorem, —__—___:_j_:___:_‘
(n- (Yf*f) ds g”v (wf)d\/ -_@ .

(i) Evauate f n-g (*4s

S N

O—‘.__ ] an\/ twice Mnum&
 differorhiable  vectr Sunchow

1.

—

(15103 Inde y, ne&n;hhlp n _f),,%.- r"') ..,. 2 (,) 2, %’_’:L = 22X/

So
S

./J(S—
=2 &

f _/f" V= wlume of dcmm/gzt
where N2 volume oF doi e, Soundcd bY‘ I

'e Br = Xi 139
’ fﬁhzr’—ds :A!@-ﬁ;(,x) dS Snce 2= (pg )

=f2 7 xdS = zf%ﬁ{ dV by the Divergeme




B | | /
O | | |
’ '. €, For -those of YOU wito  would Like MAre exerc S¢S ¥ Show

@ [ gyt as =0

e Constanf~ Vec”hr aﬂc/

X 5 Posmcn vecter
+ Ve P?‘ o  the Surfaa
"“M

There 15 -
6. - MOn‘cs ﬁr,;”-qj #:’(orfinfe om‘t' Concernn %H;c Divero ncc Theorc,

You muot include all of Fhes ’”3 5urfuc<s,

L other words J -4 :f £ ds_-____’ff:,,,‘, |
vV S -
So ) d Vs s Shown 6e/ow : o T

N
\3
-h
Q_
(VY

1l
Sy

g7.f o5
S -5/f52f53f54

And  pneticc how  Oh eackh Surface ) L porsts oLty
f}o«n V



% 3
This allows ge €Xpress an integryf ardvad a ~
Closed curve as an iire

) 7.

Stokes' Theorem. ~

rad cver +h aréa  having the
curv as a bounoa.r\,. J Vi
4. 4ef C be a closed CUrNe  and Let S be 4 surface 45
wWhith  has C as o bouadia edgc,
(:majmc a  ‘haf-sh ’ surface)
let

Nz Ut normal & S with direchion
giwen byfher.gm-hand ruk — as you cwl

your hand in the dirccfial |ndicated Abost C)

yow +humb peint n the direction <f 7.

- tl= unt fhﬂﬁznf vechr B C.

Stokes Theorem

Somcfimes /e;/»/c
wride ds = ¢ &

KeCCLu FYQO f‘

Sivcn\}\ Math 2{ (;—de:);hnau’a;k
' o big
J | usm5 ek oo ﬁéﬁt; ds = fn,’i; Eijx d3 (#ﬁ) ’
=%
¢ S

wrm';,g_%,: all ogt

ée(ﬁ-{'};fzt’ ”r’)“} s ‘”",(bﬁ-”& );nl(?’j o )+,,3(z_£_2 ¥, )} S

R Y “_ng)_._m X3 ﬁl LYY Y

. NGTE: This 15 frue for an arbity

Qr\' surface S with C a0 a AXMM] efse

. b¥ik can &c’r’uifly"cohsm;ashipkf proof U9 resulls devded So fat
S 3

. s b dengte arclencth of _the
—_— 602741;14 Curve C, . ..3_-_*‘,..__ m‘s -
Lot e Kot 7zt (om)
So; considcrm9 “+he ‘F, term : ' = ‘
§7(/'{, ds = 3‘; {dx/ =é ?(x,{x,))xz(xﬁ) a’x,
9 = Ct . c’ <«
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