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F- ¥, CALCULUS OF YECTORS, DYADICS ¥ TENSORS

A. Intreduction & Reyrew

)‘ [ Inthis secnan we will review  Some e/c,ne,,/a.,/ leas
gt of vectr calculus which yoy have Scer n eadlicr
muth, physus and mechanws (shitcs or dyaamccs)
covrses , We will then hy fo  derclop 4 mor€
‘User - frieadly’ approach o the stdy of vecRr
f calocwlus and infroduce  Hhe  coacept of feasors
3 Tn wrn we will discuss
e scalen  (or dot o 1nacr) product
o vector (o cross ) proguct
¥ . wdex ncfafien and the svmmafim convenhion
j for makiwg vechr calcudatiens fast ¢ easy
- veehr calcwlws . fakng derivadives of scalar
an] vechtr  foachoms
> gmduenf , divergence , curl
lofs of vector cperaflins and iweahNCs
e TInteurad Thecrems - Divergece and Stokes Theorem,
b Ao, differeat forms of  Green's Theorem , nhich
i will aust ugaws Wi our stdy of pdes.
3 ¢+ Applicatioi of  seme of these deas 1o
derive o diffusion eyn, sty geomefry of cuives (and surfuo) ek
- vector calewls of orﬂtoacr\d cwwilinear
coordinates such as cartesian, cylindread
and Spherccal tocrdinates, as wel as a discusseon
of +the ntal Case whwh leads © such syskems
as oblaic and prolate spherondal wordinates .
. an irtroduction fo tensors and dyadus
o and the answer to +he questin Y What 15« tensor?"

NClE: There are a nvmuch of buks whieh focus en teachuy avat
vectors | fensory und wecfor calcwiss. Sevaini of my fayérite 1o feiconds
fir reeang about 1doas and Crampile K

- F. Cheslen, Vector & Tenser Methed

3 B Schey, Dw, Grod Curl and ai That

T.q. Simmads, A Baef cn Teaser Analysss
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Z  swdas ¥ vectors

. A saler 5 q 9;14/1/7’7 or funchon wwith maﬂlfod( only

€9 mas and tempoafic are cmmin scalaw,

b. A vyectr s characterzed by magnitide and dircctii

(i) The most  commen Cxamples of vechrs are

a force applicd o move a gie, object

(clumy yck must knew both +he maymfw’c of

e "force a vl as b direchon s order

P descube what hapoens fv the cbject) and

tHe veloaly with whih a gwen obrect mowes
(e.s,, 1 yoo cempare duwiag 10 a S('mcsh‘um( at
20mgh  or dm\ma at 2¢ mph M a  Ciradas 'h’ack,
then you readit in order to complctely  Characreue
e mohon i+ 18 nccessany o specify  both é4
the  magqihae cf the vclom)— e, specd = a3

will as dlfu[ao\\}.

@) Vecters are Npically represenfed ?‘me/ with atrous f

(lenyth deabtes magnindd; crien hmmg:t?m

(i) Twe veetos  gre equal f they haye 4 same
masmh.d( and Sum¢  direchon.

o b
/ / conclude a= b
somefime Yhe o called

bparallel Prans pert of vectors '

> Nevertheless, it o5 very impor fant o keep in ind thad
the effef of a given ver  may, 1ndeed offen willy
deed o B Locuhen.

@) NIATIcN: T will hypeally ndicake a veeltr ganh an
Laderfin "]P 'g o b (hilld w? éfL’/ﬂ;c‘/ )}pﬂ)

(Ancthty commen nckhon 15 K we  drris © a2 3 )

“
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tre fad  comment m nifanen: A YMT yECTR by dehnihon hao kn‘ny-i

2 Cartesign Coordinafe System

2. We wﬂ.\ describe a vecfor b)/ grving s companents
relafie P a4 curfesian , or 15,8, Coordinafe sysfen.

b. We will ndiate the base vecfas as (by &Cfvv:c'gr? “:b?“")
' 3

ﬁ"a €= (0,0,1)
ela (0,1,0)
X J or S’T €,:(1,0,0)

i Y yﬂ——»’ %X,

X
Xy
* Whaj y o probubly een "What we wil use®
NE: W will nheatt +he 3 coprdinate divechon
SR TR R 6 whe XX, gy, g2,

C. In orde t desabe a yectr you must give beth +he
Compenents  and the  base ¥eCrnYs ' |

hr exumpi q-= 0;27 dyj t 4k G1)

o we will wnies 4=4¢ + 468 a5

- leagh: 18] Ym
4. SCALat  product (adso called +he DT or 1wnet prbdut.f')
o The scaler prduct of o vectes g aw b i definddas
9 Q-6 = [a/[b] cos 2

whae o) am |B] Gk the Z)/G' .y

kcﬁﬁw Y maﬁmﬁdﬂ, of +he twi vechry,
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(scatan  product camtrued)
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b, The scalar preduct 15 counutrfive and  drSnbdIK.
2-4=4-g and  (2+8)-£ = a-c ¢ b
. a
¢c. Two vefors are Orfhogonal f  a-2=0 Lb

If Q ad b e both nonaw vects (a,b#Q)
ther g-b=0 > @=Tjp and +he twe vectrsr an popendins:.
d. Swce the cartesian uait vectrs i,k Ssahsfy

i4»1, i-jzo, 1:£=0,ek. +hn

Q‘k = q‘ bx 4 ay by h g G;Ez (“6)
= 0O,by t Gy b, + G3 bs v o rew nctation.
Mo, g0 = af + 4 - 4 = J9*

Gﬁ‘) (Sgaeu of 4‘/’:]‘/

5.

VECTOR (e ck055) product of tue wectors

d. The vechr product of 2 vects q and b K defined as
e
/?413 =la| lbl sae e

- b
e w k.
where €

is a wnt veelr in the direcin perpendiculer
tothe plane frmed by 4 an/b a5 gen by the RIGHT-#AND RULE.
b. Frem the defnhom: dnrg =0

(crass product of a vecior with i 0)
Y R N CO R SR
I¢ fllas +hat 1

e g orezi

Aso, [8°b

;o erl=
¢ You mwy gko rememk, wiifng Somthun dike
L "y - (99
gah = detfax & g =i_(415¢“1t!’))*i(“a"x‘“x"e)*l_z (an by~ 2y bx)
by by by

s fabes
“« rar/é»L ,ﬁe '//cq ¢
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Much of the above 15 cumbersume and foraht
We now toduce a conyvearent Sherthand no
szphfy muy manjpulations,

127
Je o wote,
n whh wil

B. ENSTEW wEX NOTATION § THE SummATiaV ConvewTio

sowe of

[ Let us reconsider "the above manpulafions. Frem now on

keep i1 mind ot we an
veefos 1 a three-dimensional
wrte vects wth 3 compaments.

Z. Llabel +he (x\y2) coordinates by (1,2,3).

fyp:c‘d/ having to repreent
werd and so we wili a.lwap

Q, Dencle the  vectr g with (mpeaents Q; and base vecres €
whew e subsunpt may tikc cn +he 3 valyeo (1,2 o 3.

We wnk

3
W  8=0,g+a,8 v0e =) a; ¢
R

Q:_e_.-

m

(=a;g

td
:ufﬁﬁ”&ﬂ :)méc/

b. From now on we will net wudlly wrte the summation symbol.

) ) Tastead we will nvoke the SVMTION ConvyEnTioy -
an',%ﬂ if an index (i) appews TWICE \n an expression, .
then we will knew that we should /c’ffbm a  Summalhn

with =42 and 3.
Thas, #he veerer 4 & erpresed o5 g =
¥ Ths ik of implied summatin vihen

an vdex agpeass TWKE  muor be Cleun
vy mia) befure Y move on,

}N

1
dvmmy sunmakn
index;, twe Sides

Meda,
T

¢. This  netahen s.mply alas W ® pocced withaw

wa.‘ma'. artund  the Svamation I}lmbc[.
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) 3. inngy prduct of  basc yeches gad the Krenegier delfa Syméu{

d, e previowsly  saw that i'_i=1,j-j=1,_i_.j=o)£.g=o,cfc

or i terms of 4he (4,2,3) nrofufich we may wrike

e
e N % TR Y ) €320, §-520 e,
1 %, .

& b Trs, we s that
@ e. _J = | if i=] CMTLM
= . HP B £
' © i ‘*J :au vecforx
whnz

‘andJ may b o any of the valueo 42 0r3.
¥ a4 nenent sherthan) nofation

| I—

) ¢, Kronecker deltn 6\”
| ~ 9
let us dehne he Symbbol 5iJ‘ as
@2 S‘J -{ 0 “’{ whewe  1=0,2,3
i L= j=123

3
Jh = dabi = ah Cabranin)

] _ .j:‘ l‘." wm we M
[—————1 Fjer inveked Hha
e¢ =/ 4 iy svnmchih Weaficn
=0 4f 144

NTE: 16 th send sem, 25 we have uxd e dummy

Jimmghn .nJg, ] ;{c as nof fo cenfuse Cﬂnﬁw mf‘
th fost sum Uhhb'? i w q Somaainn  1xlex




) b. Usc the i

9
Sherthand an) the summutin conyeatn Mﬁjﬁm 4
g .b, = 0, Q, 7’ él % = 4/»{/ (g;.%) -:4"4/@ = @'é/'
recior operfun; 4 ! rend #e
ok ack o yeckrs an du&%rq
Not Ma Cempanents, i a: bj‘r'j
¢

“rpuemot cpeter !
C. 'E‘YMZ:'PPFTA‘JT: We ax Wiy the Semnafiin tnienha B recconag
“hmoer we s a4 Fepated 10 (e, %€, o ¢4)
‘e ’hfao.an 172pled 3um  mpk the  inder ;‘auf, he valucr §2and3
_ Ths, it i impesRat fo use different svmmahon labelo when
’ &wnnug opahenss For .ewyé, .
PRV

Y o ddfont sunmatn nder]
NEYEK WETE a:¢. - he;
vhih g cchﬁuu?.

d A fv remays

(i) 8“ = 6“ 1 61:. + 633 s 3 whete we hq '
W died Muumdu'.
(ﬁ) &J t oW r({ldccncd' o)'(/laf&, < Ji"CJ' = C"

@) Somctmes pequle on sy,

i.€) inskad of ¢ ,Zq,

Wl o net wak M unt ety
Whih y® can

&), occaan

rec : i yw sa wrifer =4,
Ceogn@ since an dex Will' g o8, onf orce{ Free indes’)
Wheneves ;mﬁm)/' Veelor  cpenufooy A b4
'.) of the uat v?cfzn. o £ il AR ke pack
') (v) Example:
(Q‘L’)S: a;b; ¢ = a/by ¢ gj and v ”’y” cad/
(444 ° 4 g Cnponear

oF f& VCCfof.
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* ¥~ % §
s syméel wili be weh
e whenever vectr product drise
3., Permoda‘hovi Symbol E.'J'K =23 SULERR TR
2. D efnitien £ - tlor -4 f i:j)‘ e all di.fferest
- L 'J‘. 0 _F an/ o _braices are the same ( 54)
N pa'rfTuLZ_ S .:f_"-'.;'___—“:l--; _
| 158) " & —..'= + o f ff ik &e an EVEN | cr/md’(dwc of/2,3 T
( . .-_1.,._ , _‘i}) _ C ',P/A’m ” cyd:c order)”
. B sf E,n*/ 5:..;/ "I ———. .
. Uli) é‘:/:_._-'-/ if | L,Ju;, ane an o p_crmdmﬁ o{tl,i,? X
T TRt fhaaeei ey ey

e NVAES even anmq» W man ot g evey # of mierchanges of He
. ___\_744::& M otevr b b the order (23 Yo o
e dm.tpgm mdnm’ of odd Pamufatux,.. ,

S———— T &ﬁm‘bm _hao the R llowns clélté ud:im‘zrdmng_c property : i 2
Compane miK = k Preverly
‘-b‘( “ ‘ Q- 'J‘ - E‘t. = e (’zel)
€. g}_"w <) <

e~ — — and of  twp_ 1dice are rmply mferdmngcd,

the J’ljn changu .
(12h)_° Eije = - €icj o E_i"n =€y _

e Abo, s10i iy v can each indegndents tuke on +he valug, (1.3
w4 Mo _m&m . the valug (2,3
__::‘? _f:r_mrmt_._ﬁ_.wnﬁta.__-- e

- z nzfer_mj_-xo Hhe f\sw. ot r-yﬁ ﬁ
evgr’ sagz = ¢ 53 - EusB,
________ - T ——

wgm\wz

_an_ effcdm Shorthand nofthay for re reseafs
The vechwr preduct presea J
let é——: g«_lg ; wite g-;qig'. s _A:éj:d
- =4 ¢ 4 b,

aw)

3 Sj =aiby (e0)
“b =a'5' Eiju S\

wth €= Ce g s ™ hawe Ce = a; b €;. whih represents 3
Ver: s ) F J Qs for k211 a2
r_——:XE£ClS:€" erﬁ' ot /‘sd.:.. 11 agreement ——

o
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€. triple scalay product < g+ (bag)
A we are careful b use different dummy indices fir each wctor so
4- /é‘c) = g e
(% €4Cs£.)= ,gf (bct‘uezl-_.-
e _-_-"__‘f—"f‘.’i‘* s €06y . . L -;:l_"_"f__ -
I T y
---:---ehj::‘ 4'.6.6“ - F’J“ 4, (04A)ac --/C'\a/é :_
- w4 . --
S aw e Oy usig cydic property -
Recall abio Jhet égﬁ 'Ertcrasc,-
4 4 4 |

. Convixe yauself that Hhae
= Ei aibig, 0 2 Hemtic Allw
= SRy Index expression,

h
'\
Yo~
[ S
[ a)
S\
[
Q.
!!.
\
g
J.
g

[

mdex repreenfaion of
e 3x3 determmant

S, USCM denfrhe mvolvuy € wmg §

'J Lm can
@) [Eije €un = G0l - 50 g ] “'m":'fz’m:“
.M’Mv:;ﬁd’b brate Bree for cach of ‘“K 8

‘

‘ erther both
sds Vllm?q ,gfn ""J "J or Lim an mferdungd. AlD |, beth

or ism, Then, connider rcmo.mﬂg ferms like’

oy -
E'u €ra's 311/\/?1:7. * &322 4 €y g v g
J"fu 4, |
s " )(}n. = 3o ok,

€z € 2Ep € o -
i 13 5€2 €3 4 €26y . Qn.s*m ‘O’qho d‘lﬁ; =Gy =0 Soo&

- ST ;4
[Exampe 1): ;= - —
Wdl'hrkg M:W— & =4 Enn fmthn bon @'&fld;” :
A S o Empil s e
P i S s &t o gy
~@5j-fi)e =2¢e;

Exorple 23 Shas thd  ga(pag) « b(are) - ¢ (a-p) M

¢rlboc) <oi g2 (bjgincue)gef e Ser 1) <0 4 Euling) -

= Qb :

a kG €y Cimem 9 bce €jui€y, &m = qbjcu (§jmby;- 5‘&")&
- . C - e
—_ Uln i En = Aibi%n g0 <@G) by, ~(ah)cre, - (4<)b - @h)e ¥




ey

. dd,hmnl /32
Some A !xameles of the use_of index yiotahon

First, a brief summary of the importaut ideas

. c.e. - £ [Oo iy _
@ ei-g = & f) N L
) . - t1 ¢, j,k an even viatien of 2,3
s J> pUmifon of h2,3
(W &4 S ° Ejn S . Ejg '[(-/ i)k an odd permutzhom o 1,21,3.

L any two_indices the_same__

@) suemahon _convenhai : whenever & :d:u#_.,#pear:_ﬂ)c;;,.jlr N
a Summahen from (-3 _ s implied. _

(a subsuupt showd never appem more than twice ). o
Exampies 3 - - N

Q) Jl'h 63; '_-'-" &J’ Siace. le 6 oaly ponrern when ek so0 the k
Wi G may be replaced by .

W b =8t b 4 bas =t (4423

nofe > Smee ([ was a dwnmy _
404ch [&' ® J.kg = é'm, C{t‘,

() §ijéfe = £iik =0 sme two of +he ndices are +he taine,

(v) EA,')'n Ezjj = e.'.j"‘ E,,_,j by fiust rofihng He wndices on Ha Zemd £,
Nert, we  “he identrty : E;J'.‘E.J_m = 6y 6—,, - & 6:“
* Eju&enyz i, gy - J'_ij boj = 3 86 < §in » 2 &
. ) ) VS‘ o .

(0 dmba Emng “apbmEnng =2

-> Mmgn a.”.eir“hv'&--l; ?hoh i.u-r:nf-}o" Sanmdn_ls :;urlcd.
Bat, mén an m’lydl;nny '\)Nim'bld.,i.c.,‘ ™ cold Ju;t as. well Qe gnother lefler.

. So, Cxamné. ‘N M —‘ferm-

anbm Emg.
A0 tmEnng = =4y bm €amg j now let j=n mek

- a: b, € which it +he sqme aS +he above sice
J L% Summatieq 0n )k s iM(lld

= = bhchh leth (- 3 -
So,we see that " ¥ SR

Qmbn EIM’ - Qs ém fﬁmﬂ 2 Gmbs fmng

¢ camponest s

VV--_
(9"5)1" a4
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- veeltr )‘imcﬂons)

SCNE YECTCE CALCLLLS ¢ Taking Je rivallves

wish 1T consder The  derivalves  cof

[ We  ncw
) veclvr  fuacticas which Jepeay o A Scalw] vau ok

«9., coLeulute raJC’c/:'chan/:,c cf the velocily !(f/
wrth resp@et to fime (W scalar funclens
which depend o posifwn , €y, +he tempeiure
Tixy,t) ot spohal  lecafin (xy2/ and Cur)
veclor funcfions wnich depend on posifn |, €.9.,
the cleemmic field £ y%) or  velocdy freid

—

Q 'HU.'d v (X.y,?) T chSlﬂdh (K,y,f).

2. Nomafén we  will Typ\cuil\( use the vecftr X fo
dencte the posTign vecfor jocanag a pount

n - space.
o |
? Z(,_' (X>Y'%):(,X")X?-,X3)
e f ¢
1 -7 2 e
— g - - ﬁge\’%sml“ﬁ”n
. de

3 | 4 8! X inspace
One Can discuss  OCALAR fields <f>()_(_) = 4>(x,,h)x3) of )“,f ¢
i q‘foﬂm)'\_
'; e Can  discuss  YECTOR fieus ﬁ (,)S) = 0,(X,,Xz,xs) € + & (% )kX) ¢
cach of +he — + 45 (%%, %) €3

cem(menn of #he veeler 4 (//’/77(’4 Q-0
J

depends > locamgn w space. =7 s omel

" b)),

& Qnd e o dscss veer fiels of a 5;;7(6 yaruble | ey,

mes one See€s i
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3. 2iferennanion o vechurs ~ Jaesian Pase wcclors,
/ Lensyanr /(,,/,,m (=1) an/

i Suppee 4= 4w = Al g ceasanr dicechion.

'Thmﬂ,F d ) da‘(f) since the Ccanfesiun baak
it = gy veCiors ate constadr
dt vectrs, y e =0,
at
b. By the producl rwc
d |- b(+)J =
ar ~

By ra
dt at

g - Eval d |
(. Exewse a4 [P q@) ]

We wil now  Wnsides  spatal  dervalves F  sclur dancians | eg.,
D (X, = 2 b(x,
% CF 7> ) _;3;()(/)‘) er Sx ~(K YI%)

<

4., Gradient operater Kreysig S B8~4; Greenbeny § 9.3 ; fildebrand 5¢.
o Lef @(X)  be o Scalanr fucnon which vanes with Pos.m;\ %4/ I Space.

e rate of vanafien cf ¢ the x- dwection s 2 "%ﬁi- , in The

4 ‘ A
y-direction o .2 and 0 the Eedicecion is o P .
7>‘ orL 22 -‘3—;(3
b. We nfroduce the vector

A = & P

( called the ) o
3rad|mr cf'? T Compoaeat 11 €/ S The wernvafive nctaten To indicalt

YITh  reioccr 10 A/ dif ferentafion
! /'CJPCL*' fo A¢
radienr = - €72 L,e 2 =:-e0
gcpemm» ,-Y T Trox, LY 93 =313 or
E
Cheman
- s thondik 4q4=
doqu = m LLETsE)- g S7A )~y Cchgmatic 1ataprel.
at - 470 At a) of fhe dernae
x a(++4t)
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Fov HMosc whc  aw  nTerested  on A NCre c},ec,mmc'

m’evgvemﬂ&i o A 3rad¢emr cpenader -

Coneder A scadm Fuaclon o pesTion B (% )= pluy, -

! (:
(abelled 4 and 2,
gma oty

Imaﬁmé drawmﬁ Twy sunfaces  on space
_ , s
whane CP = ¢ = congfant  along S/ and P =C = consiant “1”7'%

* An Oxagﬁmad'cd vew of two surices wu, wiuh O(A) :consfarﬂ‘”

| Comsidy e Two neaty pourts fabelled A and N- o Cleady,

you showld ﬂlﬁoﬁmaé and agpreciale  that since  The (S/acmﬁ' or distance
hetween the wo SWLT)W chw?u of dfferent locahons alény erthen of

r +the sufaces , then the fafﬁ‘Of'-chan(yc of ¢ weth /e;/ccr‘ 7 changes »
spanil Locatin Wil depend on e’ dicechidn i whith 1R Change 15

NOW] ﬁy SMU.U (l”f’nr,ts’M> Chaly_(, Co‘hs—naucr a

the POMT m: ¢
| ) . of 2¢ 9
~ & (N)\%_‘ | é(ﬂ) ‘:‘"+ dX, =% /m ¢ a2 -bx,_//), . A .oxs/ﬂ | +
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5. Ine qirectiomal Jerivalive and +he  jradiear <perarr

Q.ougpose  yOU i nfewdled L Some  Scalyr  funclunt o positn
PX)  wheeh may descube  the Tempenaliis  diSTribulion
v & compoent wn your Stereo or compater.  The change -
i Kmpeadue f yu awe  displaced by a small amnd .

dx  (haw magnitude and dvectar) 15 qiven by the
‘direcfional ”jeynvailvc). grer

b. Preliminay i Comwer a path or cwwe, wn Space . Heasuwn auotance ce
0,[0%? e e b}/ S, waen w o re MW

gz whiae dx = €:dXp = € dx, TS dX, « €3UK3

L =i

(dg-q: dxy*=dxtedisraxs =S

Corsider a small d:sﬂ(acemcm‘ fz
wheat /dz / = gs (disrance do}y /:WU

= The unit myan‘ vector T in the divechon

of dx 7® fo GO _ o dxio
~ ds ds
C. Asw how ¢ vaue ai"“‘j the  Eugve S %if:?
Use the chaga-rule®
_dx, dxa Codxs 29 - dXr
désqb(ww ] 33'5?;'* B ?"z - % ’a"s.._d“s'i%_

A /DOSlﬂdh’ \j d .
i WWP‘”“ 2 i’ = ;t\‘ . 2<F “~ direchwmal derivafive
; @2 | gs of ¢ i the t-direchion.
Exciise = Show  dSing index Octafl
= that r.y;s: tl 2¢

X

d. Now consider a Sunpuce a,(cy whu,
P (X} = Constant,

W

Now = ths susface —
then' Sfp-:t %:l»sg»; ‘ii):spb:er::‘:fa___ﬁl_v_y the sui face,
interprefatidn | Then, Trom (132) t-Z¢ =0 for movememn
af-l‘p

/ or angent o the sufece. E# necessasdy f‘b:llcws that t. 1 7¢ o T&-on




(3.

T 6. 5!,;&!9@(6 of a_vechr feld 0 Ve[ o dwfo
Qo Zomply Compute. wn cmodasd_wcae. ]
e = e e g .,,,-,,,,_,,_,A_.,___._\_,_,A ——vf:_?-—;f——t-_}— e Be'
i V9t = e D e = e Fe -Ffe- = uumt
o ~ o~ AT ,DX/_/__, RYARY PR Sx;  produdt
n X
[ 7 rale
— _ £ 2, Amm;nﬂtﬂ_wi A .y
B - W 3 e comeimes < Y since e €
_ P ) fare uact vecters wh
. [ - f, 2f A \ ny o ngt vaay. wth
————G’%}—‘ = t z 3 -
- = i = — ¢ t 7 Dosrtwh m jpace
VA X, LY LE) I
- N
b_N?riE _Now Yhat_you hawe qone thowh the , mae_yow_Ife easien,
o The g, are_consmaf setors Lvith mMLLJﬂL renfiation_so
S e hmy*._.d'_u_ e to  simply ate
g2 e 2, & same 100
Y-t = & 3 CJ_ ST SR T oxy /

—i“'"*-yw—-nov‘ knw)— ———L—-—M =Ye

=P Ako whnewn yOU sec ea term tie =T =t

 CuAn i ' | index_notafien, ° et ®(x) be a scalan field
l_-__ \ 3 - () Use Pra:/ucf ralg
. e = e <~ vecho
- _——,ZLM--—%—W(\‘p'fJ - Q) eJ are_constanf vector
T ) ) (i) +he_nner proaocr =)
o =e: -e:) 0 (0% ) anly operufs °n veqors ,
_____ o N .Y J7 net +he scalon C&uponmf:
N r
=gu 1o £+ & T
J DKy =X /

. )Nance 77O Sy

J- (arb)
@ ¥ (4a-b)

whear Q00 and b 0\ e vector funchonc of wacifien
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+ Cunt o‘f a vectr ‘ﬁ,ﬂd : Y"‘f or  sémkhmes Ca/LLf

Vand

a. Let us first calewluke usmf standaid 1deas
As  before, —3 awx

YA+ = & ?. n (‘F e- - Cngfant vecrors . Also, e
- f g y J) cut (N opeaatun omly effects vee®
——— = g, NeL | —_b_{}- e e e e - e - e

o T exq o o -
NOTE:  Sometmes you Wbl —
T T ﬁnd-"f/ld'--P“‘Pa_a—:'aﬁ
- 135 4 e T
Qemembauﬂu L ) <.V f)k = e'Jk.__:‘}\'__
Summadin wweAlith , h
s In erfect, Wit L. indicates— the K=
OWF what €4h 135 ref’w> compenent of e

- yqur Z“f

b. Ako, since E:.'J‘u = Ey_g we  may wrife —T_—'*'"

= e 2k
¢

¢, Alfernaively, lefs sinply Show that egn (35) agrees
with what you hawe seen on yowr eanlien vector calauluo  Ccourses,

o Since, P

B VA f = {\ei- A e_)’) O_D and Sine, the summghign  convessiiaon
) X, hwo been adoumed and e vaaigble
tha |y} appear twace ; we muot Sum
5 i=/»3. =|*3, .
3 o
= F
: L p" i v W ‘ bt
R =3 ~€q -€4
- rL”e__‘(, h h L e, [N Ve, | I
L DX TDX3 ) \ oKy DX, / \ DX ‘;7”/
- _ e, ST
R B S ¥ 2 which s probably how you
. _ ™% '5“2- X memsly Saw it {ggfwfed.
o £ £y A - _
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8. Two €xamp|€5

A, fn mportunt \anﬁTyf Evaduate ¥ Y ok)

Usmg index  nofafitn We  haye I

o |
e oAfe N pnes B
A T ,(:L_ﬁj B e Y

e

DX{ 0%y k- T ' T T

n-

€ ij“

Next, notwe that by using the cmdtcés-mfmchaayg’ ;?n#/tf}/_
of €ju we may wrte

2% __e.. % e P e
YA2¢ = &U‘k ‘S')TBXJ S ~T EJLAQ,BT;-EX‘.)QK— E’th 'DXJ?K[.,SK
” . -
reiabel dummy Vajiables: l_:’?’g..___.
’ By companng #he fint and Lot equalirco " e
€ ?%Xn. ==E€ix =0 (provided ZP_ 2P ) |

K OXC A WA

$=0  for ay e fperabe)
scalay. fonchon $UX), |

Exercne’
A gAg=0 then

A0 =0 g €5

— AN | My‘m
== Evaluate Y- (a+b) consm%
-Sobn- ry r ; FQI
"’"""e _D_ . [ A a-Alh @ ) - (=44
B =t o> \ J =) k =/ = K K
§ } T— —5
_ \ b % P | N~ A . S | \ o . ‘/—-) 9“_‘= ’l..k‘
o = (&€ ) 5% U0/ gt = 2 T %k S%T =
'— f
]

— X =23 Jd J
—— \ N
) _-.V.'_Cub) = % €k by — Obw g4 = (V4] b, (Y7 )4
= % == TITERL DARREE

B 0Or _n  veChr notwtian,

ya

7 (@ b = (V)b =(¥"b)ea
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Q. 9 A me nager e cf ‘fyp{cul calcylations

a In many preblems o scalar o vecTr furction | () or Fa) say,

depends o posrhan X .
let X = Pcsahoh vechr

2 . - 2
(et re= %-x = X" denote distance Prm the onam.

X3 r?l!/
X
b. What s w27 >x
~ ‘l
2 2 e.0 (2 <, 2
N RURTH D,Zr X &
L__I . . ?
whyt (s this ¢
Jonﬁnue. inoq memott, but first fefs mj he  guestiux,
what s Er or A cd?npéh&d’ ‘ﬁrm or :-.?
'7)(‘;
’ ) €. Sin r= \[szfyz?éz’ ‘=\1K."HQ'~+;3? wWe  See Yhat
]
or o X X, X
£ 2 el . X . | Y.k UK
RN oy U AR A AR
w = 5\} -e. o - & X X
dnd S0 _.O‘KJ r or Yr hd QJ XJ J_Ti = F
Pt or X . Yr= X
X ¥ J ~ Il
Pes) (Bes)
Mtemajlvc}y, we  may nefe  thar 1P e XX / )
oTakig Vs 1ves
'3 x\) 9 ‘3!‘ - (x Xe )- Zx’b‘x' -2 X
'ax '*MJ J
- ~
‘. . :
> 7 e (_‘.}L’ 2 __)S) (nege 1< Simplic 7y o the
o o | o idex nefaher  calculation
s : \
d..and ¢ new we refuan o L*) h e that VIrT: %2"'_).(:3 = 2X
- r -~
] - ; ‘D el use chawnrr.
w e Evaue V- (Z/x)e + Ve =3¢ * 4SS A b ak
Coxe r
=3 Nt s sl nKe =3 )e’,

X o¢ r
F. Exerases fvalugle TAx,
L ) P ¥
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D. In‘reﬂm\ Theorems e

[ D)’YWE‘:ESENC:_(E}ﬁrmTt;ivE{ORE(ﬂ ( 0‘50, somehmes referred tv as Gaw
o R Greens or O strogradsiy's Theoren
= This theoren relates Infegrals over yolumes 1o
(ﬂer&(S over the bouodm'q Su';’fa(e,{;—-_—). M

Q. The D:ver?:nce Theorem states ‘that %{veo a conpnu

YGCfOV funchen f(i) wWith  Corpoveus Tirst Panha/
derivafives,  then
0@
e V= fofas &
votume > V Mdg‘f",, S
Swwfnce)”j
Where 0 15 the unit outward normad
from V

b. You may msh fo read & recall vhe proof of the Yheores
wven 12 Math 21, We will pmwdc a proof for the e
dimensjod  situachon.

C. f?n 37, wrdlea cut 30, s

f(jf' .- w) W= [(agend s nfs) 65

S
or U.Slly ;nm /’0f2d) a

’bﬂ Jv = fn,‘ﬁ dS

:?x‘

0] When w’f"hm} thy thecrem pn vecter ﬁm, it s usehd to gt e the habit of w‘ffﬁ-gy

D oon W ﬁf_j The crder will be “YYc/hmT whea we apply the Diverytnu Thicrem
fo teamsc funchons,

@ T+ 15 (ommen fo sec # velume iofeynl Pdekd o ﬂ_L o i Swifuce ;n‘(jml‘

As ‘ﬂ I wil Uhwys usk  the  Siapht AN shewn  1a ega (136) and c‘lcaz}/
,,,(/,u.k Vilome or Suiau mk,»nn» with U, a4~ S 45 rc’-/wc/‘/r(//
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.
Plunan™ versions  of the  Divegence Tfieorem ( ccommen o discoss
R Hewe «7 2hrguch
veurtr caladus ccursée,
Q. Co/)Stde" ava A :

i The plase bournded by a carve C
The Dvaamu Thepem (ayn 13 ) 5 nouw

Q%&) f_v°£ dA = §gf ds
A Crmi«g"dw

Some

bol\lja“
é. YOu bdv(’ Proba.b‘y secn  the D:verﬁemc fluumm (7 Q
Scomewhat  diffoent  Form,
Let h and t  dencte the undt outward nermal and tungent
yectors alunﬂ the bownday € (sec sketth) .
Let  dx ik o small disglaccment a.lmgﬂe bowndaty (dS <[ dx
d
Swmce 1= il T ds = dx, & + d g,
A‘w) Qs n ‘t- = O, %(']
Q - £1g1 .'dx' ez - _ﬂ ds = sz _§I - d’(l gl
ds as N

C. I¥ we Sumply expand  €4n (1360 then

f('u,* vl - §ﬂfda = (fdxz- dx,)

%
whith 5 a cwommen eyn o see,
fiemahvy, f wo et £ (g )s NOUR)
75 ( X, X2) = = Mk, x2) theq
Hhin s ma/v wink ax, dx = dx dy
( - oA d’;/—' = jg (/’7 d, ¢ /V/xz/ (/36c)
"xi 7—7‘1 .

ubccé atce (Cm@ﬁl// aoeeso 1n  inhediclry Vil adlenlis
Lovvsea,
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Wi
d. Proof he »Dlwymc Theevem on 2D ntegg Ffv f.

0. A reult we will ey J 7’9(’9)) dx = J(gy) - gy ‘
- S

b, (Consides j C){ ) dx dy
Jﬁ

L€+ "HK e (M A i:e Such )qu an)/ Vel‘hca] lure or ho,’;zn,ml hné
lnfers«h boundmy C in at mest e pomb‘ (s shefch)

-r-»)dcn‘hf’ funcﬂchs x‘(y), Xe ly)
which descube +h Lwndm, o th
y-dhwcfun w Havesed fim ¢+ d.

- Sl/’uk(d‘y} Y( (*)) Y),(X) dCSL‘Nk.
Hhe boondas, ao th x-direhon chH—

15 baversed " from 4 1 b, a -,b X
C. They, w e ,~
/HdA [/ dx dy ff 7"7 & ‘
)-c X: X(()’) }“‘ ¥ Y
/ﬂ( Xn, ¥ )" f,(x,, y) d"’ //{ % Yi) 7(y (X;)'()/ ‘/) {bm °f‘f
x 0 flﬂ"’d'fﬂl
d
/fx 6‘»"’7)‘7*/& (hy) 7)dy /‘{Y(l 72‘” & /{ a7 W)d’
- J=a X= b
fi(ry) dy - (xy) d
jg y j 9, (xy) dy
I 2 g (ho A O'x) sfad & ch/ru,(
A c ¢ \/ﬁ

white % denckes /nf(’;m,ﬁu){ v TR CVirfes Clocdwis€ (/““/7‘,

\
Remaik: It is 5 stray

Gl the Fhicren K4 »Ay:«h

iy Sublivedung, The rtywn e _ - o _d
Sr-E,anb?u,(m Je '?Ia; lo*fk fuei abeed «“d N - { //K/J, */ds )
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Nofe: T & pot tevnbly useful 1o affen
He  diffount  versioy v which
”m}l be wrlﬂ(ﬂ,

fh memorize alf
4 Dlny&l(( Jhecrevt
Ratton unply  prmemben

/]fdl/ =fﬂ'fd5 m 30 o fy-fd/l :fn.{d: i 2
v S A C

and YzLoan.ae that with a [

Cdﬂtbm & ge omelry; yov (an derive
met atermediafe Formuls, "}

¢ h planar  voen of Shies' Theorem

Recall egn (B o0 e bhttym of pg. M.

Ldotfy the  scalsr funchon Nivya) ot i) with fhe
’ ((‘M\pc"\caﬁ Of a wifor acccrdmg fo

G(x) 20 ) e 1 GUxx) €, = (k%) €+ Nixx/e,
Tea, fam (360 ne han

].“*-l“')dé =j50,</x,+%a’79
DR X2 ¢
A

which  we My pRis un a  Simple ferm uaUy vech- nempbon

= dl. o lm«i
) 'f‘ﬂkgn’r vechyy
m ?Planaf version of Shie, Thecreem,

LWQ'H (e bade o the i« %\fu’ /‘fyc-‘.
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3. Some thevrens 67 :dvnhﬁﬁ) nhich Hollow dlrecﬁ/ Tom +he
Dwerscnce Thtor’em

Begin with Y-t v =[nfdS &

¥ J [24

or YLM may wish fo Write J':i‘i‘ d\/ 2 J‘H;'B dS
v o S

—> In +he Cadcutahon preseged beluw I will work n vecror
nethion. Yeo may wish nstead o wore (4 ndex nofativn,

¢ Let = ¢k whw ¢: @) au b is a4 asbtay COMSTAAT ve

Subshhde e Q&),
S b= contant vecte, V-(¢b)- b-Y¢
So, we avuve af

& hene _& can be Takes

autide of he m‘¢3mls becaics

it v a CoNSTAT vectrr,
3

QSLO ) which  yox may ht
y /utu b dr e

(Lym’ma' Thewrenn for

e vl Scalar fvnchon,

b uees ] G The formal angument boge fom 0 & (1) Qoer like thio

“;Szmw &amuugx @) &

il v | - skl the

Rl o . Y - S| = whe  fhe fas

W (144) b [JVY¢d fsﬂ¢d] 0 brackck ] u%{;awm

Remembea k has beecn amumed fo be an le'bmy cnstfard Vet

The  $rom (14) we  mut ¢otér haye

W C)=0 bt b W w.zm7 5o Y § W) unmy hetd, et T
W bkj%J Thiufor (]0 y "é“?m‘
(\\\\) v ’

-~ s - b? = n}F) a
NSIY STy o | Ze ij
% S nteh® 5
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( d. Another
. Yhe ore
(3 obtamned 1;" /:;;‘? M‘b Trom D/ve/jencc Theorem

f: Z¢ - 6". N S
hen sme 2-f 2 9-00) < 5 2 (% :3) %
_____________ S

o
= 2O :__‘_3"93 i 2 V ¢
WX, ot DR axy ‘5(;"______-‘

h . e
we hawe _ e LAPLACIAr

- gradl O'F ¢ Vv The
on direction_ of the

ut nermad 14
(i.e, directronal
dcr/va#vc a.lmj n j
| ( | . . ——
N 4, 6@6@/5 T HEORENS ( #ildebrand | p 30/-2: Krc,v;o? }9.8)
d, Begd  with e D/Vcrgen(c Theoresm and /ef — W 4 %
o, 7

Jor9 o Jetvse) o / .v.:-ze)

fu (VY ). ]( ("i’l 2 _'_‘,,_?"t Ja -

[Vogdos = [[ W56+ vzyfj " “GZ?ZZ .
S TH v M " ﬁ?{@/—

b Intercange ¥, 8 it abone egn, then sutract from e egn fust donwcd

or
’43} Green's Secic
Excr cisc © denve Theo €4 Tden ity




We will retwin_to tho da whea

An |M€f25hh9 aside *
Stvdy pdes - Just skim _ncw.

C, Green's Theorems are offe > )
Seme Ve"j 3cnerw{, ves udts . »

Fov mmpk’ begui wrth  QGreen's ﬁnt‘ fbrm,’_/cf_((/_,:b

[62 a5 = ([ w-gpreve]a—
S o v | B -—--@‘f‘d‘e

. Now suppose you. Wish 1o Solye - 9*¢ =0 CLaplace's egn)
= N :‘)Pbschh +he b .,.¢=O_m.5________P ’

What 15 o0 for XEVT

Well § we are given P=0 w +he \ooundcm\{ b So,_______¢ =0

(62 & =0 L

Futhtrmore, Sike V=0 i Y +he egn above. reduwes fo.

([ve-x¢] & =0 T

\ | L
Bur ot integrand 3936w the sum of Squaeseo.
5 always Posi’hvé. For +he mfegral o vangh_we_muot
consequently requne V¢ -1 =0  evenywhere WV

4 1¢ "O)' ey ¢ doton 't \/My with spa,hcdpesm w
= &= constant In V B o

But © =0 o S  ad 5o therefore ¢ =0 #mvjéow‘_{/
-



5 A further generalizghen of +he Dlvergmc¢ Theorem s | /
A We begun by statng the Divergence Theo,en J -f 4V = f nf 4s
v T &
the closed surface S
enclosin 'H\e volume 7 an

Wb(fc S rep resenty
4 sk wt ocharg
Ny rmal ﬁ'cm. +he Volym -—“‘_d* e

We then proved a furm suitable fur scalag ‘fv;a;m:

f24 &v =(nggs  —
v K1
o Vg g€k notatron T e

{/?5%‘1 dv e= J n; @ ds e e

S T
\ff :::)Visof:rs Y egual yher Cor/e:pondmj Corypnmﬁ’ are. e$ual 50

) %, v §n P A _;-ri o3

v

b We now construd o fm weful for when the ¢rosprd uct appenrs,

{ v egv =
fv- et

T s simplest 4o work 1y index nefaion , Nohee that U

g veehr sy +he  result of +he | nmm £ qlso a va,for
’Baﬁ\caﬂy,we +hen prxeed by con:ﬂ

g each _conponent 9f+lu ]
veehr  separotely, 49 f —_
So u$103 ndex notation

for example | consider Lnfegrais of +he ’ﬁrm,_

f rep resent

R Bty hs il BN
v v B 2N
" ‘ - Co"”amramm a
But for each &k and | WC knpw et , ) (crf,:f”?;;”.s " cfhd; S
Hi achally represents 41
g% v =§ank ds Sum of lzs&nm)
\Y4

O other words —fw €Oth Kyl use egn 0O and let Fu =@

Sothoet SV ?;%(J dVv EJ e = 'g J¢ ds € J"" g
Hence,
b{ o - = - . - A 5
Y/\fdv =f r—5;' dV EJKI gI f’:)/' fkds EJKC §1 fi, f J ("44
" ~ S 3

/}k
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C, Notwe | thadt we (an convenientt

tt:/{ QBWC vesulls concermng the D
owy *

| SvmmapRe alf of
ivergence Theorens as_

where & s ary  quantrty 35274r o Vector, :ff
and + s any operafion  ( scalar predect, T
Yec bor produc,f’ or a4 Simpje yrad‘(ﬂf °P€/70.f7(9t )_‘ .

that  makes  sense o

d.EXAMPLES e
(i) et a = consStant vechr /'7 ‘q@ d3°= fy _dv O
S . _V__L‘F_g= Cw
¥ Evaluat | S

o B f -@+f) as R
By +the ’Davcracncc Theorem, - M_—__;—__;_;: |
(n. (Y";D ds gv (v.«f) d\/ o__:%

S \'E - JR—

»6“_- . qm/ wice wrrﬂnumﬁ

@) Eveluate fs,!‘-i *dS AHeremakle ech funchos

(5109 nde y, nd’uﬂ'\h‘:«) Q'Y

r
So ‘ = Xi
* [ 2.2r%ds i{ﬂ-%m) s I F2 T

S

R E TR

-
U= %
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C. nNofce | that we @an conveniently summaypize  of o s /)
+he abm vesulls cor\(ermng the 'b:vergcncl ECOICIN @ ___ -
follows L
\Vj av = "hfj-i‘ 4'5___.

f v+ P é )

\4 R T
where & s any gaaﬁﬁf/v , scalar_or vector,
and + s any operafion  ( scalar product -
echr  product or 2 simpke y/’adl(ﬂf' op?ma,ﬁm )___;'__
that makes sense | T

d, EXAMPLES : T
@) let 4= consmit vechr [ 4-g7ds7s f yiadV =0
S . _V_ f a= (on\St)an'
veetor

(¥ Evaluate f . @» 2() S | ‘_.'.‘jf:;':_-.m____ -

By +he "D'.vgracncé Theorem,

()@ = (3 =0
S v

o) ‘Fw a,n\/ twice (,wrfmvm&
 differorhabke . vechr funchow

,, " Q.Y (1 ds
(@v) Evelusd g‘S _ | N e e - ax:
ing indey newhen, p.9r* =1L ( ) ~ 2.(rY)=2r x.=

9 X‘ 1”‘

50) f 7.9 r*dsS .:_!”/.f&;(‘_ (,1.) dS

S

; = Xi 3
Snce __?5'.:(:- Yr (m')‘]) i

RS- Tl
/\/6_‘

5:‘ fv-/f- \f!‘-vvlumc of demain j gu ‘
where 2 volume & doie, /av”dda .




é, For “those oi You who would L(\'.c mere werctks,_ .—“M

< congfant” vectar arzd
X 5-a- PoJI'hOn vector

4 P* on The SurFaC(
i

@ fﬁ-}?(vg) dS =0 - where d g a”

6. There 5 onc final imporfant pomf Concernin

the Dierne ncc Theoren
and that s ‘H\Crz are ‘Zn
You  muot include  all of Yhesm —A’-‘.‘- '3 ﬁurfaccs,

RORAIRGII I VAR (1 S
v S e
So ) F VS as shown befo> 2 S

(n'de =f n.f ds
5 -S/f52f53f54

And  nctcd  how On tach Surtpce ) L ports 0w ny/
from
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This allows gme €rad ardund a

Closed curve as

) 7,

™ ex press an int

Stokes Theorem. ~— an mmyral ever +h

curvt o a bouxoo,f\/ M"_ hqw/y the
d. Let ( be a closed curwe ad Let S be a syrface S
which has C  as o bounding edge.
(/majmc a  “hat-sh / surfa:.e)

let Nz unt normak B S with direchon

gvn byi‘ner.gh‘f hand rulke -~ as you cunl
your handin the direcfion |ndicated d.bovfc
y owr +humb pom‘b in the direchon cf .

1= unt fangent vectr B C.

Somclimes people

o wrife cis = t é

e et S 8 ft e = [1(004) IS ) ow
C 7
Rgcut{ proof difFerntiol - duhagwsk
34v¢n in Math 24 elemeat atmj {(Lte s’ ‘ang
. C ‘blg S’
CUsing index  notahow © >f /
:) . ng é '}C" 't‘ ds = nl- _?: £ Uk d3 (ﬁﬁ)
_ C S J

W(mng ‘H\uf AU OLT

’A;Cmfh.mﬁ .S

NGTE :

é(‘ﬁt,*ftz f;{;) ds =f[ (bﬁ bh)‘i"l(bj' _‘oﬁ)-,fnj(%(i A, )}JS

- This s True for an a."bthr\, surface S

wth C a4 AXMM]&SG
b e can ad\io.ll\( consmu- a '>;mpk provf using

resulfs dcvdorgd So faq <
- : d
o Us« s b dencte axctenjﬂ adcnﬂ the
_ bounqu curve C, A p _‘é-
: 7% Hhen // s T
- z -

’ " 1 z‘;é{x')xZ')
So, conSodcrtn9 +he ‘F' term @ ' . .

. ." 72
G100 = 4o i)y _
0 c ¢ of / C’ b
ﬁﬂmf’” Z/Xl)’) r‘cprcsenb and we have wr/‘h&/;
Curve C given C' wy xy-plane =

7‘(*’/;’(2))(5(%":_)) =%( X')X")
projected  iformaral  down 4o 4. R

where we haw ess«rvau’

v
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b. ”I/mpk plwf 4 (conﬁfw(d)

With Mfo'madlaL “in the plane’  we can pow use_the :deﬂhf)’
given on pq. |43 :

ok form. oF i Dwergcncc Thcorcm wra; h‘g -‘P -‘.{5
which has 4

‘Planar version

[= oA = [pnd -
A

é -

o o (f:is__i_!_*/_j 1oy €,

Jb_? dA =§¢ dx, and j‘@ dm.-f{)dx' Bl 3 idif’
, ¥,

A C .

Herce, begunniag  with the egqn on the bms;i;f_'ﬂtz.f;e?&éi"

Fros fE 4 kit

SR F AP
’)Xz 311 X3 - |

Now, a ddfererhal clenm

et dS « space 13 rzlmhd*;jﬂs——_;vccﬁ;t
W the XY -planc by

dA =n, 45— 3p— —
and futhermore  om can  show A
e e

2%y £ T
So +hat we have _ o

‘ kes theorem . ]2 !
whith accounts for two of fhc #erms w1 Sto
Semylae /rmmzcr one Car accoent for the 01hcr 2 feqmo. As m mmdara’
Versiony of ”?Dcse proofs it 15 nccssary 10 ymaginc that- S > fne
SUAC//V:dcd Secho P

S which can b€ fbrojectcd Torrr +he Xy
eveén when the whole S does pet have (z’

onc-1ov - 07n€ /’rgec Gﬂ



