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Abstract—In this paper, we consider a fluid model of a study whether these oscillations phase-synchronize because of
TCP network consisting of many edge routers directing traffic feedback arising from a congested core link through which the
through a common core link equipped with a small buffer. —,iq traffic passes. Our research aims to model and analyze

We are interested in how packet loss at this core router can this situati . hronization th hich studies h
dynamically couple, and potentially synchronize, the edge traffic. IS situation using synchronization theory which studies how

By using Concepts from Weak|y-coup|ed oscillator theory, we show Coupling between intrinsic oscillators of diSparate fl’equencies
that synchronization occurs when a so-called coupling strength can ultimately synchronize. By analogy, the oscillating fluid

exceeds a critical value. This coupling strength is a property flows act as the intrinsic oscillations, and packet loss at the
of the network, and can be expressed in terms of network ommon congested core link acts as the coupling mechanism.

parameters such as the core link's utilization and its router's In Section Il of thi ill introd th work
buffer size. Avoiding synchronization requires a tradeoff between n >ection 1l of this paper we will Introauce the networ

these two. That is, to avoid synchronization, small buffers should topology used in the rest of the paper. We refer to it as an edge-
be accompanied by a commensurate reduction in link utilization. core topology and it consists of many sources, each passing

For example, in the paper, we will estimate that a 20-packet core through a distinct edge router, whose flows then aggregate
buffer should have its link under-utilized by more that 35% to {4 pass through a common core link. Each flow receives two
avoid synchronization. . . .
congestion control signals. One from the packet loss incurred
in passing though its own, and distinct, edge router, and a
second congestion control signal from the core router through
Some of the recent research in the congestion control which all flows are assumed to traverse. In Section Il we
TCP networks has focused on the local stability of their fluidill introduce a phase model of the presumed oscillating
models [1] — [12]. The practical impact of this work has beefiuid flows that will enable application of existing results on
to provide guidelines for designing protocols to adjust datascillator synchronization. To accomplish this, we will assume
sending rates, and to actively manage packet loss, delay and things: (i) that the congestion signal received by a source
throughput at congested links. As part of the research invesi-dominated by the packet loss at its own edge link, and
gating the feasibility of using small-buffered core routers (ofii) in the absence of core congestion, each flow oscillates
the order of tens of packets), see [13] — [17], researchers halee to the local congestion feedback signal received from
studied the oscillatory behavior that emerges when netwdtk congested edge router. Under these assumptions, the fluid-
settings result in the fluid models becoming locally unstablejodel equations will be interpreted as a set of weakly-coupled
e.g., see [18]. Our research takes this approach one sbepillators. These oscillators model the interaction between a
further by presuming that the traffic in a fluid model isource and its edge router. The “weak coupling” is a model
predominantly oscillatory and asks whether feedback signaisthe weak congestion signal that each flow receives from
from a congested core link can synchronize these flows. Thiige congested core link. In the fluid models, we will follow
research adds to prior research in network synchronizatigh4]-[17] and assume that both the edge and core routers have
e.g., [19] — [21], and introduces the concepts wéakly- small buffers (on the order of tens of packets) and model
coupled oscillatorsand oscillator synchronization theorf2] their loss as that of an M/M/1 queue. In Theorem 1 we will
and [23]. Traditionally, synchronization in TCP networkstate the main technical contribution of the paper, where the
has been viewed at the packet level, and concerned willid model equations are distilled down to a set of coupled
the phase relationship between the sawtooth waveforms pifase equations. “Phase” refers to the phase of an oscillating
individual congestion windows (resulting from TCP’s additivefluid flow’s periodic motion. In this theorem we will identify
increase, multiplicative decrease mechanism). That's not thdey parameter in oscillator synchronization theory called the
case here since we use fluid-model approximations to T@Btwork’'scoupling strengthand express it in terms of network
[25]. Rather, we will assume that the fluid approximatioparameters such as router buffer-size and link utilization. In
of the congestion-window sizes are oscillatory, reflecting tigection IV we study the synchronization of the coupled phase
local instability in the fluid-model’s differential equations, anéquations. Synchronization means that the phase velocity of

I. INTRODUCTION



all flows are equal, and that their pairwise phase-difference is  1ll. PHASE MODEL OF OSCILLATING TRAFFIC

stationary. We .compute a so-calledtical coupling strength_ In this section we first assume that TCP-controlled traffic
for two realizations of the edge-core topology. Networks W'tpevels oscillate, due solely to loss incurred at the edge links.

coupling strength exceeding this critical value will be synchror-hiS will allow us to consider (1)—(3) as a system of oscillators
nized. Since the network_’s coupling strength and its critic%at are weakly coupled by the common loss signal received
value can be expressed N _terms of network parametfars,_t a weakly-congested core link. The main technical contri-
an explicit formula, deSC”bmg the onset of synchromzatlo% tion of the paper follows wherein the differential equations
can_be eq”"?‘"y expresse_d n ter.ms of these parameters, 151— (3), describing coupled limit-cycle oscillators in the
particular, this formula will describe a tradeoff between t indow Stateswy, are distiled down to a set of coupled
core router’s buffer size and its utilization when considerin ase equations’where the phasec [0,2r) is the phase
synchr_oniz_ati(_)n. In _Section v we confir_m the phase-modgr wy'S motion o7n the limit-cycle. The r;hase equations will
analysis via simulation of the original fiuid model. then enable a study of oscillator synchronization. Key to this
II. FLUID MODEL OF CONGESTIONCONTROL IN AN study is the coupling strength between oscillators, and in the
EDGE-CORE TOPOLOGY development we will quantify the coupling strength in terms

In Figure 1 we illustrate the so-callegtige-core topology of buffer sizes and traffic intensities.

where N TCP flows pass throughV distinct edge routers all A. Weakly coupled oscillators

passing through the same congested core link. Using [25], a i ) ] )
The fluid model equations in (1) can be written as

wk, = fek(wk) + egck(wk7w—k’) (4)

where f., describes the window-control associated with the
feedback from thekth edge routerg.. the corresponding
control mechanism associated with feedback from the core
router, and the weak coupling term

N mwy B
€ — =1 7
C

For ¢ = 0, the intrinsic behavior of the sources is

Wi = fer(wr)

edge links core link

which has equilibrium
Fig. 1. An edge-core topology whe¥ source-destination pairy, dx) L
each have their traffic passing through an edge router with buffebgidenk b\ bp+2
capacityc, and lossp,.. All edge traffic passes through a congested core link wz — (2 <CT> > (5)

with buffer-size B, link capacityC and lossg. n
fluid model for the TCP-controlled source windows is In [18], a super-critical Hopf bifurcation was shown to exist for
1 we(Owyt — ) these intrinsic dynamics. The emergent, exponentially-stable
wi(t) = — = ———F——— [Pt — %) + ¢ imit-cycle has frequency and phase lag described by
(t) - o, [pr(t —7) +a@)] (1) limit-cycle has f d phase lag described b
wherek € 1,2,..., N, andwy, is the kth congestion window B arCCOS(ﬁ)‘ 1= /(b £+ 2) 5
experiencing ar, seconds of round-trip time. As in [14] we  “k = T oMk = w} arccos(;=L) + 1 ©)
assume packet loss at both the edge and core routers to be ' wt
that of an M/M/1 loss model so that: B. Phase motion of coupled oscillators
new(t) b Bringing back the weak coupling terrry, we can now
pr(t) = (m> k=1,...,.N (2) interpret (4) as a collection of weakly coupled oscillators.

We wish to determine the threshold of couplindor which

these oscillators experience synchronization. To do this we
=1 ™ first determine the phase motion of these coupled limit-cycle

q(t) = - () oscillators. While a general phase model can be developed,

we will focus on the case where the oscillators have almost

wheren,, is the number of concurrent sessions in the ktie  equal coupling by assuming that the = 7, by, = b, 5 = 1

flow, (by,ck,pr) describe the buffer size, link capacity andindc,, = ¢ up to O(e). Then,w; = w*, wy, =w and p, = p

loss for thekth edge router andB,C,q) the comparable up to O(¢). In this case we have the following.

parameters for the core link.

and
ZN njw;(t—75)



Theorem 1: (see appendix4d) Assume the case of almost-

. . 1 " —
equal coupling as described above. Then, the weakly-coupled o 5
limit-cycle oscillators in(4) have phase model: 08 { 1 L
' A 0.k
. K < 0.x 0
Ok = wi — Kd+ > sin(0 — 0; + o) + O(K?)  (7) 306 0.0t ]
j=1 L 0x 0.000
. . § 0.4- 0_01 001
wheref,, denotes the phase of the congestion-control windowg 0.0
W, =
N N\ B 0.2 0001
1 Buw* 1=1 % 0'10_01 9
K= : 8
| cos(mo)| 27 C 0 ‘ ‘ ‘
0 5 10 15 20

is the coupling strength and where core buffer size B (pkts)

— tan(mp) 1 2+b—1 Fig. 2. The effect of core buffer sizB and core utilizatiorp on coupling
d= i ; strengthK. The coupling strength is annotated on the constartentours.
Blb+2) + Tcostro)l BO+2) sin(w + ) g pling g
and
o =wT —mo; mo = arctan(—pu). 9) 1000 1
0.01 {
O 10
£ \
8
The remainder of the paper will focus on (7), and given thaE
the source traffic intrinsically oscillates with frequencigs %5 5ol 1 \
we will be interested in the threshold on coupling strength‘;L 0.01 }0
K, beyond which oscillations synchronize; i.8;,—6; =0. &
We will do this in the next section, and now show hdw g )
depends on the core and edge buffer sizes. We are particularly
interested in conditions that result in small coupling strength. q01 }
o a0
0 20 40 60 80
C. Coupling strength as a function of buffer size edge buffer size b (pkts)

From (8), the coupling strengtik’ can be expressed as &rig. 3. The effect of edge buffer sizeand link capacity per flower /n
function of core buffer sizeB as in on coupling strengthi. The core link’s buffer size i3 = 20 pkts. The
coupling strength is annotated on the const&ntontours.

K =vBp? (10)
wherep = SV "T‘,Lg is the core link’s utilization and IV. SYNCHRONIZATION
- (12)

V= ——
27| cos o The phase model in (7) now allows us to address the

. . question:For what coupling strengthi’ will the oscillating
Contours of constant coupling strength are plotted infhey) flows synchroniZe Synchronization means that oscillating

plane as shown in Figure 2. These plots show that for coupliﬂgWS achieve the same frequerit (6 — 0;) = 0, and
_ o t—oo\Uk —0;) =1,
e o e i ocsaly, achiveSaony Brase et (1 -
Y. P gep S(?j) = constante [0, 27]. We will consider two cases of (7);

B /Ne\B  wr nw* B when there are two oscillating flowsV( = 2), and when
K=—|—
27<C) | cos | <c7‘)

there are an infinite numbgfN — o). In each case, we
will establish acritical coupling strengthK ., above which,
where the equilibrium window*, given in (5), is an explicit synchronization is achieved. Together with (10) and (12),
function of edge buffer sizé. Again, we plot contours of this will allow us to study synchronization as a function of
constantK, but this time against and the link capacity per parameters; e.g., core buffer-size and utilization. The case of
flow c¢r/n. This is shown in Figure 3 where the couplingan infinite number of oscillating flows falls into the well-
strength grows with edge buffer size This is consistent studied class of coupled oscillators referred to as the Kuramoto
with Figure 2 since larger edge buffers increase the comodel [22]. The particular variation on the Kuramoto model
links utilization, which from Figure 2 implies larger couplingused here, see (7), is distinguished by the presence of phase
strength. delay o, and is most closely related to the work in [24].

12)



A. Critical coupling where « and v are defined in (9) and (11) respectively. To
that (7) becomes T = 0.155 seconds. In Figure 4, we plot the traffic intensity
versus core buffer siz&. The weakly-coupled phase model

: K& . in (13) avoids synchronization provided théiB, airs fall
Ph =Wk + N Zsm(m — i+ a). (13) beﬁea?th the cu):ve in Figure f In the mfxt spgcpt)ion we will
. =t consider simulations of the associated fluid model (1) — (3) to
We now consider the case wheéf = 2. verify the accuracy of these phase model approximations.
Proposition 1: (see appendixB for proof.) Consider
the phase mod€]13) for N = 2. Then, the critical coupling 1
strength is
K, =2 (14) 08
Cos « a
and the corresponding critical frequency is 206l
5
Q.= ;“2 + K? sin ORI
wherew; andw, are given in (6) andx in (9). O g

o
[N}

Now we consider the case wheN — oo and, as in

the Kuramoto model, assume that the intrinsic frequencies ‘
are drawn from a distributiog(w); see [22] for details. A 0 20
measure of synchronization is tikemplex order parameter

100

40 60
core buffer size B (pkts)

N Fig. 4. Pairs(B, p) falling above this curve produce synchronization in
r(t)ejw(t) = limy l Z ej¢>k(t) a edge-core topology wherie = 20pkts, ¢ = 100pkts/s andr = 0.155
N ’ seconds. The corresponds to the network conditions for which the 60 edge
k=1 router simulation in Section V.B is at the onset of synchronization.

where r is referred to as theoherence If the oscillators

remain unsynchronized, then at any given time their phases

will be randomly distributed about the unit circle producing V. SIMULATIONS
zero coherence. However, once the coupling strength 2 Edge Routers

exceeds a critical value; becomes positive indicating that oo .
. - For calibration we simulate (1) — (3) for two edge routers
groups of oscillators are synchronizing. The hallmark of

the Kuramoto model is that a further increase in couplinN — 2). The buffer sizes and link capacityc of the edge

strength leads to rapid synchronization of the oscillator familyo:ﬂti': ngzeoFr)clﬁea:nigoo:oggt;éfsriizeﬁﬂ\ﬂ)yérTgf Ct;unf(firrf;?

flows n is 10, 7; = 0.161s and7, = 0.160s. Then, from
(6), w = 9.46rps andp = —0.9176 so that from (14),
the critical coupling strength ig(. = 0.0981 which, using
(8), occurs at a core link capacity af = 2190pkts/s. The
simulation is conducted by decreasing the core link capacity

Proposition 2: (see appendixC for proof) Consider
the phase mode(13) when N — oo and assume that the
intrinsic frequenciesy, are selected from a given distribution
g(w). Then, the critical coupling strength is

_ 2[cosal (16) from 2400pkis/s t02000pkts/s, which from (8) increases the
T mg(Qe)’ coupling. We observe that the source flows synchronize for a
where the critical frequenc. satisfies core link capacity oR220pkts/s confirming Proposition 1.
> g(Qe — ) — g(Q,
/ 9(82 $)2x9( ), gg(Qc)tanoz B. 60 Edge Routers
0

In these simulations we consider a simulation of sixty
edge routers, testing the tradeoff prediction made in Figure 4.

B. Tradeoff between buffer-size and link utilization The round-trip times 7, are uniformly distributed in

Combining the results of Theorem 1 and Proposition .[9'1.5’(.)'155]5 Whi(.:h eﬁ‘ectively' defines Fhe distribution'of
allows us to derive an inequality describing those core bufféF:;tr:ES'C _frequanIesg(ctu). The “fr.]k gasﬂ%m% z;md bg;fgrk?ze
sizes and link utilizations for which synchronization occurd' € Sixty edge routers are fixe PKISIS and=tipkts

Synchronization of (13) occurs whéti > K., which together trre]sp}tlac_gvelyaTlhe_ bu;‘f(i_r siz? olf theSCore TOUtG’Q‘K":;S- In ,
with (10) and (16) gives a condition for synchronization: € fluid mode! simu'ation o (1) — (3) we increase the COre's
link capacity from 6000pkts/s to 7900pkts/s and plot link

S 2| cos a /5 17 utilization and loss for the edge and core routers in Figure 5
— \mg(Q.)vB (17) and Figure 6 respectively. In Figure 5, the dashed curves



denote the average utilization while the solid vertical lines
denote the utilization’s amplitude of oscillation. Similarly, in
Figure 6 we show packet loss at the edge and core routersé.

core routers

JIHHHHI{;

1

1

edge routers
0.85 ‘ 0.85
*

0.8 Hl,H-H”H‘l'I‘IHI-l-l 08
5075 1 075 |H
®
N
5 07 0.7

0.65¢ 0.65

6000 7000 8000 6000

link capacity C (pkts/s)
Fig. 5.

7000

8000

VI. CONCLUSION

In this paper we analyzed a fluid model for congestion
ontrol in a so-called edge-core topology. The edge traffic was
assumed to be oscillating and we studied its synchronization
at the core congested link. We developed a phase model (7)
for the congestion control dynamic which allowed us to frame
the network synchronization problem as one involving weakly-
coupled oscillators, and to express the coupling strength in
terms of network parameters; particularly, the core link’'s
utilization and buffer size. We considered two special cases
of (7); the case of two edge routerdv(= 2), and the
case of many § — oo). The latter case corresponds to a
delayed-version of the Kuramoto model and in (17) showed
that synchronization can be avoided if

k\1/B
p< (E)

wherep and B are the core link’s traffic intensity and buffer

size respectively, and whereis a constant depending on the

Utilization versus core link capacity. The left plot shows edgitrinsic edge traffic oscillations. This tradeoff between link

link utilization and the right figure the core’s utilization. Vertical barsutilization and buffer-size was confirmed on the original fluid

denotes oscillation amplitude and synchronization. ¥hgenotes the onset ,qde| for NV

of synchronization.

edge routers core router sources
0.03 : 0.03 0.03 :
0.02r 1 0.02 0.02
* *
B
; i
0.01 1 0.01 1 0.01
b .
Ihhlp._._

link capacity C (pkts/s)

Fig. 6.
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sources. The denotes the onset of synchronization.

Loss versus core link capacity. The left plot shows edge loss, the
middle plot shows core loss and the right figure the loss experienced at the

= 60 edge routers, and showed that for a core
buffer size of B = 20pkts, a link utilizations less thar65%
was required to avoid synchronization. This is consistent with
[15] where a75% link utilization is proposed.

VII. APPENDIX

A. The development of phase model for weakly coupled TCP
flows

Lemma 1: For N TCP flows in the edge-core topology
shown in(1), if the coupling is weak, then the phase model

IS
wi B
o (T ui
dt F C 27—]@
all + (bk -1+ )Sin(wka)—
b, + 2 by, + 2
1
pr (b — 14 T 2) Cos(wka)> —

-1 N .
>
Tj’I’Ak-

J=1

* N *
B(wk)2 Z Wy
27—k Tl

N muwi\ P
=1 7
c
=1

(sin(6; — Op — w;jT)) — pux cos(B; — Op — w;Ty))), (18)

To verify the tradeoff prediction made in Figure 4, W&yhere 65, (t) denotes the phase of window; (), wy is the
observe from Figure 5 and Figure 6 that the onset @ftrinsic frequency of flowk, w; is the equilibrium window
synchronization occurs at approximately78pkts/s; see the gjze i 1., 7, are the concurrent flow number and round-trip
stars in these plots. A corresponding in the rightmost time delay fork, respectivelycy, by, are the link capacity and
plot of Figure 5 marks thé&4% utilization occurring at this pyffer size for edge routdr, C' and B are the link capacity and

7478pkts/s core link capacity. Finally, returning to Figure 4yffer size for core router, is the amplitude of oscillation
we see that the onset of synchronization is predicted f§ flow & and

occur at a64% utilization when B

synchronization in B, p) space.

20pkts/s. Thus in
this simulation, Figure 4 accurately models the onset of

1— \/bk(bk +2)

wi; arccos(ﬁ) +1

HE =



Proof: For sake of convenience, we define we obtain

dpy,
o= 1w ()we(t — ) (Ukwk(t - Tk))bk’ Fe(ve(t + @n), vt — 7 + @i (K — 677@)))% +
T 27 Tk Ck AP (t, ¢,0)
ot
SN muyliom) B = ge(m(t + or(k)),(t =7+ (k —€7))) +
gy = — et = 7) 2yt Do (it + ou (k) Wt = 7 + i = em0))) -
1w
2Tk =1 7'll Pk(ta<p70)+Pk(t_7-k799(ﬁ_€7—)70)'
and Dy(fr(yk(t + r(K), W (t — Th + @ik — €71)))).
N nquwi\ P Since the uncoupled system is at the emergence of oscillation,
= (Mﬂ) (19) i-e.
¢ W(t) = wi, + 7k (t),

Such that(??) becomes where w; is the equilibrium window size for flowk.Using
Tailor expansion forfx, gr, Dy (fx) and D, (fx), yield

dw;t(t) = fr(wg(t), wp(t — 7)) + re(ve(t 4+ or), e (t — T + r(k — €73)))
egr(wi(t), w1 (t — 1), ..., wn(t —7n)).  (20) = fulwg, wi) + Do (fr(wh, wi) et + oi) +
Dy(fr(wi, wi))ri(t = 7 + @r(k — emw)) + O(r?)
Since [18] shown that whea= 0, the uncoupled system has  —  p_ (1, (w}, w}))re(t + or) +

a sub-critical Hopf bifurcation at the emergence of oscillations - _ B 2
Such that the uncoupled system has an exponentially orbitally Dy (fi (e wie it = 7 + (6 = emi)) + O(),
stablewy-periodic solutiony;, € R. So we use the phase ofsince fi (w;, w;) = 0.

v (t), i.e., Ox(t), to describe the limit cycley,. From [23],

a direct product of exponentially asymptotically stable limit e (et + ou (k)1 =7 + ok — €7)))

cycle attractors)M = v, x -- -y, is @ normally hyperbolic = gr(wi, w") + Dy(g(wi, w*))r(t + o) +

compact invariant manifold for the uncoupled syst¢20). Dy (g(wi, w*))r(t — 7+ @(k — €7)) + 0(r2)_

Since the invariant manifold persists fer> 0, there exists

eo > 0 such that for alle < ¢, system(20) has a normally Do (et + 01(#)), 7 (t — 7o + @ (s — €11))))

hyperbolic invariant manifold in ap-neighborhood of\/. Let -

us denote = Do(fr(wg, wi)) + Do (Da(fr(wi, wg)))rr(t + or(k)) +
Dy (D (fro(wiss wi)))rie(t — 7 + pr(w — emp)) + O(r?),

wk(t) = ’Yk(t + @k(’i)) + €Pk(t, 2 6) (21) and
where eP, account for thee-perturbation of the invariant Dy (fr(v(t + @r(K)), vt — 7% + pr(k — €Tx))))
manifold M, ¢, = i—';—t, which is called the phase deviation, — Dy (fu(wi, w})) + Da(Dy (fr(wh, w)))re(t + @n(r)) +

and k = et. For the sake of convenience we dengtg(x)

* * _ _ 2
simply by ¢,. Then, equalize the derivative ¢21) and (20), Dy (Dy(fi(wi, wi)Jra(t = 7ie + @i = eme)) + O0)

yield If the coupling strengtl << % such thater << 1, we have
0P (t,p,0 d
dunl) _ dultten), doc,, OPllivd I D0 | B0k (i wi)rat + o0)
K * *
= SeO(t +r), 1t — T + @ik — em))) + Dy (fi(wh, wi re(t = 7o + 1))
e (Tt + or(K)), Y(t — 7+ ok — e7))) + = (Da(fu(wi, wg)) + Da(Da(fe(wi, wip)re(t + ¢r(K))))+
Dy (i (i (t + 0r(K)), Ve (t — T + @k (5 — €75)))) - Dy (D (fr(wp, wi)))ri(t = 7 4 @1)) Pe(t; ¢,0)
Py(t,p,€) + €Pp(t — T, o(k — €7), €) - +  (Dy(fe(wg, wi)) + Da(Dy(fr(wi, wi)re(t + (k) +
Dy (fi(e(t + 1 (9), Wt = 7 + P = em1)))) Dy (Dy (fi(wi, i) Jri(t = e & 0)) Pt = 7, 0,.0)
+ ge(wi, w") + Da(g(wi, w”))re(t + @r) +

plus terms of ordeO(e?), where D, and D,, are defined as Dy (g(wy, w))r(t — 1+ ¢).

the part|al derivatives for functiofi(x, y), i.e., D, (f(x,y)) =

afk(w Y) and D L (fz,y)) = 3fk($ %) Since So we get

dPy(t, 0,0 .
dut + 1) IO s Palt, .00+ Ao P71, 2,0) 2 (4, 0),

7 = fre(v(t + @r), Yt — 7 + pr(k — €m))), (22)



Vector ¢ are treated as parameters here. As for TCP/Droptail X t+ (W_
in (22, sinfwrt o0\ o7 1 2)
TrWw;, 1
1 b +1 kp, —1 _
Akl == (* + y * 2r1€(t —Tr + @k)) y QTk ( k + bk + 2) COS(Wka)>
wiTe (W) b
. mw; \ 1
bk +1 bk +1 Sln(wk(t + @k)) (Z - )
Ak:2 = — " — " QTk(t + (pk) — =1
wite  TR(wy) N .
wrk(t_TkJr@k), Z (cos(w; (t + ¢;) — wk(t + ¢r) — w;7;)) (25)
To(wp)?2 =
and Becauses;, Ay, and Agy, arewy-periodic, if (23) has a non-
_ trivial wy-periodic solution, according to the theoren22 in
e_k( #) [27], we must have
= 5 ((wi)? + wirk(t + @r)) + wirk(t — 7 + o)+ to+22
b / k(tv @k)ek (tv @)dt = 07 (26)
- mwy \ al nj o
Bwi)*( —) > ff’j(t Tt |+ wherez;, is the solution of the adjoint homogeneous system
= ! =17 of (23), i.e
1 d
Wit (ri(t + or) + (b + Vr(t — 71 + ¢1)) ;:C Tg(t) = —Ap1 (B)2n(t) — Ag2(t + 7%) 2k (t + 71). (27)
k
. w3
Define Py (t, »,0) = —% + yk(t, ¢), (22) becomes Becauser), = 7 sin(wyt) andwy 7, = arccos(;=7), thus
dyg(t, -1
dylte) _ Ap1yr(t, 0) + Arayr (t— i, ) +ex(t, @), (23) Api(t) = :
dt U)Z’Tk
wherey; (¢, ») ia an unknown vector variable, and 5 be(br L 2
1- T—’i sin(wyt) — Mm cos(wyt) |(28)
ex(t, ) Wy, Wy,
—w
= t — and
27 (bk npICRD)
(-1 nu ) At
=1+ —=)relt — 7% + i)+ -1
by +2 = <b;C +1+ —(bz + b — 1) sin(wgt)+
N mw N . Wy T wy
* Wy 1 J
B —_— —=1;(t — T + @; b (br +1
k:(l:Zl 7 ) ; T i j+©5) %,@k Cos(wkt)> ) (29)
k
1 doy
oo (rk(t +x) + (bx + 1)t = 7o + k)= = Suppose the fundamental componentzgft) is
k
Since the uncoupled systems are at the emergence of oscilla- z(t) = go + f1sin(wkt) + g1 cos(wit). (30)
tions, Then
o (re(t+or) + (b + D)1 (t — 7 + k) = 7t + pi)- gt + 1)
k
. b (b, + 2
Suppose the fundamental component fgft) is r;(t) = = go— (b fjr 1 + 5 bk(+k1 )> cos(wyt) —
#;sin(w;t), where#; is the amplitude of the emergent os- K k
cillation for flow j, such that \/bg (b + 2
J g _ Fiv/be (b +2) sin(wgt). (31)
ex(t, 0 (24) bi 41 b +1
= —cos(wk(t+¢x)) - Then, we substitutg¢28) — (31) into (27) and compare the
L dyy | Prwy 1 . coefficient ofcos(wyt), we obtain
7k by — 1 _
(r’“w’“ dr 2Tk (b =1+ 5 =) sinwim)

w
cos(wi(t + ¢r)) Z 77lle
=1

N .
575
E ——=(sin(w; (t + ;) — wi(t + or) — w;T;)) —

fiwr =

1 f1 g1
— (b +1
Wik (91 (br, + )<bk+1+

which means that
fi 1= /bi(bk +2)

g wy arccos(b +1) +1

bk(bk + 2)
b +1 ’




So
toJrfT7r .
Jio F wp(t 4 o) sin(wr(t 4+ or))dt fi )
: JFZJ - — ks
Ji 5wkt + or) cos(wi(t + gi))dt T
i.e,
bi (b 2

wy; arccos(3— 7 +1) +1

To substitute(25) and (31) into the (26), produce

dpy,
K dk
wy (B 1 :
27k (bk 2 T k= L g sin(wem)
(b — 1+ ) cos(wrTi) | —
by, +2
B(wk)2 Y mw; |\ _q
2Tk (Z Tl )
1=1
N 7,75
> Tﬂ Z (sin(w; (t + @5) — Wi (t + pr) — wjT;)—
j=1"7

cos(w;(t + ¢;) — wi(t + ¢r) — w;T))) -
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