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ECE 604 LINEAR SYSTEMS
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Final Exam
Issued: December 8, 2011 Due: December 13, 2011

Consistent with the ECE Honor Code, you are asked to read the following voluntary statement
carefully and sign it before beginning your work in each exam booklet:

| have not given or received unauthorized aid on this exam.

Signature Date

Instructions
The exam is a take-home exam. You should not discuss these problems with others. Do not use
Matlab (or any equivalent program such as Mathematica) to generate your answers (you can use any

computer program to check your answers).

There are six questions with the following values:

Problem #1 15 points
Problem #2 15 points
Problem #3 15 points
Problem #4 15 points
Problem #5 15 points
Problem #6 25 points
Total 100 points
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Problem 1:

(15 points) An Earth satellite of unit mass can be modeled as a point mass moving in
a plane while attracted to the origin of the plane by an inverse square law force. It is
convenient to choose polar coordinates, with r(t) the radius from the origin to the
mass, and / (t) the angle from an appropriate axis. Assuming the satellite can apply
forces Uy, (t) in the radial direction and U, (t) in the tangential direction (see Figure

1), the equations of motion have the form:

#(1) = r(0)62 (1) - =P~ 4 u (i
(=071 Een()

g 2000, 00 @

Figure 1

a) When the thrust forces are zero, the solutions to these equations can be ellipses,
parabolas or hyperbolas. The simplest solution is a circle with both r (t) =T, and

! (t) =" o constant. Given ! , , find the nominal radius o -

0 b
Given a frequency of revolution @, and u; (t) = u, (t) = 0, the nominal radius

must satisfy (1):
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b) Using the state vector x! (t) = [ r(t) if(t) G(t) é(t) }, the thrust forces as
the inputs, and the radius and angle as the outputs, write the equations of motion

as a (nonlinear) state variable model.

4= ()= 1)

Thus, the state model is:

ﬁ% ) (t)

0% "

2 )t o)

K1) = 32 (¢
%

32 ! 2x, (t)x4( )

& x (1) x (1)

¢) Find the nominal state solution for the trajectory from a).
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The nominal state solution is:

nolt) | [ Ty

B X50 (t) B 0
%ot) = o) || @+,

| Y40 ([) @

d) Linearize the state model around the nominal solution from c). Clearly define the
states, inputs and outputs for the linear state model.

Define the output to be

] s

Noting that u,, (t) =0, define
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Problem 2: (15 points) Consider the linear system
x(t)=Ax(t)+Bu(z) x(0)=x,
y(t)=Cx(¢)+ Du(?)

The input to this system only changes values at sample times {kT :k=0,1,2,E } and
is constant between these samples]:

u(t):ﬁ b, kT t<(k+1)T,.!k:O,L2,E
& O otherwise

The measurement of the linear system is synchronously sampled and is the average

of the continuous-time output:
<
i — j o)do k=0,12E
Y= Tl

0 otherwise

A linear, time-invariant, discrete-time state variable model has the form
ik-f—l :F§k+Gﬁk io giVen
Yi = HX + Juy

Find F, G, H, and J in terms of the continuous-time linear system matrices A, B, C,
and D.
Define the value of the state at time KT as X, . Using the variation of constants

formula with initial condition X P at time kT :

k+1 T

A((k+1 )7- kT k+1 T— r
e + J

X0 = BO, dt
AT A )
=e Yk+je de‘L'ka
——
A, 0
\—W_—J
Bd

Again using the variation of constants formula with initial state x ((k - 1)T) at time
(k - l)T jthe response y (o) for (k - 1)T <o <KT is

' That is, u(t) could be the output of an ideal ZOH.
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y(G)zCeA(G_(k_l) ) ((k 1 ) J. Ce Alo- T)Buk 1dt+Du,
(k=)
o—(k-1)1
+ [ e Baa+p a,,
0

_ CeA(O'—(k—l)T)ik_l

The measurement §, for K positive is:

Ly
Vi =7 # y(/)a
(k" YT
T % . 04" (k" )T ( (
_1 " :CeA(! (k 1)T)ik"1+: i@ cerl” )Bd$+D*uk g d!
T(k"l)T& & o ) )
- . kT 04" (k" T ) (
:% # Mg+ g g ce"OBds +Drdl by
K" )T (k)T& o
- %, T . ( (
:l#jeA d+Xpr g +' Oi##’) Al $)Bd$id++DIL"k"l
TY & 0& ) )
) %, T4 ( (
_—;I':}§3eA d+ Xy q +! —# ¢“ Bd, xd++D* ey
Tguse K08 gisdssal
Ad1 Ba1
Define Wk A Xkl 1 +B ukI 1 Then
_— (3)
Wir = Ay X B, @

Combine (2), (3) and (4):

X = X |
X1 = AgXy + Byl
W1 = AgiXy + Byl
Vi =Wy

This is a state model with the augmented state X P = :# il{ V_VIZ gz :

6 of 19



Xk+1

d d |~
— = _ + u,
Wit Ay 0 Wi B,
ik+l F ik G
X, .
yk:[ﬁ I} N e
W, J
H
ik
where
T
A, = B =jeAYBdr
d d
0

17 15[ %
Ay ==[CMdy By =—[| [CrBdE |dy +D
TO TO 0
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Problem 3: (15 points) Consider the two linear systems
_ 0 1
Xl(t):[ ]X1(t)

Ly 1 $
X, (t)=# i ; §/2<z(t)
0

Both systems are state variable representations of the differential equation
$(e) 1 263(e)1 (21 2 )y(1)=0

a) Show these two state equations are equivalent by finding a state transformation
X5 (1) = P(1)x, ()

Note that you must show P(t) is a state transformation.

Define the components of the two state vectors as:

)= %1 (1) )= Xo1(t)
' X2 (1) ’ X2 (t)

Take the derivative of the first equation for x;(7):
Wy (1) =4y, (1) = (2! fz)xn(f)Jrzfxlz(f)

:(2! tz)xll(t)+2ﬁcn(f)

Thus, x;; (t) satisfies the same 2™ order differential equation as y(t). Hence:

Now differentiate the first equation for x, (7):
Rpp (1) = x (1) + gy + dpp (1) = (1) + gy + (a2 (£) + 1205 (1))
= 20099 (1) + iy () + 1 (g (1) — 111 (1))

- (2 - tz)xm(t) + 2194 (1)

Thus, Xy, (t) satisfies the same 2™ order differential equation as y(z). Also, from

the first equation for x, (t):
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- 1
L BH S W
P(r)
This is a transformation because it is invertible for all t:
10
r 1

P(r)=

b) Find the state transition matrix for the system with state vector x, (t).

The system matrix for the second system is:

1 01
A(r)= t =M(t)+N M()=Ad N=
1¢ 10

The system matrix commutes with itself at all times:
# ! + n ! n + 1 &

AMAC)=g T =A()A()
'S +1 '+

The transition matrix is:

#a()a (" pN)o
1o (tt) = €0 = g

Since M(t) and N commute:

(" )a” 24,2 24,2
! z(t’to):et;;ﬁM( )d eN(t$to) :e(f $lo%|eN(t$to) :e(l $t0%eN(t$to)

The last matrix exponential can be evaluated as:

ht sinht
(I)N (t,O) = eNt - L—l{(sl _ N)—l} _ Cos sin

sinht cosht

Thus,
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‘Dz(t,to)ze(tz_tg% cosh(1 1) sinh(z—1)

sinh (t - to) cosh (t - tO)

c) Find the state transition matrix for the system with state vector x;(¢).
Since x,(t)=P(t)x;(t),
Ha(tito) =P H(t)! 2(tto) P(to)

t to/#l O&%COSh ) sinh(t" to) & 1 0%

(o6 (
$°t 1 (?$/osmh( ty) cosh(t" to) g;ﬁ o 1 g
_ =)y % cosh(t" to) sn(t) g1 0

%/otcosh(t to) +sinh(t" ty) tsinh(t" to)+cosh(t" to) §% to 1%

] e(tz" to)/ﬁ;) "tosinh(t" to) +cosh(t" to) sinh(t" t,) ‘?
(

%(t to)cosh(t" to) + (1" tot)sinh(t" t) tsinh(t" to)+cosh(t" to)
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Problem 4: (15 points) Consider the transfer function

s+1 S
$?+2s+1 +1
G(s)=
1 2
S+2 s +35+2

You may use computer programs for this problem.
a) Find the first eight Markov parameters for G(S) (i.e., H, through H-).

s+1

2

=0+1is = lis 2 +1lis” —lis ¥ +1is™ —1is™ +1is™’ +O(s_8)
sT+2s+1

S

P +1

:O+]js_1+0is_2—st‘3+0is_4+]js_5+0is_6—st‘7+O(s‘8)
L:0+1-s”! 2eS 2 + 40531 85t 4160571 32-5!6+64.s”+o(s!8)

S+2

= 04 0ns ! 4 2052 — Gos > + 14es™ — 300575 + 620570 — 126057 + 0({8)

s +3s+2
! $ ! $ o $
0 0 11 10
Hy=# & H, = # & Hy=# &
IIO 0% II] O% n 2 20/‘
I 10 11
H, = H, = =
3_4—6} 4_—814} 5[16—30}
=l L0 g 1
| 32 62 | 64 —126

b) What is the order of the minimal realization for G(S) ?

rank M, (3,3)=rank M, (4,4)=5

Thus, the order of the minimal realization is 5.

¢) Find a minimal realization for G(S) using the Markov parameters.
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Io1i-1 011 -1
10412 24 6

-1 011 -1i-1 0

2 214 6! -8 14
MH(4’3) I o—1i-1 01 1 1
4 —61-8 14 |16 30

-1 011 11-1 0
| 8 14]16 -30!-32 62 |

1 1 -1 0o 1 -l

1 0 2 2 4 -6
H=-10 1 -1 -1 0
2 2 4 -6 -8 14
1 -1 -1 0 1 1 |

;!1 0 1 !111 0 Y
§!2 2 4 1618 14 .
H,=$1 1111 0 1 1°
%4 16 18 14 16 130 .

$!1 0 1 1 !1 0 ¥

Columns 1 through 4 and 6 are linearly independent. Hence:

1 11 0 11
0 12 2 16
0 1 !1 0"
2 4 16 14,
1111 0 1 %

AP OHBALH
oo s PR

0o 1 1 0
2 4 loe 14
't 11 0 1
' 18 14 130
0 1 1 0

X
1
BAOAAREH
=
R~ T T T T

—
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Problem 5: (15 points) Consider the state variable model of a dynamical system
X(t):Ax(t)+u(t) X(O):XO
y(t)=cx(t)
where (A, C) is observable. The system is to be stabilized using constant gain output
feedback:

u(t):! Ky(t)

The constant gain K will be defined in terms of the matrix:
L T
M, = [e* °C'Ce " do
0

where L>0.
a) Show that M| is invertible.
First, note that if (A,C) is (O), then (! A,C) is (O):

#ygma & # n &
(A,C) ©) ! rank%SI A (=n )s*C I rankoy sS+A
$ C $
# &
! rank%+|éA (=n) +*C ! (AC) (O
$ ]

(! A,C) (O) implies the observability Grammian
M(LO)=# A CTCd A am = M,
has full rank, and is invertible.
b) Show that
A™, +M,A=C'C-e LCTCe ™

Hint: Show that the left side is an integral of a perfect derivative.
Note that

d T T T
o

Integrate:
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L L L d
AT A OCTCe A% g5 + | A OCTCe A% doA = | _ 4 AT e AT | do
0 0 ol do
T 0 T
AT™, +M, A= °CTCe??| =cTCc-e? il e ™
L

¢) Show that
u(r)=-M;'C'y(¢)

results in an exponentially stable closed-loop system.
Hint: Show that V (x) =x'M X is a Lyapunov function for the closed-loop
system. Apply the invariance principle to obtain exponential stability.
Define V(X) =x'™M ;X . Condition (i) of the definition of a Lyapunov function is
satisfied because Q =M | has finite elements. Condition (ii) is satisfied because
Q =M, isinvertible. Condition (iii) is satisfied because V(X) is independenr of
t. The derivative of X" V(X) along solutions is:

v (x)

T
T -1 ~T -1 ~T
=x {(A—MLC c) ML+ML(A—MLC C)}x
soutions

x"{AT™, +M,A-2C"Clx

x"{cTc- el eet ~ ¢ e

=—x" {CTC + e_ATLCTCeAL}x =—x"Wx <0
Condition (iv) is satisfied, and V (X) is a Lyapunov function for the closed-loop
system. Thus, the closed-loop system is stable.

To prove ES, we will invoke the invariance principle. Note that (A,! C) is (0)if
and only if (A~ M{*CTC,C) is (O) for 0% 0

. Lot
" $1 —M, C "', " ! %
rank$SI!A'0:rank§ ( , SI!A'O:rank$SI'A+M|-CC: ) s*
# C & 2o 1 #(C e 3 C &
# ( &

The observability Grammian for (A, W) is:
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L T n T
M, (O, L): # e’ (CTC+e A I‘CTCeAL)eA" d!
L T L T woAT
=# e cTce d! + e e AbtcTeerte df
L T
=24 e cTce d!

Since (A,C) is (0), M, (0,2) > 0. Hence, (AW | is (0). The observability
Grammian for the interval [O, L] is the observability Grammian for the system with
output matrix \/W = \/EC . Therefore, the system (A,\/EC) is (O). Thus, the system
(A - MZICTC,\/W) is O), and the closed-loop system is (ES).

16 of 19



Problem 6: (25 points) Consider the system:

[0 0 1 0
Xx=| 1 0 0 |x+| 0 |u
010 1

y=[0 0 1]x

a) Using state feedback, place the poles of the closed loop system at {—1,—1,—1}

b)

The input using state feedback is:
u(r)=-Kx(t)+r(t)

The closed-loop system is:

; 0 0 1R "%
x()=g 1 0 0 -40+§0.40
Blh, 1k Tk $13%

The closed-loop characteristic polynomial is:

; s 0 1 % © e
s)=detg!1 s 0 +=sdet$
0 e$k ! k, ' eﬁkfl
21 kU1 s+ky o

=S +ks +ks+k,! 1

The desired characteristic polynomial is:
q(s):(s+1)3:s3+3s2+3s+1

Equating:
k=3 k=2 k=3 = K=[3 2 3]

o % "11 s Y
"1 det$

+k3'&' §k1 k2!1'&

Specify an observer for this system that has poles at{! 2,! 2,! 2}.

An observer has error dynamic system matrix:

00 1-4
A =A-LC=| 10 -,
o

01 -1
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)

d)

The characteristic polynomial is:

s 0 ll—l

q(s)zdet -1 s L, :s3+l3s2+12s+ll—1
0 -1 s+,

the desired characteristic polynomial is:

q(s)=(s+2) =5 +65> +125+8

Equating:
9
l,=9 1,=12 I;=6 = L=| 12
6

The observer is:

o(t) = A9(t) + Bu(t) + L(y(t) ! Cx‘i(t))

"0 0 18 % I
=31 0 !12.f’)(t)+Bu(t)+$12'Y(t)ﬁ(o):ﬁo
$0 1 16 % $6 3

What is the estimation error e (define the error in terms of the original system
and the estimator, and specify the differential equation it satisfies)?

The estimation error is:
e(t)=x()t x(¢)

It satisfies the differential equation:

"0 0 18 %
é(t):(A! LC)e(t)zgl 0 112 .e(t)
$0 1 '6 %

e(O) =X, ! X,

What is the compensator that results using the state feedback gain of part a and
the observer of part b?

The state variable model for the compensator is:
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#0 0 18 & # 9 &

ft)(z):(A! BK ! LC)iﬁ(z)+Ly(z) ) f)(t):gjg 1 0 112 Eﬁ(r)+g//(‘;12 gy(z‘)
u(r)="1Ku(r)+r(r) g!13 11 19 ( %6 (

u(r)=! 3 2 3 &(1)+r (1)

The transfer function model for the compensator is:

G,(s)=K(s-A+BK+LC) L

0 0 -8 9
=[323]s-] 1 0 -12 12
3 -1 -9 6
§%+95—-12 8 8s 9 L
=1 32 3 +45 2405-24 -125-8 || 12
[ I P ) 5 |$°+95%-36s-8
| -1-3s —s Ky
A2 +11s—4 3
=l 3 2 3 452 +15¢ + 23
[ } ) s°+95% — 3658
| 26%-13-3
o 23° +245+25
s3+95° —365—8

e) What are the error dynamics of the system? (The error state should include the
original system states and the estimation error.)
Define X (t) 2[ x! (t) el (t) ]Then

£, (r)= A-BK - BK )y (1)
a 0 A-LC | “
(0 0 1/00 0 |
1 0 0/00 O
| X
| 8.1 3832 3._ xa(t) Xa(0)= °
O 0 0!00 -8 X0~ %y
0 0 0i1 0 -12
| 0 0 0/0 1 -6 |
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