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240 A. Muschinski

to Kolmogorov’s (1941a,b) two classical papers. It is important to note, however,
that Kolmogorov’s similarity theory does not rely on the Navier-Stokes equations.
Kolmogorov (1941a) did not even mention them. On the other hand, the Navier-
Stokes equations are widely believed to be the first principles for the physics of fluid
turbulence, also at high Reynolds numbers, and much work has been done to gain
insight into Kolmogorov’s turbulence laws from the viewpoint of the Navier-Stokes
equations, see, for example, McComb (1990).

Since the advance of supercomputers, it has been possible to leave any turbulence
theory completely aside and, instead, to straightforward numerically integrate the
Navier—Stokes equations under the constraint of the external forcing. This approach
is known as direct numerical simulation (DNS). See, for example, McComb (1990),
Reynolds (1990) or Chen et al. (1993). DNS is free from any assumption on the
statistical nature of developed turbulence and, to a certain extent, may be considered
the numerical counterpart of a laboratory experiment. The DNS technique, however,
is limited to moderate Reynolds numbers Re since at very high Re as encountered in
the atmosphere or in the ocean the number of hydrodynamical degrees of freedom is
far beyond present-day computer capacities.

A very efficient technique to reduce the numerical expense by many orders of
magnitude is large-eddy simulation, abbreviated as LES (Smagorinsky 1963; Lilly
1967; Deardorff 1970). The technique’s history and development have been compiled
in a monograph edited by Galperin & Orszag (1993). A critical review of the technique
was given by Mason (1994).

LES relies on both the Navier-Stokes equations and on a reasonable model for
the small-scale turbulence. In LES the Navier-Stokes equations and the other
diagnostic and prognostic equations are used in a spatially filtered form. Lilly (1967)
used a three-dimensional top-hat filter. Leonard (1974) generalized the filtering
concept. Moeng & Wyngaard (1988) compared ‘empirical’ spectra of the turbulent
kinetic energy (TKE) generated in an LES with ‘theoretical’ TKE spectra that they
obtained by applying the specific filter associated with their specific LES equations
to Kolmogorov’s inertial-range TKE spectrum. But the theoretical spectra did not
compare well with the empirical LES spectra. They presumed that the discrepancy
might be to be attributed to the fact that the theoretical spectra were obtained
by explicitly filtering while the empirical LES TKE spectra were the result of a
filtering operation that is “to some extent implicit” (Moeng & Wyngaard 1988,
p- 3577).

It is the purpose of this paper to give an elementary physical picture of this ‘implicit’
filtering. To a certain extent, we adopt the philosophy which was described by Mason
(1994).

The paper is organized as follows. In §2, the difference between Navier—Stokes
equations and LES equations is discussed. It is shown that LES equations may
be considered equations of motion of specific hypothetical non-Newtonian turbulent
fluids, called ‘LES fluids’. Section 3 contains the essence of this paper. Somewhat
in analogy to Kolmogorov’s (1941a) similarity theory, a similarity theory of locally
homogeneous and isotropic turbulence generated by a finite-difference Smagorinsky-
type LES is put forward. It is shown that the LES-generated Kolmogorov coefficient
args is sensitive to the Smagorinsky coefficient ¢ if cg is smaller than Lilly’s (1967)
value for cg; on the other hand, oygs is asymptotically universal for cg larger than
Lilly’s cs. The similarity theory is generalized to account for turbulence generated
by an anisotropic-grid LES. In §4, some implications of the similarity theory are
discussed. A summary and conclusions are given in §5.
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242 A. Muschinski

additional equation is needed, namely the equation that allows the parameterization
of vigs itself in terms of u;.

A fluid in which the viscosity depends on the shear is a non-Newtonian fluid;
therefore, the LES equations may be considered the equations of motion for a specific
hypothetical non-Newtonian fluid. In the following, we will call such a hypothetical
non-Newtonian fluid an ‘LES fluid’, which is physically specified by the equation for
vLes or, more generally, by the parameterization of 7;; in terms of the u;.

The spatial filter that is inherent in the LES equations smears out the fluctuations
that are considerably smaller than I;. A physical interpretation is that the ‘small’
eddies are damped out by the eddy viscosity, which depends on (or defines) /; and
which is usually several orders of magnitude larger than the molecular viscosity v
of the (Newtonian) fluid to be modelled. In other words I is a property of the
specific LES fluid while the molecular viscosity is a property of a Newtonian fluid.
While the smallest eddies in a fully turbulent Newtonian fluid are on the order of
the dissipation length #, the size of the smallest eddies in a fully turbulent (non-
Newtonian) LES fluid is on the order of the filter length /;. One might presume
that the role that # plays in Navier—Stokes turbulence is similar to that of I; in LES
turbulence. In the next Sections we will show in more detail that, in full analogy to
the dissipation length # in a Newtonian fluid, I; is physically a dissipation length in
an LES fluid.

The Navier-Stokes equations describe the energy dissipation of the turbulent
kinetic energy due to the random motion of the molecules. The molecular motion
itself, however, is not explicitly described but is parameterized. In other words the
Navier-Stokes equations do not know anything about the existence of individual
molecules; in a Navier—Stokes fluid (a fluid that is described by the Navier-Stokes
equations), there are a priori no structures at length scales considerably smaller than
n. Even if it were possible to carry out a DNS with a grid spacing 4 smaller than the
size of the molecules one could not expect that the DNS would provide insight into
the existence of individual molecules. Correspondingly, the LES equations describe
the energy dissipation of the large eddies due to the effects of the eddies smaller than
I;. The motion of the small eddies itself, however, is not explicitly described but is
parameterized. In other words the LES equations do not know anything about the
existence of individual eddies smaller than I, ie. of eddies within the inner inertial
range; in an LES fluid, there are a priori no structures at length scales considerably
smaller than /. Even if a LES were carried out with 4 smaller than 5 one could not
expect that the LES would resolve the eddies smaller than Iy if I; is several orders of
magnitude larger than », which is usually the case.

It is important to note that up to now we have considered partial differential
equations (or finite-difference equations with an arbitrarily small 4): on the one hand
the Navier-Stokes equations and on the other hand the LES equations. As stated
above, in DNS 4 must be chosen equal to or smaller than a fraction of 5 since the
size of the smallest nonlinear structures in a turbulent Newtonian fluid is on the order
of n. Correspondingly, in LES 4 must be chosen smaller than a critical length that is
defined by I; (Mason 1994, p. 5).

The LES technique was developed to minimize the computational expense of the
simulation of turbulent flows with very high Reynolds numbers. Thus,there is
generally a need to chose 4 as large as possible, and there is a need to know the
critical 4 as precisely as possible. Note, however, that the need to maximize 4
is simply a consequence of limited computer resources. Thus, the grid spacing is
maximized for technical reasons but not for physical reasons.
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