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The calculation of the aperture-averaged angle-of-arrival variance, observed with a telescope with a circular
aperture, of a plane or spherical wave propagating through homogeneous and isotropic turbulence is one of the
classical problems in the theory of wave propagation through random media. We present and discuss approxi-
mate closed-form solutions on the basis of the Rytov approximation. For both plane and spherical waves, the
accuracy of the approximations is better than 0.25% for all ratios of aperture diameter and Fresnel length.

© 2007 Optical Society of America
OCIS codes: 010.1300, 010.1330, 010.7350.

1. INTRODUCTION

Angle-of-arrival (AOA) fluctuations of optical waves
propagating through random media have been studied for
various purposes, such as for retrieving characteristics of
atmospheric turbulence, studying and mitigating errors
in free-space optical communication, and overcoming
limitations for ground-based astronomical observations.

Predicting the AOA variance, (6%), observed with a tele-
scope with a circular aperture of diameter D, of plane or
spherical waves propagating along a path of length L
through a turbulent refractive index field characterized
by the refractive index structure parameter C,Zl, is a clas-
sical problem in the theory of wave propagation through
random media. It is known'™ that the AOA variances for
plane and spherical waves propagating through homoge-
neous and locally isotropic inertial subrange turbulence
are given by

(6%, = v,(q)C2LD™3, (1)

(05 = 7(q)CRLD ™, (2)

respectively, where the dimensionless coefficients v,(q)
and v,(q) are functions of the “Fresnel number” g, the ra-
tio between the aperture diameter and the Fresnel length

D
7= 7 3)
where
f=\\L (4)

is the Fresnel length, and )\, is the wavelength of the un-
perturbed wave. Only little seems to be known, however,
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about the details of y,(g) and ¥(q), in particular, in the
important intermediate range where q is of order 1.

Tatarskii’? has shown that for an interferometer, the
AOA variance can be expressed in terms of the phase
structure function and baseline distance and that for an
observation with a telescope, by considering a diffracted
wave incident upon the aperture without a lens, the AOA
variance can be expressed as a weighted aperture average
of the derivative of the phase structure function. Tatarskii
expressed the AOA variance in closed form for the
asymptotic cases ¢>>1 and ¢ < 1, and he showed that (62)
for large-aperture telescopes (¢>>1) is twice the value of
(6% for point receivers (g < 1). It was pointed out early by
Gurvich and Kallistratova® that for AOA fluctuations, in
contrast to log-amplitude fluctuations, weak-scattering
theory (based on the Rytov approximation) remains valid
far into the strong-scattering regime. Churnside and
Lataitis® and Churnside® studied, based on geometrical
optics, AOA fluctuations of a laser beam and compared
their theoretical results with field observations.

There have been attempts to obtain the AOA variance
in a more compact form. Tofsted” studied how AOA vari-
ances for Gaussian and uniform-intensity beams are af-
fected by the inner and outer scales of turbulence. The au-
thor presented the AOA variance as a double integral over
the propagation path and the spatial wavenumber of the
refractive index fluctuations, which he then condensed, by
means of a curve-fitting approximation, into a single inte-
gral over the propagation path. Conan et al® expressed
the AOA spatial covariance and the variance as a conver-
gent series using the Mellin transforms. The AOA vari-
ance can be obtained in a closed form, however, by means
of a simple and analytical approximation, as we will show
in this paper.

Recently, Wheelon® and Andrews and Phillips® investi-

© 2007 Optical Society of America



416 J. Opt. Soc. Am. A/Vol. 24, No. 2/February 2007

gated AOA fluctuations based on geometrical optics for
plane and spherical waves and presented closed-form so-
lutions of AOA variances including the inner and outer
scales of turbulence by approximating the phase struc-
ture function. These solutions, however, are valid only for
the asymptotic cases ¢>>1 and g« 1.

Our motivation for developing closed-form AOA vari-
ances for plane and spherical waves propagating through
fully developed, homogeneous, and locally isotropic turbu-
lence is to obtain a deeper understanding and to reduce
the numerical computation time for AOA variances. While
previous works'™ have provided asymptotic solutions of
AOA variances for ¢>>1 and ¢ < 1, there appears to be a
lack of analytical understanding of the intermediate re-

gime g =1, that is, the behavior of (6%) for an aperture di-
ameter comparable to the Fresnel length. Because the in-
termediate regime is of great practical relevance for many
applications, there is a need for closed-form solutions or
approximations of y,(g) and y,(q) for g~ 1. To fill this gap
is the main purpose of this paper.

This paper is organized as follows. In Section 2, we be-

gin with the AOA variance, (#?), for plane and spherical
waves observed by a circular-aperture telescope. We show
that the Airy weighting function can be approximated by
a Gaussian weighting function with an analytically cali-

brated width parameter g, and the double integral of (6%)
can be solved in closed form. In Section 3, we discuss the
validity of the Gaussian approximation of the Airy func-
tion and the accuracy of the closed-form approximation of

(6% in terms of g. We compare our results with previously
known analytical and computational results. A summary
and conclusions are given in Section 4.

2. THEORETICAL ANALYSIS

For both plane and spherical waves propagating through
fully developed, homogeneous, and locally isotropic turbu-
lence, the aperture-averaged AOA variance can be pre-
sented in the form*!°

o 1
(P = 'n'LJ dKf dur3®,()h(k,u), (5)
0 0

where u is the normalized path coordinate (such that u
=0 at the source and u=1 at the receiving aperture), « is
the magnitude of the wave vector transverse to the propa-
gation path, ®,(x) is the local, three-dimensional wave-
number spectrum of the refractive index fluctuations, and
h(k,u) is a weighting function, which is

2 (kN2

hpy(k) = [1 + W sin o }A(aK) (6)

for plane waves and

(H?u(l-u)

w

hy(k,u) = [1 + Ccos }uZA(aku) (7)

for spherical waves. Here, a=D/2 is the radius of the ap-
erture, and
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2J1(x) 2
Ax) = . (8)

is the Airy function, which comes from averaging over a
circular aperture, with J;(x) as the first-order Bessel
function. Note that h,(x), the weighting function for the
plane wave, does not vary with u, in contrast to A («,u),
the weighting function for the spherical wave, which does
vary with u.

For homogeneous and locally isotropic turbulence, the
three-dimensional refractive index spectrum in the iner-
tial subrange is (see p. 48 in Ref. 1):

1°(8/3)sin (7/3)
S —

D, (k 3K_11/3. 9)

A. Approximating the Airy Function by a Gaussian
Function

The aperture-averaged AOA variance, (6%) in Eq. (5), is a
weighted integral of the Airy function A(ax) and therefore
should not be too sensitive to the details of A(ak). Because
A(0)=1 and because A(ak) drops fairly rapidly to zero at
wavenumbers comparable to a~!, A(ak) can be quite well
approximated by a Gaussian function,

A(ax) = exp[- (Bax)?], (10

as illustrated in Fig. 1. Haddon and Vilar' used this ap-
proximation for the case of scintillation. Their value of 8
is different from our value, and the authors did not de-
scribe in detail how they calibrated their 8, however.
For plane waves, we insert %,(«x) given in Eq. (6), ap-
proximate A(ax) with the Gaussian function, and obtain

] Lo 27 ()
(02)g=772Lf0 duf0 drr’d, (k) 1+Wsm o

X exp[- (Bax)?]. (11)

Now, we calibrate the width parameter B8 such that <_02>g
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Fig. 1. Airy function and the Gaussian function with g

=0.5216. The solid curve is the Airy function and the dashed
curve is the Gaussian function.
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=(®go, where (#)qg is the aperture-averaged AOA vari-
ance with the Airy weighting function in the geometrical-
optics (GO) limit. In the GO limit, we have «f< 1 for all «

that contribute significantly to the integral for (6%), such
that h,(x)=2A(ax). Inserting Eqgs. (8) and (9) gives

<92>G0_\/3r( )02 -2 f drx¥3J%ax)
0

, 1296\3[T(8/3) "I (1/6)
=CLl— g 3 ¢ (12)
28°1375[1(5/6)]

where we have used Eq. (Al). On the other hand, the
aperture-averaged AOA variance with the Gaussian
weighting function in the GO limits is

-
- \/3

3 w
<t_92>g = IF(g)C%LJ dxx 23 exp[- (Bak)?]
0

— CzLEF § T 1 B—1/3a—1/3 (13)
"8 \3) \6 ’
where we have used Eq. (A2). We obtain B by equating

Eq. (12) with Eq. (13):

58113[T'(5/6)]°

For spherical waves, we can calibrate correspondingly,
and we obtain the same result.

B. Plane Wave

Now, having B properly calibrated, we evaluate the
Gaussian-approximated, aperture-averaged AOA vari-
ance for a plane wave,

_ /§ 8 * 2 (Kf)2
<6‘2> = —F Csz dex?3| 1+ 5 sin
8 0 (xf) 21

Xexp[- (Bar)’]. (15)

By means of Eqgs. (A2) and (A3), the closed-form aperture-
averaged AOA variance for the plane wave is

(6%, = 7,(qQ)C2LD™3, (16)

where
o —
s SO
6/ 7\ 6 2 5/12
X{“g(g) S, [ TW}
5 2
Xsin|:6arctan<w):|}. (17

C. Spherical Wave
The Gaussian-approximated, aperture-averaged AOA
variance for a spherical wave is
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(6%, ——F( )CQLJ duuj drx23

[ ((Kf)2u(1 - u)):|
X| 1+ cos| —— | exp[- (Baxu)?].
27

(18)

We can evaluate Eq. (18) by dividing the integral into two
integrals. The first integral is, by means of Eq. (A2),

1 o
I, = f duuzf dxx 23 exp[- (Baku)?]
0 0

31 /1
=§§F . B3 13, (19)

The second integral is, after expressing the cosine func-
tion in terms of the exponential functions with imaginary
arguments,

1 0 2 1-
I,= J duuzf drkx™?3 cos(w)exp[— (Baku)?]
o o 27

1 /1 !
— Zr(g)ﬂ—lﬂa—lﬂf duu2[(clu2 _ C2u)—1/6 + (C3u2
0

+Cou) V6] =1y, + I, (20)

where we have used Eqs. (A2) and (A4). I5; and Iy are

1 ( )( )1/36( Cos (1 17 23 Cl)
In=7T Ba T\ A |
21 2 251 6’ 6 6 C2

(21)
1 s 6 117 23 C;
Ipy=—T|~ TE=C o s |
n= T\ 5 | Gt
(22)
where
i
Cl=1+—2az=1+02’ (23)
if? 20 @4
27 2mp? B
if*
C3=1— =1—Cz, (25)

2mB%?
with i=\f——1. Cy is purely imaginary. Since (Cy)~ V6
=[(-Cy)"V6]" and *CllCz=(—C3/Cz)*, I, is the complex
conjugate of Iy; ( stands for the complex conjugate).
Thus, we find

(6); = %(@CiLD™?, (26)

where
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3 \“JE 1 8 B)_l/B
w@=576" 5/ 5)\2
68 2\
X[1+—==Rey|-—
173 mB%q?

117 23 imB%q?
X F | =, —;—;1- . 27
1\ 55 % 2 (27

Re stands for the real part. We can express y,(q) as a
summation form by means of Egs. (A5) and (A6):

S\EF 1)1“(8 ,3)‘1/3
68 9 -1/6
X|:1+ﬁ§(W) (7sl+782):|’ (28)
where

T(23/6)T'(5/6) { ( . )

Ys1= 2

n=0

o o 17 (77,82(]2/2)2n+1
- _ _ Q2 -~ 0
Sm( 12)%( 6 )ZM( Ve ] @9)

wB%q%\*®T'(23/6)I'(- 5/6)
Y2 = 2 T(1/6)T(17/6)

6 (2n)!

17 (mp2g%12)*"
R — ]_ n____
1'(22/6) *\ 12 o

« =, (22/6) 5.1 (1241 n+2(77.32q2/2)2"+1
oo (11/6)9,.1 2n+1)!

(30)

3. DISCUSSION

In Section 2, by introducing the Gaussian approximation
of the Airy function with a properly calibrated width pa-
rameter B, we obtained a closed-form approximation for

the variance (6?) of the aperture-averaged AOA fluctua-
tions. In the following, the validity for the Gaussian ap-
proximation of the Airy function is discussed. The accu-

racy of our closed-form approximation of (%) is evaluated
in terms of ¢ ranging from zero (point receiver) to infinity

(large-aperture receiver). Finally, the ratio of (6%) between
spherical and plane waves is discussed.

A. Gaussian Approximation of the Airy Function

Figure 1 shows the Airy function, A (ax) and the cali-
brated Gaussian function. The Airy function drops from 1
rapidly to its first null at ax=3.83, reaches its first sec-
ondary maximum of 0.0175 at ax=5.13, and it has its sec-
ond null at axk=7.02. The Airy function plays the role of a
low-pass filter, such that inhomogeneities smaller than
the aperture diameter contribute only little to the
aperture-averaged AOA variance. The calibrated Gauss-
ian function agrees well with the Airy function. The dis-
crepancy between the Airy function and the Gaussian
function is shown in Fig. 2. The largest discrepancy oc-
curs between ax=0.5 and ax="7, an interval that contains
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the first null and the first sidelobe of the Airy function.
We will see that replacing the Airy function with the cali-
brated Gaussian function leads to an error of less than 1%

in (%), both in the plane-wave case and the spherical-
wave case.

B. Aperture-Averaged Angle-of-Arrival Variance for the
Plane Wave

Figure 3 shows three curves of y,(q): a numerical solution
of the integral (5) with the exact plane wave weighting
function %,(x) given in Eq. (6), our closed-form approxi-
mation (with the Gaussian weighting function) as given
in Eq. (17), and the asymptotic fit as given later in Eq.
(34). Figure 4 shows the difference between the exact nu-
merical solution and the closed-form approximation of

(6% for plane and spherical waves, respectively. The dif-
ference is largest for ¢ in between 0.3 and 6 and the maxi-
mum value of the difference is 0.22% at ¢ ~1.1, which is
probably negligible for all practical applications.

0.02 T y T

0.01

-0.01

ax)-exp[-(Bax)’]

Z-0.02

-0.03

~0.04 ' '
1072 107" 10° 10 10

axK

Fig. 2. Discrepancy between the Airy function and the Gaussian
function, A(ak)-exp[-(Bak)?] with 8=0.5216.
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Fig. 3. Aperture-averaged AOA variance, normalized by

CiLD‘l/ 3, versus q for a plane wave. The dots are the exact (nu-
merical) solution; the solid curve is the closed-form approxima-
tion (17), and the crosses are the asymptotic fit for ¢ <1.



Y. Cheon and A. Muschinski

1 T T T
Plane wave
0.8r — — —Spherical wave |

0.4r 1

-0.2f 1

Difference (%)

—0.4 1
—0.6} 1
~0.8} 1

- . ) L
107 107" 10° 10
q
Fig. 4. Difference (%) between the exact (numerical) solution
and the closed-form approximation of the aperture-averaged
AOA variances for plane and spherical waves, respectively.
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1. Small-Aperture and Large-Aperture Asymptotic Values
Now, we consider the two asymptotic cases ¢g<1 and
g>1 of the closed-form approximation of (52)1, for plane
waves, Eq. (17), and we compare them with previous
work. %12

For very small apertures, ¢ <1, the second term in the
curly brackets of Eq. (17) is much smaller than 1 and neg-
ligible. Then, we have the asymptotic value,

V3 (1) (8\(B\ "
% 0=16"5)"3)\2

_ m 211/331/2 [F(2/3)]2

== TR - 1.419, (31)

where we have substituted 8 as given in Eq. (14). For very
large apertures, ¢ >>1, we can approximate several terms
of 1y,(q) as follows: [1+ 2 Bqt 4112 = (7 R2q2/2)%8,
arctan[2/(mB%q?)]|=2/(mB%q?), and sin[10/(67B%q?)]
~10/(67B%q?). Then, the second term in the curly brack-
ets of Eq. (17) approaches 1, and we obtain the asymptotic
value,

7,() = 29,(0) = 2.838. (32)

The numerical results for y,(0) and y,(«) are consistent
with Tatarskii’s numerical results (p. 289 in Ref. 2). Fig-
ure 3 shows that ,(q) converges rapidly to y,() for q
>1 and much less rapidly to ,(0) for ¢ <1. While [,(x)
-%(@)1/v(q) becomes smaller than 1% for ¢
>1.65, [,(q)—7,(0)]/v,(q) becomes smaller than 10%
only for ¢ <1.35x 1075,

2. Intermediate Range
For finite ¢<1 in Eq. (17), we can approximate: [1
+m2p4%/4112=1 and arctan[2/(wB2%?)]=~m/2. Thus,

Y(q) is
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6/ m\V8 57
Ylq) = 7p(0)|:1 + g(g) B3 Sin(ﬁ)]

=1.419(1 + 1.006¢3). (33)

This approximation becomes invalid where v,(q) exceeds
the value of the large-aperture asymptote, which we know
is 27,(0). Therefore, approximation (33) becomes invalid
beyond g=1.006"2, which is very close to 1. For larger ¢,
the constant value v,(«)=2v,(0) approximates v,(q) bet-
ter. Hence,

1.419 + 1.4275¢"®  forg=1
Y(q) =

2.838 forg>1’ (34)

is a simple approximation that is very accurate far away
from ¢=1 and that is still useful in the intermediate
range as shown in Fig. 3. The difference between the
asymptotic approximation (34) and the exact solution is
4% at q=1.006"2=0.9822 and much smaller for q further
away from 1.

C. Aperture-Averaged Angle-of-Arrival Variance for the
Spherical Wave

Figure 5 shows three curves of y,(¢): a numerical solution
of the integral (5) with the exact spherical-wave weight-
ing function, A (k,u) given in Eq. (7), our closed-form ap-
proximation (with the Gaussian weighting function) as
given in Eq. (27), and the asymptotic fit as given later in
Eq. (39). The difference between the exact numerical so-

lution and the closed-form approximation of (62) is shown
in Fig. 4, and the maximum value of the difference is less
than 0.2%, which is negligible.

1. Small-Aperture and Large-Aperture Asymptotic Values
As we did in Subsection 3.B for the plane-wave case, we
now discuss the asymptotes of (6%), for g< 1 and ¢>>1 in
the spherical-wave case. For very small apertures, ¢ <1,
we can simplify Eq. (27) by means of [-2i/(75%q%)] /6
~0. Thus, we have the asymptotic value,

1.4 T T T .
X
1.3} N J
1.2r 1
11r :
-~ 17 1
=
09t .
0.8r _
0.7t J
« Exact (numerical) solution
0.6} Closed-form approximation (27)|
x  Asymptotic fit for q < 1
05, = o X 2
10 10 10 10 10
q
Fig. 5. Aperture-averaged AOA variance, normalized by

CiLD‘l/ 3, versus q for a spherical wave. The dots are the exact
(numerical) solution, the solid curve is the closed-form approxi-
mation (27), and the crosses are the asymptotic fit for g <1.
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3y3 (1) [8\/p\
10=576"16/ \3)\2

T [(2/3)]?
= 223332 - 0.532, (35)
55 [I'(5/6)]

where 8=0.5216. For very large apertures, ¢ >>1, we can
approximate the fourth argument of the hypergeometric
function in Eq. (27) as 1-imB%q%/2=~-imB%q%=1/C,.
Then, the hypergeometric function can be written as

(1 17 23 1) I‘(23/6)F(16/6)( 1 )-1’6
201 =

666 Cy) T(17/6)1(22/6)\ C,
1 16 10
XZFI(E’_E;_E;C2>
I(23/6)I'(-16/6)( 1 \~1"6
I'(1/6)I'(16/6) ('c_z)
17 22
XZFI(E’O;E;CZ)’ (36)

where we have used Eq. (A7). Since we can approximate
Cy=0 for ¢>>1, the first hypergeometric function on the
right side of Eq. (36) can be approximated as 1. Then, af-
ter inserting into Eq. (27), we find the asymptotic value,

3
7%() = 27,(0) = £2.838 =1.064, (37)

which is consistent with previous work.* Just as in the
case of plane waves, (62), for very large apertures is twice
the value of (%), for very small apertures. For both as-
ymptotes, (6%, is 3/8 times the value of <t_92>p. Figure 5
shows, like Fig. 3 in the plane-wave case, that y,(q) con-
verges rapidly to the asymptotic value y,()=1.064 for q
>1 and vy,(q) approaches y,(0)=0.532 much more gradu-
ally for ¢<1. while [y,()-v,(q)]/ v:(q) becomes smaller
than 1% for ¢ >1.84, [y,(q) - v:(0)]/ y:(q) becomes smaller
than 10% only for ¢ <1.068 X 1073,

2. Intermediate Range

For finite ¢ <1, we can approximate the hypergeometric
function in Eq. (27) as ,F; (1/6,17/6;23/6;1-imB2q%/2)
=~ ,F,(1/6,17/6;23/6;1). Evaluation by means of Eq. (A8)
gives

68 92; \-V6
7s(q) -~ '}’S(O) 1+ ﬁg Re — W

117 23
X =, —35—31
N6 66
68/ 1/6
=%(0)| 1+1.3279——| = | B"%"?
¥s( ){ 173<2) B"q

=0.532(1 + 1.0847¢3). (38)

This approximation becomes invalid beyond g=1.084773.
For larger ¢, the constant value y,()=2v,(0) approxi-
mates v,(q) better. Therefore,
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0.388 T T r
Exact (numerical) solution
0.386} — — — Closed—form approximation|

10~ 10 10° 10
q

Fig. 6. Ratio between the aperture-averaged AOA variances for
spherical and plane waves for the exact (numerical) solutions
and the closed-form approximations, respectively.

(39)

0.532+0.577¢®  for ¢ = 0.8,
D=1 1 064 for g > 0.8.

The difference between the asymptotic fit in Eq. (39) and
the exact solution is ~5% at ¢=1.0847-3=0.7836 and de-
creases quite rapidly for larger and smaller values of g.

D. Ratio of Spherical-Wave and Plane-Wave
Aperture-Averaged Angle-of-Arrival Variance

Figure 6 shows y,(q)/v,(q) as a function of g, that is, the
ration between variances for spherical and plane waves.
For the asymptotic case ¢>1, the ratio is 3/8=0.375,
which is known.'? In the range of 0.2<¢g<1.8, the ratio
increases with decreasing ¢, since vy,(q) decreases more
slowly than v,(g) with decreasing q. The maximum of
0.385 occurs at ¢ =0.2. The minimum of 0.374 is reached
at ¢~1.8. While the ratio v,(q)/v,(q) varies with g, it
never deviates from 3/8 by more than 2.5%.

4. SUMMARY AND CONCLUSIONS

In this paper, we analyzed theoretically the variance (6%)
of aperture-averaged (assuming a circular aperture of di-
ameter D) angle-of-arrival (AOA) fluctuations for plane
and spherical waves of wavelength \ propagating along a
path of length L through homogeneous and isotropic tur-
bulence. We made the following assumptions: (1) the Ry-
tov approximation is valid; (2) the refractive index spec-
trum is given by the inertial-range law @, (k)
=O.O33C?LK‘11/ 3 for all wavenumbers that contribute to
(6%. To make the integrals for (62) more tractable, we ap-
proximated the Airy function in the integrals for (62) with
a properly calibrated Gaussian function, exp[-(Bax)?],
where a=D/2. We calibrated the width parameter 8 such
that in the limit of very large Fresnel numbers g=D/f
=D/\\L [i.e., in the geometrical-optics (GO) limit] the
Airy-weighted (62) is equal to the Gaussian-weighted (62).
The main results are as follows:
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1. For plane and spherical waves, the AOA variance
can be written as (6%),=v,(¢)C2LD™3 and (6),
=,(q)C2LD~', respectively, where 7,(g) and y,(q) are
two different functions.

2. The width parameter turns out to be the same for
plane waves and spherical waves: B
=5611%1(5/6)/[2163513(2/3)]=0.5216.

3. With B calibrated in the GO limit (¢ > 1), the Gauss-
ian approximation of (¢%) is also exact in the point-
aperture limit (g < 1).

4. For both plane and spherical waves, the GO-
calibrated Gaussian approximation has an approximation
error of less than 0.25% over the entire range of Fresnel
numbers.

5. ¥p(*)=27,(0) and ,(*)=27(0), that is, for both
plane and spherical waves. The GO limit (¢>>1) of (6%) is

twice the value of (6%) in the point-aperture limit (g < 1).
6. y,()=(m/55)21433V2[1'2(2/3)/T'*(5/6)]=2.838. The
numerical result is consistent with Tatarskii’s [Eq. (23a)
on p. 289 in Ref. 2] result y,(*)=4x0.71=2.84.
7. The function y(q)-¥(0) closely follows a ¢'/3 law for
Fresnel numbers between 0 and ~1, for both plane and
spherical waves.

8. For plane waves, the GO limit of <t_92>p is reached
within 1% at ¢=1.65. That is, for plane waves and aper-
ture diameters larger than 1.65 Fresnel lengths, GO pro-

vides practically the same value for (1_92)p as the Rytov ap-
proximation.

9. For spherical waves, the GO limit of (52)8 is reached
within 1% at ¢=1.84.

10. y,/7y,=3/8 both in the GO limit and in the point-
aperture limit.

11. Over the entire range of Fresnel numbers, the larg-
est deviation of vy,/y, from its asymptotic value (3/8) is
2.5%.

APPENDIX A

This appendix lists a number of mathematical relation-
ships that we used in our analysis.ls’14 Equations (A1) to
(A5) can be found in Ref. 13, and Eqs. (A6) to (A8) were
taken from Ref. 14.

2v+1-pu
F(wr —

a
w+1\ 2 [2v+1+p
24T rnN——mm—
2 2
for 0<u<2v+1 and a>0.

* 9 1 [1+pu
e dx = —T| —— | W+1/2 (A2)
0 2 2

u—1

f x'“J,%(ax)dx =
0

(A1)

for >0 and p>-1.
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() ) 6
WSIH M arctan;

f x# e~ gin Sxdx =
0

(A3)
for Re(u)>-1 and Re(u)>1Im(|5]).

: ) (- Cy"
dxx™(C1x® = Cox)' = ——————F(-n,n+m+1;n+m
0 n+m+1

+2;C1/Cy), (A4)
” n b n "
2Fl(a,b;c;z)=2 (@)n(6) Z—

o (©n nl’

(A5)

where (a),=a(a+1)(a+2) - (a+n).
I'c)I'(c-a->b)
T(c-a)l(c-b)
I'e)l'a+b-c)
S T@re)
—a-b+1;1-2) (A6)

of1(a,b;c;z) = oFi(a,bia+b—c+1;1-2)

+(1-z)ce? JFi(c—a,c-b;c

for |arg(1-2z)| <.

I'e)'®-a)
I (a,b;c;z) = m(— 2)*F(a,1-c+a;1-0
+a;1/z) + M(— z)® JFi(b,1-c¢
I'(a)'(c-b)
+b;1-a+b;1/z) (A7)

for |arg(-z)| <.

I'e)'(c-a-b)
zFl(a,b,c,1)= m (AS)

forc#0,-1,-2,...,Re(c—a-b6)>0.
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