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Abstract: This paper presentsa new, compact,canoni-
cal graph-basedepresentationcalled Taylor ExpansionDi-
agrams(TEDs). It is basedon a generl non-binarydecom-
positionprinciple using Taylor seriesexpansion.lt canbe ex-
ploitedto facilitate the verification of high-level (RTL) design
descriptions. We presentthe theory behind TEDs, comment
uponits canonicity property and demonstate that the repre-
sentatiorhaslinear spacecompleity. Its applicationto equiv-
alencecheding of high-level designdescriptionss discussed.

|. INTRODUCTION

Increasingsize and compleity of digital designshasmade
essentiathe needto addres<ritical verificationissuesat the
early stagesof designcycle. This requiresrobust, automated
verificationtoolsat higher(RT or behavioral) levelsof abstrac-
tion. This paperpresentsa new compact,canonical,graph-
basedrepresentatiorfor algebraicexpressionsand Boolean
functions,called Taylor ExpansiorDiagram, or TED. This di-
agramdueto its compactnesandthe canonicityproperty can
be exploited to facilitate equivalencecheckingof high-level
(say RTL) representationef digital designscontainingarith-
meticdata-pathénterspersedvith randomBooleanlogic.

While formal verification systemssuchas|[1] [2] are gen-
erally gearectowardsverificationof control-dominatedappli-
cations, verification of designswith arithmetic data-pathds
mostly confinedto bit-level representatiorni3] [4]. Abstrac-
tion of symbolic, word-level variableshasbeenaddressedn
formal verification techniquessuch as theorem-preing, au-
tomateddecisionproceduregor Preslurgerarithmetic[5] [6],
algebraiananipulation7], termre-writing usingattribute syn-
taxtrees[8], etc. Yet, theissueof verificationof largedesigns,
say equialencecheckingof RTL descriptionswith complex
word-level (arithmetic)andbit-level (Boolean)interactionhas
not beensatishctorily addressed.

Majority of verification techniquesthat target arithmetic-
Boolean interaction in design specificationsare basedon
genericWord Level Decision Diagrams (WLDDs); theseare
graph-basedepresentationsf functionsthat allow to repre-
sentfunctionswith a Booleandomainand an integer range.
Examplesof WLDDs are MTBDDs [9] [10], EVBDDs [11],
*BMDs [12], K*BMDs [13], FDDs[14], KFDDs [15] HDDs
[16], etc. A goodreview of WLDDs can be found in [17].
Most existing decompositiormethodsfor WLDDs are based
on apoint-wise,or binary decompositiorof Booleanfunction.
Differentflavors of Booleandecompositio(Shannonpavio,

Reed-Muller Kronecler, etc) leadto different DecisionDia-
grams with or without edgeweights(BDDs [18], MTBDDs
[9], ADDs[10], EVBDDs[11], FDDs[14], KFDDs[15], etc).
The decompositiorat eachnodeis binary andleadsto exactly
two terms,while theleaf nodeshold integerconstants.

Binary MomentDiagram(*BMD [12] ), andits derivatives
(suchasK*BMDs [13]), departfrom suchpoint-wise,binary
decompositionandperforma decompositiorof alinearfunc-
tion basedon its momentgconstaniandfirst moment). There
areweightsassociatedvith the graphedges,which are com-
bined multiplicatively. Several rules for manipulatingedge
weights are imposedon the graphto allow the graphto be
canonical Mostof thearithmeticoperationg X, X +Y, X -Y,
etc) have therepresentatiothatis linearin the numberof vari-
ables. However, the sizeof X* is polynomialin the number
of bits of X, for k largerthan2. K*BMD attemptsto make
the BMD decompositiormore efficient in termsof the graph
size. This is doneby applying a setof decompositionsn a
singlegraph,andallowing boththe multiplicative andadditive
weightsassignedo the graphedges. However, the setof re-
strictionsimposedon the edgeweightsto make it canonical
makessucha graphdifficult to construct.

Our representatiofis basedon an entirely differentdecom-
positionprinciple. It is obtainedby treatingthe expressionas
a continuousdifferentiablefunction;the decompositioris per
formedalongthe word-level, algebraicvariablesusing Taylor
seriesexpansion At eachdecompositiorevel, the expression
is decomposelong one variable. The resulting Taylor Ex-
pansionDiagram (TED), is canonicalfor a fixed orderingof
variables. For algebraicexpressiongypically encounteredn
RTL specificationfsuchasX + Y, X - Y, X* for arbitraryk,
etc)it is linear in the numberof variables. Moreover, Taylor
ExpansiorDiagramscanalsobe usedfor functionscontaining
bothalgebraicandBooleanexpressionsfacilitating the repre-
sentatiorof arithmeticfunctionswith bit-nibblingandBoolean
logic, typically encountereéh RTL specifications.

Il. TAYLOR EXPANSION DIAGRAMS

In this representatiothe variablesof the systemarerepre-
sentedas real numbers(in practicethey they will be imple-
mentedby integers,but no suchassumptioris necessaryo de-
rive the representation) Assumea regular algebra(*,+) over
real numbersR, with integer coeficients. Let f(z,v, ...) bea
real, differentiablefunction correspondindo an algebraicex-
pressionF'. Using Taylor seriesexpansionw.r.t. variablex at



aninitial point,zy = 0, thefunctioncanberepresenteds:

f(z) FO) + zf'(0) + §m2f”(0) + ...

= 1)

where f'(x), f"(x), etc,arefirst, secondandhigherderiva-

tivesof f wrt. z. Subsequentlyif thosederivativesarein-

dependentf variablex, they canbe furtherdecomposedver
theremainingvariableusingTaylor seriesexpansionpnevari-

ableat atime. Theresultingdecompositiorcanbe efficiently

storedin a decompositiordiagram,namedTaylor Expansion
Diagram, or TED, which is the subjectof this paper

A. Constructionof the TED

TED is a directedagyclic graph(®,V, E,T), representing
analgebraicexpressionmulti-variablepolynomial).® is atop
function representindghe algebraicexpressionn question.V
is a setof nodes,and E is a setof directedweightededges
connectinghe nodes.T is a setof terminalnodes.The single
top node(root) represents. Its arcspoint to the non-empty
derivatives (children nodes)of the function, w.r.to a variable
associateavith theroot. This decompositions appliedrecur
sively to subsequenthildrennodesyesultingin the Taylor ex-
pansiondiagram.

Every nodev hasa label (index) var(v) which identifiesa
decomposingariable. The variablesof the TED areordered.
The function at nodev € V is determinedby the Taylor se-
ries expansion,accordingto eq.(1). Theinternalnodesarein
one-to-onecorrespondencwith the successie derivatives of
function f(z)evaluatedatz = 0: f(0), f'(0), f”(0), etc. The
out-degreeof eachnodev depend®n the orderof the polyno-
mial function (w.r.t. its decomposingariable,var(v)), rooted
atthisnode.Theout-deggreeof aterminalnodev € T'is0. The
functionof aterminalnodeis constan{integer).

Figure 1 shows a one-level decompositiorof function f at
variable z, and the notationusedin the text. We shall re-
fer to the k-th derivative of a function rootedat nodewv with
var(v) = ¢ asak-child of v: f(z=0) isa0-child, f'(z=0) isa
1-child, &; f"(2=0) is a 2-child, etc. We shallalsoreferto the
correspondingarcsas 0-edge (dotted), 1-edge (solid), 2-edge
(double),etc. Notice the implicit multiplicative factorsasso-
ciatedwith eacharc: z° = 1 for the 0-edge,z' = z for the
1-edge.z? for the 2-edge,etc. Furthermorethe graphedges
areassignedveights,computediirectly from the coeficient of
Taylor expansion.
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Fig. 1. Decompositiomodein TED.

Figure2 shows anexampleof a TED representatiofior the
algebraicexpression(4A + B)(A + 2C). The functionrepre-
sentedby the TED can be computedas follows: Every path
from the root nodeto a non-zerovertex correspondso a non-
zerotermin the expression. Traversingthe 2-edgefrom root
node A and multiplying all edge-weightencounteredn the
pathsleadsto theterm: A% x+ 1 = A2. Similarly, following the

1-edgesrom A, andsubsequentlyB, to the terminalnodel
correspondso A x B x 1 = AB, andsoon. Sincetheexpres-
sionscorrespondo termsof the Taylor seriesall thetermsare
addedto computethe function. Hencethe diagramrepresents
A% + AB +2AC +2BC.

X2= (8x3+4x2+2x1+x0)

(A+B)(A+2C)

Fig. 2. Exampledor expressionsepresentedsingTEDs

B. CompositiorRules- theADD andMULT Operators

Notice that the computationof the derivatives, and hence
the childrenof f, performedrecursvely, is trivial for polyno-
mial functions. Complex expressionsanbe composedrom
the simpleronesusingsimplecompositiorrulesandthe com-
POSE operatorsdescribedbelonv. Herewe will only describe
the ADD andMULT operatorsthe subtract(suB) operatorcan
be obtainedby acombinationof ADD andMULT by -1.

The generalcompositionprocessof two TEDs s similar to
thatof BDD’s APPLY operatolin the sensehatit is arecursve
processHowever, the specificcompositionrulesfor TED dia-
gramsaredifferentasthey mustsatisfytherulesof thealgebra
(R, %, +). Furthermorethetwo basicoperatorson TEDs, add
(+) andmult (-), areeachgovernedby differentrules.

Startingfrom the roots of the two TEDs, we constructthe
TED of the result(for a given operation)by recursvely con-
structingall thenon-zeratermsof thetwo functions,andcom-
bining themto form the diagramfor the new function. To en-
surethattheresultis reducedthe REDUCE operatordescribed
in Sectionlll, will beappliedafterwards.

Letu andv betwo nodeso becomposedresultingin anew
nodeg. Letvar(u) = x andvar(v) = y denotethedecompos-
ing variablesassociatedvith the two nodes.As explainedbe-
low, var(q) assumeshe variablewith the higherorderamong
thetwo: var(q) = z, if x > y, andvar(g) = y otherwise Let
f, g betwo functionsrootedat nodesu, v, respectiely, andh
beafunctionrootedatthenew nodegq. Finally, letT bea setof
terminalnodes;for v € T let val(v) denotethe valueof node
v (constant).

In thefollowing, only constan{0-) andlinear (1-) edgesare
consideredor a given node,but the analysisis equallyappli-
cableto anarbitrarynumberof childrenat eachnode. In con-
structingthesebasicoperatorsyve mustconsidetthefollowing
cases:

1. Both nodesareterminalnodesu,v € T. Thenanew ter-
minal nodegq is createdasfollows
ADD: ¢« (u+v): val(q) = val(u) + val(v).



MULT: ¢ « (u-v): val(q) = val(u) - val(v).
2. At leastoneof thenodeds non-terminalproceedaccording
to thevariableorder
(a) If thenodeshavethesameindex thenvar(q) = z.
ADD: ¢+« (u+wv):
Mz) = f(z)+9()
= f(0) +2f'(0) + g(0) + 24'(0)
= [£(0) + g(0)] + [f'(0) + g' (0)]-

Thatis, the correspondinds-childrenarepairedaccordingly

, + , = ,’/
@@ %

Fig. 3. Additive compositiorfor nodeswith samevariable

)

MULT: ¢ « (u-v):

hz) = f(z)-g(x) @)
= (f(0) +z£'(0) - (9(0) + z¢'(0))
= [£(0)g(0)] + =[£(0)g'(0) + £'(0)g(0)]
+2?[f'(0)4'(0)]. (4)

Here,the O-child of ¢ is obtainedby pairing the O-childrenof
u,v. Its 1-child is createdasa sumof two crossproductsof

0- and1-children,thusrequiringanadditionalADD operation.

Also, anadditional2-child (representinghe quadraticterm)is
createdvy pairingthe 1-childrenof u, v.

X X _
y * , = 1
@i
Fig. 4. Multiplicative compositionfor nodeswith samevariables

(b) If thetwo nodesareindexedby differentvariablespar(q)
=maz(var(u),var(v)). Letord(z) > ord(y).
ADD: ¢+« (u+wv):

h(z) = f(z)+9(y)
fla=0)+azf(z=0)+g(y
= [fl@=0)+g9)]+af'(z=

()

)
0).

Thatis, g(y) of nodev is addedto the 0-child of nodeu, while
the 1-child of « remainsunchanged.
MULT: ¢ « (u-v):

h(z) = f(z)-g(y) (6)
= (flz=0)+zf'(x=0))-9(y)
= [f(x=0)-gW)]+z[f'(x =0)-g(y)]

Here,all childrenof nodew aremultiplied by g(y) of nodev.

Figure5 illustratesthe applicationof the coMPOSE proce-
dureto two TEDs.

Fig.5. Exampleof MULT composition:(A+B)(A+2C)

PROPERTIES OF TED REPRESENTATION

In this sectionwe describethe constructionof a reduced
TED andprove its canonicity We alsodiscusshe complexity
of the TED representationand compareit with otherknown
representationbasedon decisiondiagrams.The reductionof
the TED representatiolis basedon the removal of redundant
nodesandmeming of isomorphicsubgraphs.

Definitionlll.1: Thenodeis redundanif: 1) all of its edges
areempty (point to terminalnode0); or 2) the nodecontains
only aconstanterm(0-edge).In bothcasestheparentof node
v is routedto the 0-child of v (which in the terminal caseis
terminalnode0).

Definitionlll.2: Two TEDs are consideredisomorphic if
they matchin boththeir structureandtheir attributes.

Note that sincea TED containsa singleroot, andthe chil-
drenof any non-terminalertex aredistinguishedcheckingfor
isomorphisnmon TEDsis aseasyasthatfor BDDs.

Definitionlll.3: A Taylorexpansiordiagramis reducedf it
containsno redundanhodesandhasno distinctverticesv and
v', suchthatthe subgraphsitv andv’ areisomorphic.

We alsoassumehatthe TED is ordered on all pathsfrom
root to terminalnodesthe variablesappearin the sameorder
andeachvariableappear®nly oncein eachpath.

It now remainsto be shavn that suchconstructedrdered,
reducedTaylor ExpansionDiagramsare canonicalfor a fixed
variableordering;i.e. everyalgebraicexpressioris represented
by a uniqueTaylor expansiondiagram.We statethe following
theorem.

Theoem1: For ary algebraicexpressionf of polynomial
form with integer coeficients,thereis a unique(up to isomor
phism) ordered,reduced@aylor ExpansionDiagram denoting
f, andary otherexpressiorfor f containsmorevertices;i.e.
anorderedreduced;TED is minimalandcanonical.

Proof: The proof of this theoremis conceptuallystraightfor
ward,following theargumentgo prove the canonicityof ROB-
DDs[18]. First, by constructionTED hasno trivial redundan-
cies,asall emptyedgeswith zeroweightareeliminated.Sec-
ond, for polynomialfunctions,the Taylor seriesexpansionat
agivenpoint (zo=0) is finite. It remainsto be shovn thatthe
individual Taylor expansionterms, evaluatedrecursvely, are
uniquefor a given subfunction(node). This is obvious, con-



sideringthe uniquerepresentationf therecursvely computed
derivatives. Finally, the sharingof identicaltermsacrossdif-
ferentdecompositiorevelsis capturedby the reductionoper
ation; henceminimality. Fromtheabove discussiond follows
thatan orderedandreducedTED is a compact,canonicaland
efficient representatiotthat can be exploited for RTL equiva-
lencecheckingpurposes.

A. Compleity of the TED Repesentation

For linear expressionsthe spacecompleity of TED is the
sameas*BMD, i.e., linear This is alsotrue for multipliers,
X -Y, regardlesof the size of the bit vectorrepresentation,
sincethe productof two or moredifferentbit vectorsleadsto
polynomialsthatarelinearin the numberof the bit variables.
For polynomialsof degreek > 2 the size of *BMD grows
O(n*) with the numbern of bits. For K*BMD the represen-
tation also becomesnonlinear(O(n*~1)) for polynomialsof
degree3 andhigher, while TED remainslinearin the number
of bits, regardlesof thedegreek. The TED representatiofor
X2, whereX = {z3,...,z0} is shavnin Fig. 2. We statethe
following theorem:

Theoem?2: LetvariableX berepresentedsa bit vectorof
widthn: X = 37" 2¢z;. Thenumberof TED nodesneeded
torepresenfX* isk(n — 1) + 1.

Proof: We shall first illustrate it for the quadraticcase

k = 2. Let W, be an n-bit representationof X:
X =W, = Y0 2z = 207Uz, | + W,_; where
Wpo1 = Z?:(f 2iz; is the part of X containingthe lower

(n-1) bits. With that, W2 = (2" 'z,_; + W,_1)?2
22(n—1)g2 | ong, W, + W2 ,. Furthermore, let
Wn1= 2" 2z, o+ W, o), andW?_, = (22»2g2 , +
2n—1$n_2 Whp—a + szz)-

Noticethatthe“constant’term(0-edge)of W,,_; w.r.tovari-
ablezx, » containstheterm W,,_,, while the linearterm (1-
edge)of W2_, contain®2”~1W,,_,. This meanghattheterm
W,—2 canbe shared at this decompositiorievel by two dif-
ferentparents.Asa result, thereare exactly two non-constant
terms,W,,_» andW?_, atthislevel.

Fig. 6. Constructiorof TED for X2 with n bits

In generalatary level [, associateavith variablex,, ;, the
expansionof terms W?2_, and W,_; will createexactly two
differentnon-constanterms,onerepresentingv?_,_, andthe
otherW,,_;_1; plusa constanterm2”—!. ThetermW,_;_;
will besharedwith differentmultiplicative constantshy W2_,
andW,_;.

This reasoningcanbe easilygeneralizedo arbitraryinteger
degreek; at eachlevel therewill alwaysbe exactly & differ-
entnon-constanterms. Sinceon thetop variable(z,,_1) level

thereis only onenode(theroot), andthereareexactly k£ non-
constanhodesateachof theremaining(n — 1) levels,thetotal
numberof nodesis equalto k(n — 1) + 1. |

IV. REPRESENTING BOOLEAN FUNCTIONS AND
BOOLEAN-ARITHMETIC INTERACTION

In this sectionwe proposeenhancement® the TED repre-
sentationso that it can properly represenBooleanlogic and
interfaceit with arithmeticdatapathunits of thedesign.Recall
that TEDs have beendevisedfor functionswith integerrange
andintegerdomain.While restrictingintegerrangeto {0,1} is
trivial, sucha restrictionfor the domainof anintegerfunction
requiresamodificationof thecorrespondinglgebraidunction
to assumeBooleanvalues.Thisis describedelow.

We defineTED operatordor Booleanlogic, whereboththe
rangeanddomainareBoolean.Correctderivationof the oper
ationsmustbe basedon the rules of regular algebraR(+, ),
andnot on Booleanalgebra;furthermorethe individual terms
mustbe disjoint. Analogousto their *BMD counterpartsthe
following formulas can be derived for basic TED operators
for Booleanlogic (or BTED operators): NOT(z) = z' =
(1-2);AND(z,y) =z Ay =z xy;OR(z,y) =z Vy =
z+y—z*y; XOR(z,y) = 2@y = z+y—2xxxy. Any Cir-
cuit containingpurely Booleanlogic canbe easilyrepresented
usingBTEDs.

A. InterfacingArithmeticand Booleanlogic

We alreadyknow that a purely Booleancircuit represented
with TED (BTED) will alwayscorrectlycomputeits Boolean
logic value. It now remainsto shav thatmodelingtheinterac-
tion of anarithmeticor word-level variablewith one or more
Boolearvariableggivesacorrectrepresentationf theresulting
arithmetic,integervaluedfunction.

We claim that the only casethat remainsto be considered
is the occurrenceof Booleanvariablesz”, with & > 2 (e.g.
F = G + z + 2%, G = algebraicexpression,z € {0,1}),
asthey arethe only onesthat can possiblyleadto incorrect
computatiorof arithmeticvalues.Thisis becauséhefunctions
are arithmetic(integervalued),their computationis basedon
(R, +, *) algebra,while the variablescan be both the word-
level, with anintegerrange,andBoolean with range{0,1}.

The arithmeticaDD functionwill never createincorrectre-
sults over Boolean and arithmetic variables. For example,
F =G =z + z = G + 2z will alwaysproducethecorrectre-
sultsfor z € R orfor z € {0,1}. HoweverthemuLT function
may createpowers of Booleanvariables,z*, thus potentially
leadingto problemsin evaluatingthe function. Moreover, this
may only happenfor variablesthat are relatedthroughtheir
expansion;for example,when multiplying a word-level vari-
ableX = E?;ol 2ix; and a Booleanvariable z;, for some
! <n — 1. Noticethatfor z € {0,1},z = 22 = --- = z*, for
k > 2. Hence,in this casewe mayreplaceall the occurrences
of z* with z, without changingthe valueof the function. This
allows usto correctlyevaluatethe value of the function with-
out really changingthe Booleannatureof the variablez. This
modificationallows to modelthe Boolean-algebraiinterface
of variablesfor TED representatioms shavn belov: MULT:
q < (u-v):

h(z) = f(z) - g(z) = (£(0) + z£'(0)) - (9(0) + zg'(0)) (7)



[£(0)g(0)] + 2[£(0)g'(0) + f'(0)g(0) + £'(0)g'(0)], (8)

asobtainedby replacingz? termby z. It canbe shavn that
themodifiedBTEDsarecanonicalandcanbedirectly usedfor
equialencecheckingof RTL designs.In the next subsection,
we describehow we canusethe above modificationsto TEDsS
to representomplex RTL descriptionsof digital designsfor
equialencecheckingpurposes.

B. Applicationto RTL \erification

Considerthetwo circuitsshovn in Fig. 7. They correspond
to two differenthigh-level (RTL) implementatiorof equivalent
designsthat needto be verified for equivalence. Their corre-
spondingequialentexpressionsre: F; = s;(A + B)(A —
B) + (1 — S]_)D andF, = s, D + (1 — 82)(A2 — B2), whereA
and B aren-bit arithmeticvariables,and ay, b, are Boolean
variables(bits), relatedto A, B. To prove the equivalence
of the two arithmeticexpressionsthe TED representatioris
constructedor eachdesign. First, the arithmeticvariablesA
and B are partially expandedas follows, to facilitate the “bit
nibbling” with ak,bk: A= 2(k+1)Ahi + Zkak + Alo;B =
2(k+1)Bhi + 2kbk + By,. Here, Ahi;-th'- and AloaBlo are
arithmetic variables(not expandedinto bits) of word-length
(n — k — 1) andk, respectiely, anday, by, aresinglebits. The
TEDsarebuilt for (A — B)(A + B) from its componentsThe
TEDs for the Booleanlogic sy, so are then constructedand
composedvith the correspondingarithmeticfunctionsat the
inputsof themux.

Fig. 7. Equivalencecheckfor two RTL designusingTED
The bottompart of Figure7 shavs theisomorphicTED for
bothof thesedesignsdemonstratinghatthey areequivalent.
V. CONCLUSIONS

This paperhas presentedTaylor ExpansionDiagrams: a
new symbolic,compact,canonicalrepresentatiothat can ef-
ficiently representot only both arithmeticandBooleanfunc-

tions, but also model the interaction betweenthem. This
representations basedon a new, non-binarydecomposition,
that treatsthe arithmetic expressionas a continuous,differ-
entiablefunction over symbolic (algebraic)variablesand ap-
pliesthe Taylor seriesexpansion.We presentedhetheorybe-
hind the TED, provedthatit haslinear spacecompleity and
andshovedthatwhenreducedandordered,TED is canonical.
We alsopresentec modificationthatallows TED to properly
handlea combinationof arithmeticcircuitsandBooleanlogic,
while preservingthe canonicityproperty The proposedep-
resentatiorcanbe exploited for equivalencecheckingof RTL
specificationscontainingcomplex interactionbetweenarith-
meticandBooleanpartsof the design.

We arecurrentlyimplementingthe TED packageo beused
by verificationtoolsfor equivalencechecking.We wishto eval-
uateits applicabilityto realisticdesignghatcontainarithmetic
circuits with Booleanlogic. While we do not have resultsto
demonstratehe effectivenessof TEDs for verification,we be-
lieve thatthis new theorywill significantlyadvancethe state-
of-the-artin the symbolicverificationarena.
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