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1. INTRODUCTION

Functional decomposition is a logic synthesis technique that has recently
attracted much attention, due primarily to field programmable gate-arrays
(FPGAs) as a new technology for system implementation and rapid proto-
typing. A popular class of FPGAs is based on the lookup table (LUT) as the
basic logic block. A K-LUT is capable of implementing any Boolean function
of up to K variables. Thus, if a logic network consists of nodes with K or
fewer inputs only (K-bounded networks), each node of the network can be
realized by a K-LUT. Logic synthesis for LUT-based FPGAs has the task of
transforming a given logic network into a functionally equivalent
K-bounded network. As in the case of logic synthesis for conventional
libraries, this task is divided into a logic optimization and a technology
mapping step. The deficiencies of conventional library-oriented mapping
methods for solving the latter problem have spawned the development of a
variety of synthesis techniques [Cong and Ding 1996]. In particular, it
renewed interest in functional decomposition techniques.

Functional decomposition subsumes Roth-Karp decomposition, which
represents functions in sum-of-products form, as well as Ashenhurst de-
composition, which is based on truth tables. Independently of the way the
Boolean function is represented, functional decomposition is defined by
using all the rules of Boolean algebra to manipulate Boolean functions. *
Thus, functional decomposition is a Boolean method. To make the func-
tional decomposition problem more tractable, most research has focused on
the disjoint decomposition of single-output functions. This article also
concentrates on disjoint decomposition.

The (disjoint) functional decomposition of a Boolean function vector f(x,
y) can be written as

f(x,y) = gd(x), y), (1)

where d is called the subfunction vector and g the composition function
vector. The variables x, on which only the subfunctions depend, are called
bound variables, the y variables are the free variables. We identify two
major steps in a decomposition algorithm: first, partitioning the input
variables into the bound set and the free set, and second, computing
subfunction vector d(x). Computing the composition function, on the other
hand, is straightforward once the two major steps are carried out.
Functional decomposition is well suited to technology mapping for LUT-
based FPGAs, for two reasons. First, it directly minimizes the figure of
merit for LUT architectures, i.e., the number of inputs of the new functions.
Second, functional decomposition is a powerful Boolean method. It is
noteworthy that until recently the latter aspect posed the fundamental
problem for practical application of functional decomposition: for any but

Note that algebraic decomposition techniques neglect some properties of Boolean algebra,
e.g., complements are not defined.
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Fig. 1. (a) Single-output and (b) multiple-output decomposition of circuit rd53 , K = 4.

very small problems, the solution space that must be searched by a Boolean
method is huge. The availability of efficient data structures for Boolean
functions (binary decision diagrams) was a prerequisite to deal with this
problem.

Functional decomposition of multiple-output functions has the additional
advantage of being capable of extracting shared logic. This is shown for a
small circuit in Figure 1. Extracting common subfunctions has traditionally
been performed during logic optimization using algebraic techniques. Mul-
tiple-output decomposition thus combines the previously separated steps of
common subfunction extraction and technology mapping.

This article presents new theoretical results and an efficient algorithm
for functional multiple-output decomposition, which enables the application
of functional multiple-output decomposition to problems of practical size,
thus improving the quality of logic synthesis.

After a summary of the state-of-the-art in Section 2, a new perspective on
disjoint functional decomposition is first introduced for single-output func-
tions in Section 4. This perspective helps to solve the multiple-output
decomposition problem later on. The concept of assignable functions, result-
ing from an iterative computation of subfunctions, is also introduced in
Section 4. The main contributions of multiple-output decomposition appear
in Section 5. The efficiency of the new decomposition algorithm also relies
on several implicit and BDD techniques, to which Section 6 is devoted. A
novel solution to the variable partitioning problem is suggested in Section
7. Experimental results are presented and compared to a variety of state-
of-the-art mapping methods in Section 8.

2. FUNCTIONAL DECOMPOSITION: STATE-OF-THE-ART

We review strategies for functional single-output and multiple-output
decomposition, as well as to the variable partitioning problem.
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The study of simple functional decompositions was pioneered by Ashen-
hurst [1953; 1959]. He introduces the decomposition chart (an example is
shown in Figure 2). Given a variable partition, Ashenhurst formulates
conditions for the existence of simple disjoint and nondisjoint decomposi-
tions of completely specified functions. Disjoint functional decomposition of
completely specified functions using more than one subfunction was first
studied by Curtis. He formulates a theorem that relates the minimum
number of subfunctions to the number of distinct column vectors in the
decomposition chart.

The size of decomposition charts is exponential in the number of vari-
ables. A more efficient method to test for functional decompositions is given
by Roth and Karp [1962], who used sum of product representations. They
formulate the decomposition condition stated in Theorem 4.1. Functional
decomposition based on sum of product forms, as formulated by Roth and
Karp, was state-of-the-art until recently [Murgai et al. 1990; 1991a; Sen-
tovich et al. 1992]. Hwang et al. [1990; 1992; 1994] propose a special
disjoint decomposition method, which directly synthesizes subfunctions and
composition functions using AND and EXOR gates.

Roth and Karp [1962] as well as Curtis [1962] are concerned with
computing a minimum number ¢ of subfunctions d;, but they do not pay
attention to which subfunctions are selected. As expressed in Theorem 4.1,
many different choices of subfunctions d; are possible. Karp [1963] de-
scribes techniques that exploit the degrees of freedom and select simple
subfunctions, i.e., subfunctions with special properties— functions that are
independent of some bound variables, symmetric, unate, as well as thresh-
old, functions are considered. A recent algorithm by Murgai exploits the
mentioned degrees of freedom in selecting subfunctions with the goal of
obtaining simple composition functions [Murgai et al. 1994].

Use of binary decision diagrams (BDDs) has drastically improved the
efficiency of functional decomposition algorithms. The reason is that there
is a one-to-one correspondence between classes of compatible bound set
vertices and certain nodes of the BDD of f after constructing it with a
proper variable order (see Section 7). The advantage of using binary
decision diagrams for functional decomposition was discovered indepen-
dently by several researchers [Sasao 1993; Lai et al. 1993; Schlichtmann
1993]. Lai et al. [1993], who study disjoint and nondisjoint decompositions
of completely and incompletely specified functions, give the most general
treatment of the problem.

We use the terminology of Section 5 in the ensuing discussion of multi-
ple-output decomposition techniques. A first approach to functional multi-
ple-output decomposition is proposed by Karp [1963]. Since it is based on
the decomposition chart, it cannot be used for large functions. Moreover, it
is applicable to functions with two outputs only. However, it has the
advantage that several codes may be assigned to one class of compatible
bound set vertices, as allowed by Theorem 4.1. Such an encoding is called
“nonstrict” by Karp [1963] and “multicoding” by Lai et al. [1994a]. If just
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one code is assigned to each compatible class (called “strict” decomposition
by Karp and “unicoding” by Lai), not all common subfunctions can (usually)
be detected.

Lai et al. propose a method called shared subfunction encoding, which
carries out strict decompositions [Lai et al. 1994a; 1994b]. For each output
[ of the multiple-output function, the set of assignable functions construc-
table with respect to the sum of the local compatibility partitions is
computed and represented by a bit vector. A common subfunction is
identified by an entry at the same position in the bit vectors of several
outputs. Since the length of the bit vectors is exponential in the number of
bound variables, the method can only be used for small bound set sizes.
This works well in Lai’s decomposition approach, since he limits the bound
set size to the number of LUT inputs, which is typically small. Lai et al.
also describe a confined nonstrict decomposition method called column
encoding [Lai et al. 1994a; 1994b], which enforces that all composition
functions have inputs from all subfunctions. The subfunctions are obtained
by iteratively assigning unique codes to global classes. A drawback of this
approach is that the outputs of f are decomposed with a nonminimum
number of subfunctions.

Molitor and Scholl [1994] suggest an approach that performs nonstrict
decompositions . Multiple-output decomposition is carried out by solving a
sequence of NP-complete decision problems. Such a decision problem ques-
tions the existence of a decomposition of a function vector f with a given
number of common subfunctions. Thus, the maximum number of common
subfunctions can be found. To solve a decision problem, a tree search is
performed. After computing the maximum number of subfunctions common
to all outputs of f, subsets of the set of outputs are recursively tested for
common subfunctions. The drawback of this approach is the size of the
search tree, which is exponential in the number of common subfunctions
and in the number of global classes. A more recent algorithm by Scholl and
Molitor circumvents this problem by performing strict decompositions only
[Scholl and Molitor 1994]. This drastically reduces the depth of the search
tree. Then, the decomposition is similar to Lai et al’s [1994a] shared
subfunction encoding algorithm.

The approaches to the variable partitioning problem for disjoint func-
tional decomposition can be classified into enumerative, constructive, and
iterative improvement methods. The bound set cardinality is denoted by b,
the number of all variables by n.

Curtis [1961] suggest enumerating the 2" — 2 nontrivial variable parti-
tions and estimating the circuit cost after decomposition for each variable
partition using cost bounds for the composition function and the subfunc-
tions. The cost bound of a function only depends on the number of its
variables. Therefore, the cost after decomposition can be estimated using
the bound set size and the number of subfunctions. This enumerative
approach determines a good bound set size as well as the assignment of
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variables to the bound set and free set. Of course, this approach becomes
prohibitively expensive for large n.

More recent enumerative approaches assume a fixed bound set size. This
is motivated by the application of functional decomposition for technology
mapping to K-LUT architectures. If decompositions with bound set size K
are carried out, each subfunction can directly be implemented by a K-LUT.
The functional decomposition method implemented in the logic synthesis
system SIS either selects the first variable partition with bound set size K
that yields a nontrivial decomposition [Murgai et al. 1990], or enumerates
all partitions of size K [Murgai et al. 1991a]. This enumerative approach is
adapted for BDD-based functional decomposition by Lai et al. [1993] and
similarly by Sasao [1993]. Since enumeration is very expensive, it is not
applicable for functions with many variables. Therefore, it is usual to
specify an upper bound on the number of variable partitions that are
evaluated.

Recently, a heuristic was proposed that directly constructs a bound set of
fixed size from the sum of products representation of f [Shen et al. 1995].

Two iterative improvement methods for fixed bound set size b were
briefly mentioned by Hwang [1992; 1994]. In both methods, an iteration
exchanges the bound and the free variable, resulting in the largest cost
reduction. Iterations are performed according to the Kernighan-Lin algo-
rithm or in a greedy manner. Since an iteration involves up to b - (n —
b) variable exchanges, this method is costly for functions that depend on
many variables. Again, the bound set size must be specified by the user.

3. PRELIMINARIES

We deal with Boolean functions and with partitions of the set ¥ of bound
set vertices x.

A single-output Boolean function is given by f : {0,1}* — {0,1}. A multi-
ple-output Boolean function is a vector of single-output Boolean functions,
denoted by a boldface letter, (f = f1, ..., f..). Vectors of Boolean variables
x; are also printed in boldface, x = (x4, ..., x,).

A partition 11 of set ¥ divides the set into disjoint blocks or classes. Let R
be an equivalence relation on ¥. Then, the set of equivalence classes under
R is a partition of ¥. The partition of ¥ induced by R is denoted ¥/R.

Let I, = ¥/R, and II, = ¥/R, be partitions of ¥. Then I, refines 11, if
every block of I, is contained in a block of II;. Equivalently, II, refines II;
iff R, C R;. Let II; and II, be partitions of ¥. The product of II; and II,,
denoted IL,,,; = II; - Il, is the partition of ¥ that has the smallest number

of blocks and refines both II; and II,. The product II,,,, of ¢ partitions II;
and is denoted

Hprod = HHL
i=1

The power set of a set S is denoted by P (S).
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4. SINGLE-OUTPUT DECOMPOSITION

Section 4.1 reformulates the decomposition condition using partitions of the
set of bound set vertices. This formulation is employed in Section 4.2 to
iteratively compute valid subfunctions. Section 9 illustrates the algorithm
with a small example.

4.1 Theory

Let a completely specified function f and a disjoint partition of its n input
variables into the bound set {x;, ..., x;} and the free set (y1, ..., ¥y, 5)
be given. Functional decomposition determines a set of subfunctions s, =

{d4, ..., d.}, called assignment [Karp 1963] and a composition function g
such that

f(xb e Xpy Y1y e 7ynfb> =

g(dl(xla L )xb)y L} dc(xly veey xb)7 Vi, - - - yn—b)‘ (2)

Let £ = {0,1}® denote the set of bound set vertices. The existence of a
decomposition according to Eq. (2) can be tested using a relation of
compatibility between elements of ¥. For completely specified functions,
which we assume in the sequel, compatibility is an equivalence relation.

Definition 4.1 Two bound set vertices X, € ¥ and X; € ¥ are compati-
ble, denoted X,R X, iff

VS’ e {O’l}n*b :f(&m 5’) = f(ﬁﬂ) 9)' (3)

The partition I, := ¥/R; = {L,, ..., L} induced by the compatibility
relation R, is called the compatibility partition. A class L; of 11 is called a
compatible class, and the number of compatible classes or rank of Il is
denoted by €.2

The decomposition chart visualizes compatibility of bound set vertices.
The decomposition chart is a Karnaugh map where rows are associated
with free set vertices and columns are associated with bound set vertices.
Two bound set vertices X, and Xz are compatible if their column patterns
are identical. The column pattern multiplicity, i.e., the number of distinct
column patterns, is equal to the rank of II,. The decomposition chart of
function f; (shown in Figure 2(a)) has three distinct column patterns. The
compatibility partition I, = ®/R; = {L,, Ly, L3} is depicted in Figure
3(a).

Roth and Karp [1962] formulated the following theorem:

2Compatibility partition and compatible classes, which are associated with a single-output
function, are later additionally denoted by the term local.
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Fig. 2. Decomposition chart of (a) function f; and (b) function f5.

THEOREM 4.1 Given a function f(X,y) and a subfunction vector d(x),
there exists a composition function g(v, y) such that f(x, y) = g(d(x), y) if
and only if

Yk, 5 € X 1~ (RREY) > d(R,) # d(&y). (4)

Formula (4) expresses the decomposition condition. The code of the bound
set vertex X, is the value d(x,) of the subfunction vector d for x,. The
subfunction vector d may evaluate to identical or to different codes for
compatible bound set vertices, but according to Formula (1), it must
evaluate to different codes for incompatible bound set vertices. The small-
est number d of subfunctions, called codewidth, for Theorem 4.1 to be
satisfied is such that 27! < ¢ = 2¢, i.e.,

c = 0Od¢0 (5)

Choosing this minimum value minimizes the number of subfunctions and
the number of inputs of the composition function. We always assume this
minimum value. Note that the number ¢ of compatible classes can easily be
derived from a BDD representing f, as described by Lai et al [1993].

While the decomposition condition is usually stated as in Theorem 4.1,
we now derive a more abstract formulation that is based on partitions. The
subfunctions define a partition of the set of bound set vertices into classes
with identical code, which is illustrated by dashed and dotted lines in
Figure 3(b).

Definition 4.2 The code partition I1,, is given by

I, = []1I, (6)
diEsly
where Il; = /R, = {on — set(d;), off — set(d;)}.
The relation R, = {(X,, Xp) | d;(X,) = d;(Xp)} relates two bound set
vertices if they both belong to either the onset or the offset of d;. We use the
code partition and the compatibility partition to restate Theorem 1:
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Fig. 3. Partition of bound set vertices: (a) by the compatibility partition Il of function f;
(solid lines) and (b) by the code partition I, (dashed and dotted lines).

THEOREM 4.2 A decomposition of the single-output function f by a sub-
function vector d, s, = set(d) exists if and only if the code partition I,
refines the compatibility partition 11;.

Proor. From Theorem 4.1, we have

VR, &, € X - RBK) > dR,) # d(Rp) (7
& VR, X, € X dR,) = d(xp) > X RX, (8)
= 6le1. C Ry 9

& 1, refines 1. (10)

O

From Theorem 4.2 it is obvious that the actual codes assigned to
compatible classes are not important, but only the property of the codes to
differentiate between different compatible classes is important. Using
Theorem 4.2 instead of Theorem 4.1 proves particularly useful in the
context of multiple-output decomposition.

Definition 4.3 A decomposition is called strict if I, = Tl

Apparently, Il = 1l < 1L, refines Il O Il; refines 11,. Whereas I,
refines Il;is the decomposition condition, and Il; refines Il can be trans-
formed into

Vﬁa’ &B (S % . ﬁutRf&B j d(&a) = d(£[3)7 (11)

by a computation similar to the above proof. As expressed by Formula (11),
a strict decomposition encodes compatible vertices by the same code.
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The decomposition of function f; by the subfunction vector d shown in
Figure 3 is nonstrict, since the compatible class L; contains bound set
vertices with the codes (00) and (11).

The example illustrates that the problem of computing subfunctions is
equivalent to the problem of encoding the set of bound set vertices. Having
selected codes for each bound set vertex, the subfunctions producing these
codes are fixed.

Strict decomposition is popular [Murgai et al. 1990; Lai et al. 1993;
Schlichtmann 1993] because selecting a unique code for each compatible
class is a straightforward method that guarantees a minimal number of
subfunctions. It is shown later on, however, that a strict decomposition
does not generate a minimal number of subfunctions if a multiple-output
function is decomposed.

4.2 An lterative Decomposition Algorithm

Strict decompositions yield a restricted set of assignments only. We are
interested in a general understanding of the decomposition problem, which
incorporates nonstrict as well as strict decompositions. We therefore sug-
gest an approach in which subfunctions are selected iteratively. Thus, the
codes of compatible classes are determined bit by bit. First, some terminol-
ogy is introduced.

Definition 4.4 A set of functions {dq, ..., d;}, s =¢, is a partial
assignment s, ; if there exists a supplementary set of functions {d,.,
..., d. such that the union of both sets is a complete assignment. The
product II, of the partitions Il,, i = 1, ..., s, associated with the
partial assignment,

Hﬂﬁs = {Xb e >X0} = HHdp

i=1

is called the partial code partition. A block of the partial code partition is
denoted by X, the number of blocks of the partial code partition by 6.

For better differentiation between the compatibility partition and the
code partition, we say that the compatibility partition is made up of classes,
whereas the code partition consists of blocks. Let us now briefly consider
some special cases: For s = 0, we have I, , = 0 and I, , = {¥}. For s
= ¢, we have d; . = d;and I, = II,.

LEMMA 4.1 A set of subfunctions {d, . .., d,} is a partial assignment
Ay s iff the partial code partition 11,  has no block X; that contains bound
set vertices of more than 2°~° compatible classes.

PrOOF. = by contradiction: Let us assume a partial assignment II, ,
which has a block that intersects more than 2°7° compatible classes. Then
the remaining (¢ — s) subfunctions cannot be chosen such that the vertices
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of these classes finally have different codes because not more than 2°7°
codes are available. Thus, the set of functions {d;, ..., d,} cannot be a
partial assignment, which contradicts the assumption.

<& : If no block X contains bound set vertices of more than 2°”° compat-
ible classes, we can use the remaining (¢ — s) subfunctions to assign
different codes to the vertices of compatible classes in a straightforward
way. We can thus construct the supplementary set of functions {d,.,
...,d., which shows that the set {d,,...,d, is a partial
assignment. [

For s = ¢, the above lemma corresponds to Theorem 4.2. Now we can
define the assignable property:

Definition 4.5 A function d : {0,1}" — {0,1} is assignable with respect
to a given partial assignment Il  iff II, U d is a partial assignment
&q‘f, s+1-

It must be stressed that assignability is always related to an already
selected set of assignable subfunctions, i.e., a partial assignment i ;.
Therefore, a function that is assignable at an early stage of the iterative
procedure is not necessarily assignable at a later stage.

We now consider the first step of the iterative decomposition procedure,
and show how to compute assignable functions.

LEMMA 4.2 A function d is assignable in the first iteration (i.e., assign-
able with respect to Ay o) iff its on — set(d) as well as its off — set(d)
completely contain at least ¢ — 2°7! compatible classes.

ProoOF. Let on — set(d) completely contain at least £ — 2°°! — o com-
patible classes, @« = 0, and let off — set(d) completely contain at least ¢
— 2¢71 — B compatible classes, B = 0, for fixed values of @ and B. Then,
the number of compatible classes that are divided among on — set(d) and
off — set(d) is

- —-21—a)—((—21=-B)=2"— €+ a+B. (12)
Thus, on — set(d) contains vertices of up to
-2t —a)+ 2 —€+a+pB)=21+p (13)
compatible classes, and off — set(d) contains vertices of up to
-2t =B)+2—f€+a+p) =21+« (14)

compatible classes. According to Lemma 4.1 and Definition 4.5, function d
is assignable in the first iteration iff the partial code partition II,,, = Il
= {on — set(d), off — set(d)} has no block that contains vertices of more
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than 2°7! compatible classes. Using the above equations, we know that
neither on — set(d) nor off — set(d) contain vertices of more than 2¢7!
compatible classes iff « = 8 = 0. O

The following theorem, which is a generalization of Lemma 4.2, can
directly be applied in a decomposition algorithm to compute all assignable
functions in each iteration. It gives a condition for each block X; of a partial
code partition Il , and makes use of the set X;/ R, = L4, ..., L},
which is a collection of compatible classes that are partially or completely
contained in block X;. The cardinality of this set is denoted by %.

THEOREM 4.3 A function d is assignable with respect to a partial
assignment d;, , iff for each block X;, X;/ Ry = {L’, ..., L}}, of the corre-
sponding partial code partition Il the following holds: At least k —
2¢7571 classes L are completely contained in the offset of d (condition CO0)
and the onset of d (condition C1).

If condition CO is not fulfilled, then the onset of d contains bound set
vertices of more than 2¢~“*V classes L;, which violates Lemma 4.1 for the
partial assignment s, ;,;. The analogy holds for condition C1. The com-
plete algorithm for single output decomposition is given in Figure 4.

The example in the appendix shows that in each iteration there is a large
number of assignable functions from which to select. Later on, experimen-
tal results demonstrate that the number of assignable functions can be
huge when decomposing functions of moderate size. The next section shows
how these degrees of freedom can be exploited for multiple-output decom-
position.

5. MULTIPLE-OUTPUT DECOMPOSITION

5.1 Theory
Let a completely specified function vector f = (f;, ..., f,,) and a disjoint
partition of its n input variables into the bound set {x;, ..., x;} and the
free set {y1, ..., ¥, s} be given. Functional multiple-output decomposition
determines an assignment sl = {dy, ..., d,} and the composition func-
tions g, ..., £, such that foreach £, 1 = & = m,

fk(xla e Xpy Y1 - 7ynfb) =

gk(dlf(xly s ey xb); s ey dfk(xla LI} xb)a Vi, oo - 7yn—b)) Where vzdf € 'Sdf-

(15)

Multiple-output decomposition has the goal of finding subfunctions that
can be used for several outputs, thus the total number of subfunctions,
denoted ¢, shall be smaller than the sum over the numbers of subfunctions
needed to decompose each individual output Ekmzlck.
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algorithm single_output.decomp(f,x,y)

{
compute compatibility partition 1Ty = {L1,...,Ls};
compute codewidth ¢ = [Id£];
Ago=0;
Iy,,={X}
for s=1toc {
compute set D of functions assignable w.r.t. Ag ,_1;
select dy € Ds;
Agy=Ag 1 Uds;
H-A] Pt HA/ o1 a3
}
Ag = Afci
compute composition function g from assignment Ay;
}

Fig. 4. TIterative algorithm for single-output decomposition.

Note that symbols with a subscript or superscript 2 refer to the output f;,
of the function vector f. Terminology referring to an individual output are
additionally denoted local in the sequel.

In Theorem 4.2, we stated a condition for the existence of a single-output
decomposition, saying that the functional decomposition of f requires the
refinement of the local compatibility partition Il; by the local code partition
IL,,. We now give a similar condition for multiple-output decomposition:

THEOREM 5.1 A decomposition of the multiple-output function £ = (f,
..., fn) by a set of subfunctions A¢ = {dy, ..., d,} exists iff for each
output f; there is a subset sd;, C s with cardinality equal to the codewidth
¢y, such that

I1,, refines Il (16)

ProoF. Function vector f can be decomposed iff the condition for single-
output decomposition is fulfilled for each individual output f. This condi-
tion, as expressed in Formula (10), is simply repeated in Formula (16) for
each output. [
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The multiple-output decomposition problem can be stated as follows:
Given a multiple-output function f(x,y), determine a minimal set ¢ of
subfunctions such that the decomposition condition expressed in Theorem
5.1 is fulfilled. A first, obvious step towards this goal is to use the minimum
number of subfunctions, ¢, = 0d¢,[ for each output f,. As for single-
output decomposition, we always choose this minimum number. This
guarantees that multiple-output decomposition never yields more subfunc-
tions than single-output decomposition under the same variable partition.

The central task of multiple-output decomposition, however, is to com-
pute subfunctions that can be used for several outputs. One approach to
this problem is to first compute the set of assignable functions for each
output and then to find functions that are assignable for a maximum
number of outputs. However, such an approach is only practical for small
bound sets, due to the very large number of assignable functions. We show
that it suffices to consider a fraction of the assignable functions without
loss of result quality.

Formula (16) can also be written as

N R, CR,. (17)

di€ddy,

Using the laws of set algebra, we obtain

q m
NR,;, C NR, (18)
i=1 k=1
q m
& ]_[Hdl refines Hﬂfk (19)
i=1 k=1
& 1, refines 1. (20)

Here, we use the following definitions:

Definition 5.1 The product of the local compatibility partitions Il is
called the global (compatibility) partition Il;, which partitions ¥ into p
global classes G;:

Hf = {Gl, ey GP} = Hka.
k=1

The product of the bipartitions of & induced by the subfunctions d; is called
the global code partition:

q
H&qf = ani'

i=1
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The interpretation of the global compatibility partition is simple: Il
partitions the bound set vertices into classes of vertices that are compatible
for each of the m function outputs. It thus reflects the multiple-output
function and the chosen variable partition. The global code partition, on the
other hand, results from the chosen subfunction vector d. It partitions the
set of bound set vertices into blocks having identical code. The following
example illustrates these concepts.

The top part of Figure 5 shows the local compatibility partitions I, and
IT;, of the functions given in Figure 2 and the global partition Il = II,, -
II;,. The bottom part shows the partitions induced by three subfunctions
dq, ds, ds that satisfy the condition of Theorem 5.1. The vertices in the
dark shaded areas constitute the offset of the subfunctions. The individual
assignments are sy = {d,, dy} and s, = {d;, d3}. Thus the multiple-
output function f = (f;, f2) can be decomposed with three subfunctions
such that f; = g,(d1(x), do(x), ¥y) and f; = g4(d(x), d3(x), y). Subfunc-
tion d; is shared between both outputs. In the example, I1,, = Il - I, -
I1;, = Il;. Note that Formula (20) also allows a proper refinement of 1l; by
I1,,. The subfunctions d;, d,, and d; are constructed using global classes.
We now show the relevance of such functions, which are defined as
constructable:

Definition 5.2 Given a global partition Il; = {G,, ..., G,}, a function
d :{0,1}* — {0,1} is called constructable with respect to Il; iff each class
G, is completely contained in either the onset or the offset of d,

on — set(d) € P(Ily). (21)

An assignment that consists of constructable subfunctions only is called a
constructable assignment.

If an assignment «; is constructable, then instead of Formula (20) the
equation

H‘ﬂf = Hf (22)

holds.

In Figure 5, the assignment {d, d,, d3} is obviously constructable. Note
that d; and d, in Figure 3 are not constructable.

The following theorem is central to our theory:

THEOREM 5.2 Any nonconstructable assignment can be replaced by a

constructable assignment without increasing the number q of required
subfunctions.

Every nonconstructable assignment that performs a decomposition with
a minimum number of subfunctions is especially replaceable by a construc-
table assignment. Therefore, an optimum decomposition with a minimum
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I,

Fig. 5. The global compatibility partition Il derived from the local compatibility partitions
I1;,; partitions II;, of a minimum assignment sy = {d;, ds, d3}.

number of subfunctions can be obtained by choosing constructable subfunc-
tions only.

Proor. Let s be a nonconstructable assignment. By Definition 5.2,
there exists at least one class G; € Il; that contains disjoint subsets S; C
G; and S, C G,; with different codes. Since the x-vertices of S; and S,
belong to the same global class, they are compatible for each output, and
may as well have identical codes. The subfunctions can thus be changed
such that the vertices of S; obtain the code associated with the vertices of

S,. Repeating this procedure for all subsets S; and S,, a constructable
assignment is obtained. [

So it suffices to consider only constructable functions as subfunctions,
without detriment to the final number of subfunctions. Note, however, that
assignments of equal size may have different costs after further decompo-
sition.

To build a constructable function d, each global class is assigned to either
the onset or the offset. Then, the number of constructable functions is 27.
Due to the regularity of most applications, this is much smaller than the
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number of all functions d : {0,1}* — {0,1}, which is 22" As an example, for
benchmark circuit alu4 , a multiple-output decomposition is performed
with p = 32 and b = 8. The number of constructable functions is 232 =
4.295 - 10°, while 22" = 1.158 - 107".

We have derived two properties of subfunctions, assignability and con-
structability. A subfunction must be assignable to satisfy the basic decom-
position condition for a single-output. Constructability is sufficient for an
optimal sharing of subfunctions during multiple-output decomposition.
Subfunctions with both properties are called preferable:

Definition 5.3 A function d : {0,1}®> — {0,1} is preferable for a single
output f, of a multiple-output function f iff two conditions are satisfied.
First, it must be assignable with respect to the output f, and partial
assignment s, ;,. Second, it must be constructable with respect to the
global compatibility partition determined by f(x, y).

We derive another useful property from (19):

Property 5.1 The number p of global classes determines a lower bound
on the number ¢ of subfunctions: [Id p0= ¢. This property can be derived
easily. The g subfunctions cannot create more than 279 codes, i.e.,

Mg, - ... I, = 2% With (19), we have
q m

20 = [yl = 1][0, = p & (23)
i=1 k=1

q = 0d pO (24)

In Figure 5, we have p = 5 = ¢ = 3. The found solution with ¢ = 3 is
therefore an optimum solution with respect to the number of subfunctions.
This property allows us to abort multiple-output decomposition at an early
stage if the number of shared subfunctions is too small, which may be due
to a bad variable partition.

We use this property to define the sharing potential of a multiple-output
function.

Definition 5.4 The subfunction sharing potential ¢ is defined as
ad pO
Ek:1ck

p=1

where Od pOis the lower bound on the number of subfunctions, and the
denominator is the number of subfunctions needed for single-output decom-
position.

The sharing potential gives an upper bound on the reduction of the
number of subfunctions, which is possible by multiple-output decomposi-
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tion compared with single-output decomposition. For the example of Figure
5, we have ¢ = 1 — Od50J/2 + 2 = 25%, i.e., the number of subfunctions
is reduced by 25%. This sharing potential is realized by the assignment A;
= {d,, ds, d3}. As the experimental results demonstrate, the sharing po-
tential can not always be realized. The actual success in sharing subfunc-
tions is expressed by the sharing gain.

Definition 5.5 The subfunction sharing gain o is defined as

and gives the actual reduction in the number of subfunctions realized by
multiple-output decomposition, compared with single-output decomposi-
tion.

It is interesting to note that the column-encoding method presented by
Lai et al. [1994a; 1994b] always realizes the complete sharing potential by
using [1d pOsubfunctions. However, the constraints expressed by Eq. (5)
are not taken into account in that method. Thus, the composition functions
may actually depend on more variables than necessary. This shows that the
quantities sharing potential and sharing gain are only useful if the con-
straint on the number of subfunctions for each output is obeyed.

The shared subfunction encoding method of Lai et al. [1994a; 1994b], as
well as the most recent approach of Scholl and Molitor [1994], are strict
decomposition methods. These methods are based on the sum of the local
compatibility partitions,

k=1
These methods first search common subfunctions that are constructable in

the classes of II. The sum partition II typically has many fewer classes than
the product partition Il e.g., the sum partition for the example in Figure 5
has only two classes. By only considering subfunctions that are construc-

table from classes of [T, many common subfunctions may be overlooked. In
the example in Figure 5, no common subfunction can be computed from the

classes of TI.

5.2 An lterative Decomposition Algorithm

The complete algorithm for multiple-output decomposition is given in
Figure 6. After computing the local compatibility partitions and initializing
the local partial assignments, 9, o, and local partial code partitions, II,, ,
the global compatibility partition Il; is computed. Then, the set of prefera-
ble functions is computed for each output f. In each iteration of the main
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Table I. Characteristics of Multiple-Output Decomposition

p sharing

f b n ub actual #assign. #prefer. @ ® CPU/sec
fr51m 5 32 5 (4.3 - 109 (32) 50% 50% 0.052
m = 2 2 2

4 6 6

5 1.3 - 107 30
faus 8 256 32 (1.2-1077) (4.3 -10% 66% 53% 3.413
m = 24 2.1 10 3.1-10%

25 8.8 - 10* 2.8 - 10°

26 1.4 -10% 2.6 - 10°
fiorm1 7 128 64 (3.4-10%) (1.8-10') 82% 61%  60.880
m = 12 2.2 - 10% 1.4 -10%°

32 6.0 - 108 6.0 - 108

63 3.4-10% 2.8 - 10

63 3.4-10% 2.8 -10

63 3.4 -10% 2.8 -10

63 3.4 -10% 2.8 -10"

loop, a subfunction d; is selected from the union set of all preferable
functions such that d; is assignable for a maximum number of outputs f3.
For each of these outputs, the partial assignment and the partial code
partition are updated, the set of preferable functions is recomputed, and
the subfunction counter s, is incremented. The main loop is repeated until
the number s, of subfunctions selected for each output equals ¢, = (d€,[]
i.e., until complete assignments are obtained. Finally, each composition
function g, is computed using the assignment s{,.

5.3 Preferable versus Assignable Functions

Experiments show the reduction in average complexity achieved by using
preferable instead of assignable subfunctions. Characteristic data on vari-
ous multiple-output decompositions is given in Table I, which reflects the
decomposition of some function vectors that occurred during multiple-
output decomposition of circuits f51m, alu4 and terml [Yang 1991].

The name of the function vector and the number of outputs m are given
in the first column. The bound set size b and the number of local classes €,
of each output are shown in columns 2 and 3. The next two columns refer to
the number of global classes p, where the upper bound ub =
min((I72,€;), 2°) and the actual number is given. The number of assign-
able functions # assign. and of preferable functions # prefer is shown. The
values in parentheses give an upper bound on the number of functions,
which is 22" and 27, respectively. The sharing potential ¢ and the sharing
gain o are shown next. The CPU time needed to decompose the character-
ized function vector is also given. The CPU times in all experiments are
measured on a DEC AlphaStation 250 4/266 with 128 MByte.
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algorithm multiple-output_decomp(f,x, y)
{
fork=1tom {
compute local compatibility partition ITy, = {Li,..., Ly, +

compute codewidth cx = [ld 4];

Af0=0;
HAM'“ = {X};
s =1;
}
compute global compatibility partition /Iy = ITg, -... Iy

fork=1tom {

compute set Pk ; of functions preferable w.r.t. 'Afk 0}

g=0;
while (thereisa k € {1,...,m} with s; < cx) {
g=g+1;
select dg € (P1,s; U... U Pm s )i
for k=1tom {
if (dg € Px,s,) {
Afeon = Afya-1 U dgi

H‘Afk:'k = H'A!k, * qu;

-1

if (s < cx) {

compute set Py o, 41 of functions preferable w.r.t. Ay, , ;

}
if (sx < ex) {

sk =38kt 13

}

for k=1tom {
Af = Afy i

compute composition function g; from assignment Ay, ;

Fig. 6. Iterative algorithm for multiple-output decomposition.
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It can be seen that the number of global classes, which significantly
influences memory and CPU time consumption, is mostly much smaller
than its theoretical upper bound. In our experience, decompositions with
fewer than 25 global classes are usually performed in less than a second.

Since the number of global classes is typically much smaller than its
upper bound, the number of preferable functions, which has an upper
bound of 27, is also much smaller than the number of assignable functions,
which is bounded by 22’ The computation of the number of assignable and
preferable functions is described in detail by Eckl [1995]. The number of
preferable functions can still be very large, e.g., it exceeds 10'® during
decomposition of f,..,;. Such a set is still too large to be handled explicitly,
and emphasizes the necessity of using implicit techniques.

6. IMPLEMENTATION ASPECTS

The algorithm in Figure 6 shows the three main tasks that must be solved
during multiple-output decomposition.

First, the local and global classes must be computed, as well as the sets of
global classes that comprise each local class. From this point on, we do not
work with bound set vertices any more; instead, global classes are used as
the elementary objects.

The second task is the computation of preferable subfunctions. Since this
computation is done for each output f;, several (exactly c¢;) times, and since
the number of preferable functions may be very large, an efficient proce-
dure is needed. We show how to represent and calculate the set of
preferable functions implicitly.

The third task is the selection of the "best” function from all computed
preferable functions. We are interested in functions that are preferable for
a maximum number of outputs f;,. This task can be formulated as finding
columns with a maximum number of 1s in a covering table. A new implicit
technique is presented.

6.1 Implicit Computation of Preferable Functions

Since the sets of preferable functions may be huge, they must be computed
efficiently. Recently, exact solutions to other CAD problems with huge sets
were devised using implicit techniques [Coudert et al. 1993; Kam et al.
1994]. A set of objects, e.g., a set of states of a finite state machine, is
represented as a minterm using the positional-set notation and a set of
object sets is represented by its characteristic function. In the decomposi-
tion method presented here, global classes are used as elementary objects.
A set of global classes defines a constructable subfunction and is repre-
sented by a positional minterm. The set of all preferable functions of a
function f} is represented by its characteristic function. Thus, using BDDs,
it is possible to represent sets of preferable functions in a very compact
way.
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According to Definition 5.2, the onset of a constructable function is an
element of the power set of Il;. So we can employ a bijective mapping
from the set of constructable functions, denoted C, to a p -dimensional
Boolean space (where p = ITIgl):

7:C —1{0,1}

z=1(2,...,2,) =md),d€C,

where

Zi':{ 1 if G, C on — set(d) (25)

0 if G; C off — set(d).

As an example, the function d; in Figure 5,d(X) =1 & x€ G, U G U
G, is represented by z = (01110).

A set of constructable functions is represented by the onset of a Boolean
formula, and hence in a single BDD. For example, the set P, ; of preferable
functions of Table VIII is represented by

232425 + 23242_5 + 212225 + 212225 + 21222324 + 21222324. (26)

This compact representation of sets of preferable functions, however, is
only valuable if it is also possible to compute these sets efficiently. An
implicit computation of preferable functions is proposed here. Implicit
computation means that we operate with sets of constructable functions,
and the number of operations performed is not related to the number of
elements contained in the sets.

Theorem 4.3, which is applied in the implicit procedure, gives conditions
CO and C1 for each block X; of a partial code partition Il . For ease of
notation, we explain the procedure for s, = 0: thus there is only one block
X, = % and Xy/R;, = Il;, = {L4, ..., L,,}. In a first step, the set T',, of all
subsets of II;, containing at least ¢, — 2% ' local classes,

T, = {7 € 2(1,)OT | = ¢, — 21}, (27)

is implicitly computed using the subset algorithm in Figure 7. The charac-
teristic function 7,(v) = subset({, — 2!, {,) represents this set, using a
variable v; for each local class L; € Il,. Note that this characteristic
function 7, is a threshold function that evaluates to 1 iff at least ¢, —
2¢~1 out of €, variables take value 1. The complexity of subset(s, €) is
O(s-¢).

The two functions ¢)(z) and ¢;(z) are derived from 7,(v). The function
(z) represents all subfunctions satisfying condition CO, and s}(z) repre-
sents all subfunctions satisfying condition C1. Function s}(z) is obtained
by replacing each v;-literal (which represents local class L;) in 7,(v) with
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algorithm subset (5, )

{
to = 1;

for j=1to s {

fori=1tof {
forj=6tol {

t; =t + i1 - Vi

}

return t5(vy,...,ve);

}
Fig. 7. subset(5, £) algorithm.

the conjunction of those negative z-literals that represent the global classes
contained in the local one. Similarly, we get ¢;(z) by replacing each
v;-literal in 7,(v) with the conjunction of positive z -literals. Constructable
functions that satisfy condition CO and condition C1 are assignable accord-
ing to Theorem 4.3. Thus, the product of the functions ;(z) and ¢(z)
yields the characteristic function #%,(z) that represents all preferable
subfunctions

xp(z) =2, ° 'Jfg(z) : wi(z)-

Multiplication with z; is performed to eliminate complementary subfunc-
tions.

For s, # 0, the partial partition II,,  consists of several blocks X;. Then
the above procedure must be applied for each block, and the product of all
the characteristic functions obtained is ¥,(z).

Example. We now demonstrate how to compute ¥(z), representing the
set P, of preferable functions in Table VIII. We have 7,(v) =
subset(1,3) = v, + vy + vs. For i(z), literal v, is replaced by z,z,, since
L, = G, U Gy; literal vy by 2324, since L, = G5 U Gy; and literal v by z;,
since Ly = G5. Thus, §1(z) = 2125 + 2324 + 25. Similarly, for %(z), literal
v, is replaced by ZZ,, etc., thus %(z) = 2,2, + Z3Z, + Z5. Then,

%I(Z) = 21232425 + 212225 + 21232425.
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Table II. Covering Table of Preferable Subfunctions for f; and f,

G, o o 0 0O O O O O O O O 0O O 0 0 0
Gy o o o o o0 o0 O o0 1 1 1 1 1 1 1 1
G o o o o 1 1 1 1 o0 o0 o0 O 1 1 1 1
Gy o o 1 1 o0 o 1 1 o0 o0 1 1 o0 o0 1 1
Gs o 1 0 1 o0 1 o 1 o0 1 o0 1 o0 1 o0 1
¥(z) |o 1 o 1 o 1 1 1 o0 1 0 0 0 0 1 0
Yyz)y | O O O 1 0O O 0 0 0 0 0 o0 1 1 o0

1 (R

dsy ds d

The set P, ; of preferable functions for output f; is represented by
%Q(Z) = 2122232425 + 5122232425 + 2122232425.
The characteristic functions ¥,(z) are shown as row vectors in Table X.

6.2 Implicit Selection of the Best Preferable Subfunction

After computation of the characteristic function ¥,(z) for each output f},
the task is now to find a z-vertex contained in the onset of a maximum
number of %,(z). Such a vertex corresponds to a subfunction that decom-
poses a maximum number of outputs 3. This problem is visualized in Table
IT as finding a column with a maximum number of 1s in a covering table,
which consists of the rows for ¥,(z) and ¥,(z). A maximum column is
marked in Table II by d;.

A novel algorithm, called maxcol, is shown in Figure 8. A single variable
w;, is associated with each of the m characteristic functions ¥,(z). The
maxcol algorithm performs a binary search for the maximum number of
rows that can be covered by any of the columns. Each time through the
loop, the variable w is set to the midpoint of the current interval. The
subset-algorithm is used to compute a function A ,(w) with an onset
consisting of all w-vertices with at least u 1s. Substituting the w,-variables
with the corresponding characteristic functions ¥,(z) yields function A ,(z).
If h,(z) = 0, then there is no z -vertex contained in the onsets of u or more
characteristic functions %,(z), and the right pointer w,;,, is adjusted. If
h,(z) # 0, there exists at least one vertex contained in the onsets of at
least u characteristic functions, and the left pointer w, is adjusted. The
algorithm returns a function % ,(z) # 0 with a maximum value of u. The
onset minterms of % ,(z) specify the columns covering a maximum number
of rows. Note that these columns may cover different subsets of the row set.

7. VARIABLE AND OUTPUT PARTITIONING

The partitioning of variables into free and bound sets is done with a new
iterative improvement method.

ACM Transactions on Design Automation of Electronic Systems, Vol. 4, No. 3, July 1999.



Functional Multiple-Output Decomposition . 337

algorithm maxcol(x1(2),...,xm(z))
{
Bleft = 13

Hright = M3

while (g.5: < bright) {
B = (Biese + pright)/2;
hu(w) = subset(u, m);
fork=1tom {

substitute wy in h,(w,z) by xx(2);

}
if hu(z) =0 {
Mright = —1;
} else {
Bregr = p+ 15
}
}
if hu(z) =0 {
return hy,_1(2);
} else {
- return h,(z);
}

Fig. 8. The maxcol algorithm.

Let the single-output function f depend on n variables. The variable
partitioning problem is separated into two subtasks, i.e., first, the compu-
tation of an optimal variable partition for each bound set cardinality i, 2
=1 =n — 1; second, the selection of a partition among these optimal
partitions. Let us consider the second subtask first.

The key to the selection of the best bound set size and its variable
partition is a proper cost function. The cost function estimates the number
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of logic modules needed to implement a function of n variables. We use the
following cost function, which is an upper bound of the numbers of CLBs
(configurable logic blocks) of the Xilinx XC3000 FPGA series. Each XC3000
CLB can implement one Boolean function of up to five variables, or two
Boolean functions of up to four variables each that must not use more than
five variables in total. The cost function is based on Boole’s expansion of f:

cinl =K

cost(n) = (28)

-2"° K nl > K.

N W =

Here K is the number of LUT inputs. For XC3000, K=5, this cost function
considers the mergeability of two functions into one CLB. Using this cost
function, the number of modules after a decomposition of f can be estimated
for each bound set cardinality & as

Ng(f) = cost(n — b + ¢) + ¢ - cost(b), (29)

where ¢ = [Id€¢0is the number of subfunctions after decomposition with
bound set size b. The first term of Eq. (29) accounts for the composition
function, the second term for the subfunctions.

The first subtask is solved with an iterative improvement algorithm,
which is carried out for each bound set cardinality b. The iterative
algorithm starts from an initial partition (with bound set cardinality b and
free set cardinality n — b) and performs a sequence of cost-reducing
variable exchanges between the free set and the bound set. The cost is
given by Eq. (29); but since the partitions we deal with have identical
bound set size b, the number of local compatible classes suffices to compute
relative costs. This number can easily be derived by a traversal of the BDD
of f if bound variables are ordered before free variables [Lai et al. 1993]. In
each iteration, the best free variable and the best bound variable are
computed. The best bound variable is determined by temporarily moving
each bound variable x, into the free set, thus decreasing the bound set size
to b — 1 and computing the cost. The best free variable is computed in a
similar manner by temporarily moving each free variable y; into the bound
set and computing the cost. The best bound and free variable are exchanged
if this yields a cost reduction. Iterations are performed as long as the cost
reduces. The initial partition is obtained from a minimal BDD representa-
tion of f.

The same two-step approach is adopted for multiple-output decomposi-
tion. Note that in the iterative improvement algorithm of the first step, a
variable may be included in the bound set only if it is in support of all the
functions of a vector.
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To estimate the number of modules after multiple-output decomposition
of vector f = (fy, ..., f,») with a bound set of cardinality b, we have the
following, straightforward extension of Eq. (29):

Ny(f) = icost(lsup(fk)l — b +¢) + q - cost(d). (30)

k=1

Here, ¢, = (d¢,0is the number of subfunctions needed for output f.
However, we do not know the exact value of the number of subfunctions q,
OdpO= ¢ = ;" ,00d¢,0 after variable partitioning. This is a significant
difference from single-output decomposition, where the number of subfunc-
tions is known after variable partitioning.

Therefore, we use upper bound %' ;c; on the number of subfunctions, and
obtain a cost function

N ,(f) = g:(cost(lsup(fk)l — b + ¢, + ¢, cost(db)). (31)

k=1

Equation (31) is used during the iterative variable exchanges as well as for
the final selection of a bound set cardinality.

Please keep in mind that the variable partition computed for a vector f
may not be optimal for its components f,. So the number of subfunctions
needed to decompose function f;, as a component of vector f may be larger
than the number of subfunctions needed for a separate, single-output
decomposition of f,. This effect reduces the gain achieved by multiple-
output decomposition below the subfunction sharing gain of Definition 5.5.

Output partitioning concerns the problem of grouping functions in a
network to function vectors. We use a greedy heuristic that initializes the
function vector with the function having a maximum number of inputs.
Then, a function that has a maximum number of inputs in common with
the current vector is combined with it. Multiple-output decomposition is
performed for the current vector. If the decomposition gain in comparison
to single output decomposition of each vector component decreases by the
last combination, the combination is undone. This is repeated until no
further suitable function remains to be combined.

8. RESULTS

The algorithms for functional multiple-output decomposition proposed in
this paper were implemented in program IMODEC (Implicit Multiple-
Output DEComposition). The following sections first compare our new
approach to variable partitioning and then benchmark IMODEC against
various state-of-the-art technology mappers for Xilinx XC3000 and XC4000
FPGAs.
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8.1 An Overall Algorithm for Technology Mapping to LUT-based FPGAs

The overall procedure for technology mapping to LUT architectures follows.
Program IMODEC is used to recursively decompose infeasible nodes until a
K-bounded network is obtained. In a postprocessing step, we further try to
reduce the LUT-count: a node is collapsed into its fanout nodes if this step
yields a network that is still K-bounded. Finally, LUTs are merged into
CLBs, as allowed by Xilinx FPGAs.

8.2 Variable Partitioning

Table III compares different approaches to variable partitioning for single-
output decomposition. Shen et al. advocate a constructive approach to
determining bound and free sets for single-output decomposition [Shen et
al. 1995]. This approach delivers the best results in variable partitioning,
in comparison to previously presented approaches. In Table III, the results
obtained by Shen et al. are compared to that advocated in this paper.

For this experiment, our tool IMODEC was run in single-output mode.
Both the decomposition used by Shen et al. and IMODEC in single-output
mode employ strict functional decomposition. Results are therefore compa-
rable and strongly depend on the various algorithms for variable partition-
ing.

The comparison is performed for a set of two-level circuits. Results for
the Shen et al. method are cited in Shen et al. [1995]. The best result for
each circuit is printed boldface type.

The table shows that the approach to variable partitioning presented in
this paper outperforms that proposed by Shen et al. Especially for larger
circuits, the quality of results obtained by IMODEC dominates those of
Shen et al.

8.3 Technology Mapping for LUT-Based FPGAs

A variety of technology mapping algorithms targeting LUT architectures
has been presented in the last five years. Table IV shows a comparison of
program IMODEC with other mapping algorithms targeted at reducing
area. Promising approaches dedicated to achieving performance optimiza-
tion [Murgai et al. 1991b; Cong et al. 1993] are not considered in this
comparison. The comparison is based on a set of benchmark circuits also
used in an overview article by Sangiovanni-Vincentelli et al. [1993]. The
tables give the CLB count after mapping to Xilinx XC3000 FPGAs. Since in
many publications only a small subset of these benchmarks is used, the last
row gives the ratio of the sum of CLB counts for the used subset to the
corresponding sum of CLB counts obtained with IMODEC. Again,the best
result for each circuit is printed in boldface type.

Before comparing the results, one should note that the results are
sensitive to the starting networks. In most publications, MIS [Brayton et
al. 1987] and SIS [Sentovich et al. 1992] scripts, respectively, were used to
obtain these networks. Most researchers obtain starting networks by
applying just one of the SIS-scripts once. In the sequel, the procedure used
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Table III. Different Variable Partitioning Approaches: LUT Count

circuit [Shen et al. 1995] IMODEC
5xpl 19 19
9sym 6 7
alu2 77 55
apex4 426 364
b9 92 57
clip 36 24
count 52 40
duke2 722 256
e64 544 389
f51m 16 16
misex1 16 17
misex2 43 40
rd73 8 8
rd84 13 13
sa02 37 25
z4ml 6 7
b 2113 1337
relative to IMODEC 1.58 1.00

to obtain the starting networks is only mentioned if it is not one of the
MIS/SIS-scripts.

Sangiovanni-Vincentelli et al. [1993] compare the approaches of MIS-
pga2 [Murgai et al. 1990; 1991a];® Chortle-crf [Francis et al. 1991]; Xmap
[Karplus 1991]; and Hydra [Filo et al. 1991], none of which focus on
functional decomposition techniques. Their finding is that for identical
starting networks, MIS-pga2 outperforms the other approaches. Therefore,
in Table IV, only MIS-pgaZ2 is included, along with more recent approaches.
Compared with IMODEC, MIS-pga2 consumes on average 32% more CLBs.

The ASYL program decomposes functions by Boole’s expansion and
various kernel extraction schemes that also try to consider routability. For
each circuit, the best result of either Babba and Crastes [1992] or Abouzeid
et al. [1993] is given. Starting networks have two levels [Abouzeid et al.
1993] or are not specified further [Babba and Crastes 1992]. Unfortunately,
no results have been published for large circuits like apex4, des and rot .
ASYL requires 46% more CLBs than IMODEC.

The remaining more recent mapping algorithms (with the exception of
SIS-1.3) are based exclusively on functional decomposition and a relatively
simple covering step. A more detailed description of the various decomposi-
tion methods is given in Section 2.

The results in column SIS-1.3 were obtained by experiments with pro-
gram SIS-1.3 [Sentovich et al. 1992], using the LUT-oriented synthesis

3Since only a LUT result but no CLB result is given in Sangiovanni-Vincentelli et al. [1993] for
circuit des, the CLB value for des is estimated from the LUT count of 904, using the average
ratio of 87/100 for CLB vs. LUT counts observed in other results of MIS-pga2.
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Table IV. CLB Count for Xilinx XC3000 FPGAs

MIS- FGSyn CPU
circuit pga2 ASYL MIS-94 SIS-1.3 FGMap bx-csn mulop2 IMODEC  [s]
5xpl 13 13 40 13 15 9 9 9 0.9
9sym 7 8 53 7 7 7 7 7 0.3
alu2 96 60 163 76 53 55 51 48 105.6
alu4 49 250 85 151 - 56 - 53 9.3
apex2 60 69 133 56 - 60 - 77 2.1
apex4 371 - - 372 356 - - 333 56.1
apex6 165 156 207 154 - 181 - 140 9.6
apex7 43 42 52 47 47 43 45 40 0.9
b9 32 18 77 28 27 28 30 26 1.3
clip 23 33 73 26 20 18 14 12 5.2
count 30 28 26 29 24 23 26 2 8.9
des (786) - 1265 710 - - - 446 304.4
duke2 94 82 269 109 178 85 114 82 1.9
f51m 15 14 41 11 11 8 8 9 0.7
misex1 9 13 10 9 8 8 9 8 0.3
misex2 25 23 27 21 21 22 24 2 0.4
rd73 5 8 25 5 7 5 5 5 0.6
rd84 9 14 67 10 12 8 8 9 1.6
rot 143 - 240 140 194 136 146 128 5.9
sao2 28 30 78 28 27 25 20 17 4.6
vg2 18 20 23 19 23 17 18 17 1.3
C499 66 - 68 66 49 54 60 50 1.1
C880 72 - 191 76 74 87 87 74 6.8
3 2159 881 3213 2163 1153 935 681 1636

relative to
IMODEC 1.32 1.46 2.47 1.32 1.25 1.09 1.16 1.00

script in Sentovich et al. [1992]. On average, SIS-1.3 yields mapped circuits
with 32% more CLBs than IMODEC.

The technology mapping algorithm FGMap presented by Lai et al. [1993]
uses functional single-output decomposition for technology mapping. FG-
Map is a significant advance because it produces better CLB results than
SIS-1.3 in an order of magnitude less CPU time.

MIS-94 shows the results of an approach by Murgai that extends the sum
of product-based functional decomposition algorithm in MIS [Murgai et al.
1994]. This algorithm carries out nonstrict decompositions with the goal of
obtaining composition functions with a minimal literal count. This meth-
od’s relatively large CLB counts are due to the simple variable partitioning
approach. Moreover, even for small and well-decomposable circuits like
9sym and rd84 , a multiple-level network is used as a starting point. All the
other methods in this table use two-level starting networks for the circuits.
The large CLB counts of MIS-94 illustrate that even the extended func-
tional decomposition algorithm in MIS/SIS is inferior to the BDD-based
approaches. Thus, the good results of SIS-1.3/MIS-pga2 must be attributed
to the skillful combination of functional decomposition with algebraic
extraction.
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Table V. CLB Count for Xilinx XC4000 FPGAs

circuit FGSyn IMODEC
5xpl 15 8
9sym 6 7
alu2 53 46
alud 51 47
apex2 53 67
apex6 128 105
apex7 37 35
b9 24 20
clip 24 12
count 19 16
duke2 76 70
f51m 10 8
misex1 8 8
misex2 19 17
rd73 6 4
rd84 10 7
rot 119 105
sa02 29 15
vg2 16 14
C880 72 60
s 768 671
relative to IMODEC 1.14 1.00

Columns FGSyn [Lai et al. 1996] and mulop2 [Scholl and Molitor 1994]
show results for the two multiple-output decomposition algorithms dis-
cussed in Section 2. Finally, the last columns IMODEC and CPU give
results and CPU times (measured on a DEC AlphaStation 250-4/266 with
128Mbyte memory) of the algorithm described in this article. The experi-
ments show that IMODEC outperforms FGSyn by 9%. Unfortunately, only
the results for small benchmark circuits are given for mulop2. Considering
these circuits only, circuits mapped by mulop2 consume 15% more CLBs
than those mapped by IMODEC.

Table V shows a comparison of FGSyn (best of bx4, bx4-T1, bx4-T2 from
Table IIT in Lai et al. [1996]) and IMODEC for technology mapping to
Xilinx XC4000 FPGAs. As these results show, IMODEC reduces the num-
ber of XC4000 CLBs on average by 14% compared with FGSyn.

To summarize, functional multiple-output decomposition by IMODEC
applied to technology mapping for LUT-based FPGAs yields

—area improvements of more than 30% over the popular MIS/SIS tool and
state-of-the-art single-output decomposition.

—average improvements of 9% to 16% over other multiple-output decompo-
sition approaches.

9. CONCLUSION

This article proposes a new theory and algorithms for functional multiple-
output decomposition. Variable partitioning is performed using a novel,
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BDD-based, iterative improvement method. The new multiple-output de-
composition core combines high quality results with computational effi-
ciency, due to three characteristics of the algorithm:

The algorithm performs the nonstrict decomposition of each component of
a multiple-output function. Simple circuit examples illustrate that strict
decomposition prevents the identification of subfunctions common to sev-
eral outputs. Thus, nonstrict decomposition is necessary to find all existing
common subfunctions. Encoding each bound set vertex separately, however,
would make nonstrict decomposition infeasible for large bound set cardi-
nalities. As a major theoretical contribution, it is proven that encoding the
bound set vertices of a global compatible class by the same code is sufficient
for an optimum decomposition, i.e., for finding a maximum number of
common subfunctions. Thus, subfunctions that are built from classes of the
global partition (constructable subfunctions) are sufficient for an optimum
multiple-output decomposition. The practical value of this contribution
follows from the experimental evidence that, for typical Boolean functions
of combinational circuits, the rank of the global compatibility partition is
usually much smaller than the number of bound set vertices. This implies a
significant reduction in the average complexity of a decomposition algo-
rithm.

The algorithm applies an iterative computation of scalar subfunctions.
The functions that are suitable in each iteration are called assignable.
Since it has been shown that constructable subfunctions suffice to obtain
an optimum decomposition, in each iteration the algorithm computes only
assignable as well as constructable (called preferable) subfunctions. The
iterative computation of subfunctions has several advantages. First, since
preferable subfunctions are computed for each output separately, finding
common subfunctions reduces to computing the cutset of sets of preferable
functions. Second, the rules to compute preferable (and in general assign-
able) functions are simple. Therefore, sets of preferable functions can be
computed rapidly. Third, further properties of subfunctions can easily be
incorporated into this approach.

The representation and computation of preferable subfunctions is im-
plicit. A set of preferable subfunctions is represented by its characteristic
function, which is then represented by a BDD. The size of the BDD in
almost all practical cases is acceptable even if the number of preferable
functions is huge. The compactness of representation reflects the simple
construction rule for the set of preferable functions. An efficient algorithm
for implicit computation has been developed.

Additionally, a method is presented to determine the partitioning of a
function’s variables into bound and free variables for decomposition. The
method consists of selecting a cost function keyed to the target architecture
and an effective iterative improvement step. It has been shown to outper-
form previous approaches to this problem.

A comparison of the multiple-output decomposition algorithm with state-
of-the-art technology mappers shows significant module count reductions.
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Table VI. Set D, of Functions Assignable w.r.t. s,

compatible class L, L, L
bound set vertex (000) (001) (010) (100) (011) (101) (110) (111)
row 1 - - - - 0 0 0 1
row 2 - - 1 1 1 0
row 3 0 0 0 0 - - - 1
row 4 1 1 1 1 - - 0
row 5 0 0 0 0 11 1 -
row 6 1 1 1 1 0 0 0
APPENDIX

SINGLE-OUTPUT DECOMPOQOSITION

For function f; shown in Figure 2(a), ¢ = 3 and ¢ = 2. Thus, a function d
is assignable in the first iteration if and only if on-set(d) as well as
off-set(d) completely contain at least 3 — 227! = 1 compatible class.

Table VI shows all these assignable functions. Each column is associated
with a bound set vertex. The vertices are ordered according to their
compatibility. In each row, the 0 entries specify offset vertices of an
assignable function d : {0,1}®> — {0,1}, and the 1 entries give onset verti-
ces of an assignable function. The - entries specify bound set vertices that
may belong to either on-set(d) or off-set(d). For example, row 6 describes
the functions

XXy + X1X3 T X3 (32)

(by putting vertex (111) into the offset) and

X1Xg T X1X3 T XXz T X1X9X3 (33)

(by putting vertex (111) into the onset). We obtain the subfunction d; of
Figure 3,

d1(X) = x1X9x3 + X1X9%3,

from row 1, by putting vertices (000), (001), (010) into the offset and
vertex (100) into the onset.

The partial assignment is sl;; = {d.}. The partial code partition is II,,,
= I, = {X,, X5}, where X, = on-set(d,) and X, = off-set(d,). For
X/R;, = {Li, L3}, we have L{ = {(100)} and L} = {(111)}. For X,/R;, =
{L% L%, we have L? = {(000), (001), (010)} and L2 = {(011), (101),
(110)}.

We now compute the second subfunction d,. Both X; and X, contain
vertices of & = 2 compatible classes: |X;| = IX,] = 2. Thus, in accordance
to Theorem 4.3, at least & — 2°°°! = 2 — 227171 = 1 class L/ must be
completely contained in the offset and onset of the second subfunction d,.
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Table VII. Set D, of Functions Assignable w.r.t.sd;,

partial code class X, X,

partial compatible class L! L} L2 L2

bound set vertex (100)  (111) (000) (001) (010) (011 (@101 (110)
row 1 0 1 0 0 0 1 1 1
row 2 1 0 0 0 0 1 1 1
row 3 0 1 1 1 1 0 0 0
row 4 1 0 1 1 1 0 0 0

Since each block X; and X, contains vertices of two compatible classes, we
do not have the degrees of freedom to put bound set vertices into either the
onset or the offset, as expressed by the dashes in Table VI. Table VII shows
all functions that are assignable in the second step. We obtain the subfunc-
tion d, of Figure 3,

dy(x) = 971x2x3 + x1972 + x1373,

from row 2, and thus have the assignment 9, = {d;, d,}. The code parti-
tion II,, = I, , = II,, - Il;, is shown in Figure 3(b).

MULTIPLE-OUTPUT DECOMPOSITION

We apply the algorithm to the function vector (f;, f3) of Figure 2 and show
how to compute the subfunctions of Figure 5. The local compatibility
partitions are II, with € = 3 classes and Il with €, = 4 classes. Each
function must be decomposed with ¢; = ¢, = 2 subfunctions.

The global compatibility partition Il; with p = 5 classes is also shown in
Figure 5. The next step is the computation of the functions that are
initially preferable, which are shown in Tables VIII and IX. Each column is
associated with a global class. The bound set vertices contained in a global
class and the global classes contained in a local class are shown. In each
row, the 0 entries specify global classes that are put into the offset of a
preferable function d : {0,1}®> — {0,1}, and the 1 entries denote global
classes that belong to the onset of a preferable function. The - entries
specify global classes that may be put completely into either on-set(d) or
off-set(d).

Note how Table VIII is obtained from Table VI by merging columns
associated with globally compatible vertices. Since we now compute prefer-
able functions instead of generally assignable functions, we deal with
global classes instead of individual vertices.

Another representation of the preferable functions is given in Table X.
Since there are 5 classes, there are 32 constructable functions. Each
column of the table represents a constructable function. Vertical lines are
drawn only to improve readability. Each of the first five rows is associated
with a global class G;. Thus, the five topmost entries of each column define
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Table VIII. Set P, ; of Preferable Functions for Output f;

local class L, L, Lg
global class G, G, Gs Gy Gs
bound set vertex (000) (001),(010),(100) (011) (101),(110) (111)
row 1 - - 0 0 1
row 2 - - 1 1 0
row 3 0 0 - - 1
row 4 1 1 - - 0
row 5 0 0 1 1 -
row 6 1 1 0 0 -

Table IX. Set P,; Preferable Functions for Output f;

local class L, L, L L,
global classes G, Gy G, G, G
bound set vertex (000)  (001),(010),(100) (011) (101),(110) (111)
row 1 0 0 0 1 1
row 2 1 1 1 0 0
row 3 0 1 1 0 1
row 4 1 0 0 1 0
row 5 0 1 1 1 0
row 6 1 0 0 0 1

a constructable function, where a 0 specifies a global class contained in the
offset, and a 1 specifies a global class contained in the onset of the function.
Rows six and seven of the table give the functions that are preferable for
the outputs f; and f, in the first iteration, where a 1 entry in a column
indicates that the constructable function associated with that column is
assignable.

Apparently, f; has 14 and f, has 6 preferable functions. Both outputs
have four preferable functions in common, corresponding with columns 4,
15, 18 and 29. We select as the first subfunction

di(X) = x1x3 + x93 + 21X,

which corresponds to column 15, i.e., on-set(d;) = Gy, U G3 U G,.

Thus, the partial assignments are siy, ; = s, ; = {d,}. The partial code
partitions are I, , = II,, , = II;, = {X;, X,}, where X; = on-set(d;) and
X, = off-set(d;). Analogously to single-output decomposition, the sets of
functions preferable in the second iteration, P;, and P,,, are shown in
Tables XI and XII.

These functions are also given in the last two rows of Table X. Note that
P,, C P;;and Py, C Py ;. The function associated with column 10, which
is preferable for f, is selected as the second subfunction:

ds(X) = X1%9X5 + X1XoX3 + X1X9X5 + X1XoX3.
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Table X. Preferable Functions for f; and f, In Terms of Global Classes

G, 00000000 00000000 11111111 11111111
G, 00000000 11111111 00000000 11111111
G, 00001111 00001111 00001111 00001111
G, 00110011 00110011 00110011 00110011
G5 01010101 01010101 01010101 01010101
for output fi: Py, 01010111 01000010 01000010 11101010
for output f3: Py 00010000 00000110 01100000 00001000
for output fi: Py, 00000001 01000000 00000010 10000000
for output fy: Py s 00010000 00000100 00100000 00001000
Table XI. Set P, , of Preferable Functions
partial code class Xi X,
partial local class Ll L} L? L
global class G, Gs G, Gs Gy
row 1 0 1 0 1 1
row 2 1 0 0 1 1
row 3 0 1 1 0 0
row 4 1 0 1 0 0
Table XII. Set P, , of Preferable Functions
partial code class X, X,
partial local class L} L} L? L2
global class G, Gs G, Gy G,
row 1 0 1 0 0 1
row 2 1 0 0 0 1
row 3 0 1 1 1 0
row 4 1 0 1 1 0

Now, since s; = ¢; = 2, this selection completes the local assignment s,
= {d,, dy}. Note that the local code partition Il refines its compatibility

partition I, i.e., we have performed a nonstrict decomposition.

We finally select the function associated with column 14, which is
preferable for f,, as the third subfunction

This completes the local assignment o, = {d;, d;}. Note that the local
code partition II,, equals the compatibility partition Il;, i.e., we have
actually performed a strict decomposition for this output, which is neces-

d3(X) = X9X3 + X1X9X3 + .;le + ‘EX3.

sary due to €, = 2.
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