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Partitioning WYy

e Course contents:
% Kernighang-Lin partitioning heuristic
% Flduccia-Mattheyses heuristic

¢ Readings
» Chapter 7.5

a graph representation
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Basic Definitions D

e Cell: a logic block used to build larger circuits.

e Pin: a wire (metal or polysilicon) to which another
external wire can be connected.

e Nets: a collection of pins which must be electronically
connected.

e Netlist: a list of all nets in a circulit.
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Basic Definitions (cont’d) Wy

e Manhattan distance: If two points (pins) are located at
coordinates (X,, Y;) and (X,, y,), the Manhattan distance
between them is given by d,, = [X;-X,| + |Y;1-Y,|.

e Rectilinear spanning tree: a spanning tree that
connects its pins using Manhattan paths.

e Steiner tree: a tree that connects its pins, and
additional points (Steiner points) are permitted to used

for the connections.
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Partitioning w%gf

system design

'

s Decomposition of a complex system into sinaller subsysteins.

« Each subsystein can be designhed independently speeding up
the design process.

» Decomposition scheme has to minimize the interconnections
among the subsysteins.

» Decomposition is carried out hierarchically until each
subsystem 1s of managable size.

Vo l
ses @ Interface
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Levels of Partitioning D

® The levels of partitioning: system, board, chip.
¢ Hierarchical partitioning: higher costs for higher levels.

system

board
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m chip =
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Circuit Partitioning 0

e Objective: Partition a circuit into parts such that every
component is within a prescribed range and the # of
connections among the components Is minimized.

% More constraints are possible for some applications.

e Cutset? Cut size? Size of a component?

(4Y] graph representation
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Problem Definition: Partitioning 1D

e k-way partitioning: Given a graph G(V, E), where each
vertex v1 V has a size s(v) and each edge el E has a
weight w(e), the problem is to divide the set V into k disjoint
subsets V,, V,, ..., V,, such that an objective function is
optimized, subject to certain constraints.

e Bounded size constraint: The size of the i-th subset is
bounded by B, ( >_yev; 5(v) £ B;).
% IS the partition balanced?

e Min-cut cost between two subsets:

o]

Minimize Q. . yopw: o M€, Where p(u) is the partition # of
node u.

e The 2-way, balanced partitioning problem is NP-complete,
even in its simple form with identical vertex sizes and unit
edge weights.

Partitioning 7
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Kernighan-Lin Algorithm D,

e Kernighan and Lin, “An efficient heuristic procedure for

partitioning graphs,” The Bell System Technical Journal,
vol. 49, no. 2, Feb. 1970.

e An iterative, 2-way, balanced partitioning (bi-sectioning)
heuristic.

¢ Till the cut size keeps decreasing

% Vertex pairs which give the largest decrease or the
smallest increase in cut size are exchanged.

% These vertices are then locked (and thus are prohibited
from participating in any further exchanges).

% 1his process continues until all the vertices are locked.

». Find the set with the largest partial sum for swapping.
» Unlock all vertices.

Partitioning 8
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Kernighan-Lin Algorithm: A Simple Examplé@ﬁﬁ

e Each edge has a unit weight.

Step #F Vertex palr Cost reduction  Cut cost

0 - 0 5
1 {d, g} 3 2
2 {c, f} 1 1
3 {b, h} -2 3
4. {a, e} -2 5

¢ Questions: How to compute cost reduction? What pairs to be

swapped?
% Consider the change of internal & external connections.

Partitioning



Properties

i

[r=—r

e Twosets Aand Bsuchthat |A|=n=|BlandAC B= /A

e External costofal A'E,=a

vi B

C

av*

e Internal costofal A:l,= a,.c,,
e D-value of avertex a: D, = E, - |, (cost reduction for moving a).
e Cost reduction (gain) for swapping a and b: g,, = D, + D, - 2c,,.
e [fal Aandbl1 B are interchanged, then the new D-values, D’,

are given by
Dy
!
Dy
A E

—T—_d
6 %

Gk g - Dy— cap
GHIHEE_A 'D.b_fr.'lb

Intermal cost vs. Extermal rost

Partitioning

Dz 4+ 2cza — 2¢zp, ¥z € A — {a}

Dy + 2y — 2eya,Vy € B — {b).

b before
SWiep

—Cxam
+Cxk

updaring D—values

i x\-1l b
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after
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Kernighan-Lin Algorithm: A Weighted Exampﬁef

4]
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e Ry, my e
b B g Bl oy
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B S oeby Bad B b
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costs cssocicitecd with a

Initicd cut cost = (342441444241 I+H(34241) =

¢ |[teration 1:
fa=142=3;
Ih=14+1=2;
le=24+1=73
lg=443=7,
fla=442=6;
If=3+E=5:

Partitioning

E,=342+4
B,=4+241
Eq=34+443
Be=24242
Ej=4+1+1

mml—rqa-qm

Do=FE,—1,=9—-3=656
Dpy=FEy—Ihz,=7—-2=25
.DczEc—Iczﬁ_B-:?)
Diy=E;—1;=10—-7=3
.DEZEE—I.E:ﬁ_ﬁ:D
DfZEf—IfZEi—E:l
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Weighted Example (cont'd)

&SR

I.hi{‘\)‘ii/w
Dag=EFaqg—Ila=9-3=6
Dy=EBy—Ip=7-2=5
Do=EBe—Iloe=6-3=3
Dy=EFE;4—-I;=10—-7=
Deg=EBg—Ila=06—-0=

Dy=FE;—Ig=6-5=1

* |teration 1:
Ih=14+2=3, Ea=34244=28;
L =141=2; E,=44241=7T,
Ie=2+1=3; Ee=3+241=6
Ij=443=7, E;=34+443=10,
Ie =44+ 2=0; Fa=2424+2=05;
If=3+2=5; Ef=4+1+1=5;
® Oy = Dy + D, -2¢,,
9o0d = Da+Di—2¢,4=6+3-2x3=3
fae = O64+0-2x2=2
9o = 6+1-2x4=-1
Spd = 5+3-2x4=0
Ghe = B+0-2x2=1
gy = 5+1-2x1=4 {maztmum)
Spd = 3+3-2x3=0
Gog = 34+0-2x2=-1
§ef = 3+1-2x1=2

e Swap b and f! (41 =4)

Partitioning

12



Weighted Example (cont'd) %y

featy
1 '

Dy = Da+2cp—20,;=6+2%x1-2x4=0
D, = De+2cp—2c,;=3+2x1-2x1=3
D:i = Dy+2cpy—2c45=3+2x3-2x4=1
Dy = De+2c;—2c=04+2x2-2x2=0

* g,,=D%+D)-2c,,.

God = Do+ Di—2c,q=0+4+1-2x3=-5

Goe = DL+ DL—2c=04+0-2x2=-4

gi = DL+ Df—2c4=3+1-2x3=-2

gee = Dot D)—2ce=34+0-—2%2=—1 {mazimum)
e Swap cande! (g5 = -1)

Partitioning
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Weighted Example (cont'd) D1

e D’ =D,+2c,-2c," xI A—{p}

X X
DI = Dl 4 2c0c—20ee =04+2%x2-2%x2=0
DE = D:i—|-2cdﬂ—2cdc=1+2x4—2x3=3

* g,,=D’\+D7 -2c,,.

Gad = DI+ Di—2c,q=043-2x3=-3(55=—-3)

Note that this step is redundant (3 .—1 & = 0).
 Summary: g1 = gpf =4, G2 = gee = —1, g3 = ggg = —3-
e Largest partial summax¥*_, 5 =4 (k=1)P Swapb andf.

Partitioning 14



Weighted Example (cont'd) 0
@ b cdef
alO § 2 3 2 4
b|{ O f 4 2 {
cl|l2 § 0 3 2
d|3 4 3 0 4 3
e|l2 2 2 4 0 2
fle 11320

Imitial cut cost = ({+342)+(1+3+2)+( [+ 342) = I8 (22—4]

e |[teration 2: Repeat what we did at Iteration 1 (Initial cost
= 22-4 =18).

e Summary: 91 =9gce = —1, g2 =gqp = —3, g3 = ggd = 4.

e Largest partial sum = max$>® . & =0 (k=3) p Stop!

Partitioning 15



Kernighan-Lin Algorithm “%j/

Algorithm: Kernighan-Lin(G)

Input: G =(V, E), |V| =

Output: Balanced bi-partition A and B with “small” cut cost.

1 begin

2 Bipartition G into A and B such that |V,| = |Vg|, V, C Vg = /&
and V, E Vg = V.

3 repeat

4 ComputeD,," vI V.

5 fori=1tondo

6 Find a pair of unlocked vertices v 1 V,andv,. 1 V;whose
exchange makes the largest decrease of smallést increase in cut
COSt;

7 Mark v_. and v, as locked, store the gain ¢, , and compute the new
D,, for ael‘l unloctked vi Vv;

8 Flnd K, such that G, = é’lLéi IS maximized;
9 if G, > Othen

10 Movev,,, ..., v, fromV, to Vgand v,,, ..., v, from Vg to V,;
11 Unlockv," v1 V.

12 until G, £ 0;

13 end

Partitioning 16
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Time Complexity Wy

e Line 4: Initial computation of D: O(n?)
® Line 5: The for-loop: O(n)
e The body of the loop: O(n?).
% Lines 6--7: Step i takes (n-i+1)? time.
e Lines 4--11: Each pass of the repeat loop: O(n3).
e Suppose the repeat loop terminates after r passes.

e The total running time: O(rn3).
% Polynomial-time algorithm?

Partitioning 17



Extensions of K-L Algorithm D

1. Unequal sized subsets (assume n, <n,)
1. Partition: [A] =n, and |B| = n,.
2. Add n,-n; dummy vertices to set A. Dummy vertices have no
connections to the original graph.
3. Apply the Kernighan-Lin algorithm.
s. Remove all dummy vertices.
e Unequal sized *“vertices”
1. Assume that the smallest “vertex” has unit size.

2. Replace each vertex of size s with s vertices which are fully
connected with edges of infinite weight.

3. Apply the Kernighan-Lin algorithm.
e k-way partition
1. Partition the graph into k equal-sized sets.
2. Apply the Kernighan-Lin algorithm for each pair of subsets.
3. Time complexity? Can be reduced by recursive bi-partition.

Partitioning 18
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Drawbacks of the Kernighan-Lin Heuristic Yy

¢ The K-L heuristic handles only unit vertex weights.

% Vertex weights might represent block sizes, different from
blocks to blocks.

». Reducing a vertex with weight w(v) into a cligue with w(v)
vertices and edges with a high cost increases the size of
the graph substantially.

¢ The K-L heuristic handles only exact bisections.

+. Need dummy vertices to handle the unbalanced problem.
¢ The K-L heuristic cannot handle hypergraphs.

+. Need to handle multi-terminal nets directly.
e The time complexity of a pass is high, O(n3).

Partitioning 19
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Coping with Hypergraph »yy

e A hypergraph H=(N, L) consists of a set N of vertices and a set L of
hyperedges, where each hyperedge corresponds to a subset N, of
distinct vertices with |[N;| 3 2.

.--"
hygeredge

e Schweikert and Kernighan, “A proper model for the partitioning of
electrical circuits,” 9th Design Automation Workshop, 1972.

e For multi-terminal nets, net cut iIs a more accurate measurement
for cut cost (i.e., deal with hyperedges).

% {A, B, E}, {C, D, F} Is a good patrtition.
% Should not assign the same weight for all edges.

net i

A B

net 2 ret 3

net 4 nEES

I
-

lacly g
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Net-Cut Model w{ly

e et n(i) = # of cells associated with Net I.

e Edge weight w,, = % for an edge connecting cells x
andy.

;o
el f =
ner / > J cost 2
!
!
A B [f C D
Met 2 ref 3 l net 4 net 5
/,-f"_”"“x II
~HEF: ' HF[

¢ Easy modification of the K-L heuristic.
A B

X D, gain in moving x to B

D},: gain in moving y to A

8= D + D~ Correction(x, y)

Partitioning 21
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Fiduccia-Mattheyses Heuristic 0

e Fiduccia and Mattheyses, “A linear time heuristic for
Improving network partitions,” DAC-82.
e New features to the K-L heuristic:

% AImS at reducing net-cut costs; the concept of cutsize
IS extended to hypergraphs.

» Only a single vertex is moved across the cut in a single
move.

% Vertices are weighted.

+. Can handle “unbalanced” partitions; a balance factor is
iIntroduced.

% Time complexity O(P), where P is the total # of
terminals.

Partitioning 22



e

F-M Heuristic: Notation w{ly

® N(i): # of cellsin Net I; e.g., n(1) = 4.

® s(1): size of Cell I.

¢ p(i): # of pin terminals in Cell I; e.g., p(6)=3.

e C. total # of cells; e.g., C=6.

e N: total # of nets; e.g., N=6.

e P:total # of pins; P=p(1) +... + p(C) =n(1) + ... + n(N).

net !
! {
) 2 3
2 3
ngr2| ‘nfr‘j net 4
2 3

)

Partitioning 23
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1 B 1 h

e Cutstate of a net:
% Net 1 and Net 3 are cut by the partition.
» Net 2, Net 4, Net 5, and Net 6 are uncut.

e Cutset ={Net 1, Net 3}.
o |A| =size of A =5s(1)+s(5); |B| = s(2)+s(3)+s(4)+s(6).
e Balanced 2-way partition: Given a fractionr, 0 <r <1,

partitilonI a graph into two sets A and B such that
A

» |A|+|B]
% Size of the cutset is minimized.
Partitioning 24
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Input Data Structures \xY/

nar [

Cell array Net array
C1 | Nets 1, 2 Net 1 | C1, C2, C3, C4
C2 | Nets 1, 3 Net 2 | C1, C5
C3 | Nets 1, 4 Net 3 | C2, C5
C4 | Nets 1, 5, 6 || Net 4 | C3, €6
C5 | Nets 2, 3 Net 5 | C4, C6
C6 | Nets 4, 5, 6 || Net 6 | C4, €6

e Size of the network: P = 39, n(i) = 14
e Construction of the two arrays takes O(P) time.

Partitioning 25
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Basic Ideas: Balance and Movement wyy
e Only move a cell at a time, preserving “balance”.
Al
A+ B

rW — Smaz £ |Al € W + Smaz,

where W=|A|+|B|; S,

e ¢g(i): gain in moving cell i to the other set, i.e., size of old cutset -
size of new cutset.

=maxs(i).

locked  f{ocked locked

H-08-08-00—06

gfh) is the largest balanced condition holds

e Suppose §; St g(b), g(e), g(d), g(a), g(f), g(c) and the largest partial
sum is g(b)+g(e)+g(d). Then we should move b, e, d b resulting
two sets: {a, c, e, d}, {b, f}.

Partitioning 26
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Cell Gains &
* -p(i) £9() £ p(i)

| B |
““l\f e
[T 1
2 i 0] |1 % - D\l\
| |

|
 Guin = —pfi) |
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Net Distribution and Critical Nets Yy

e Distribution of Net i: (A(i), B(i)) = (2, 3).
% (A(l), B(i)) for all i can be computed in O(P) time.

A B Neti

|

|

i Afi): # of cells of net § on the left =2

| Bfi): # of cells of net i on the right = 3

e Critical Nets: A net is critical if it has a cell which if moved will
change its cutstate.

» 4 cases: A(l)=0or1,B(i)=0or1.

E A B

- i - [

[ |
A | |
I [
| |
[ |
Afiy=1 Aft) =0 Bi =1 B(ij = 0

B
|

e Gain of a cell depends only on its critical nets.
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Computing Cell Gains D

¢ [nitialization of all cell gains requires O(P) time:
g(i) - O;
F - the “from block” of Cell i;
T - the “to block” of Cell i;
for each netnon Cellido
If F(n)=1then g(i) - g(i)+1;
If T(n)=0then g(i) = g(i)-1;

F
Celf i

.

T

4

|
|
|
|
|
|
|
+1 |

E(n) = 1 Mmy=0

e Will show: Only need O(P) time to maintain all cell
gains in one pass.

Partitioning 29
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Updating Cell Gains D

¢ To update the gains, we only need to look at those nets, connected
to the base cell, which are critical before or after the move.

e Base cell: The cell selected for movement from one set to the

other.
F I 2 F l -
a 4 0 a4 8 a o 0 o 6
beise ceff gerire AT et gertns tenchemged!

e Consider only the case where the base cell is in the left partition.
The other case is similar.

Ceese I Crase 2
F ! 7 E ! T
]
i e O N
| aaw aen |
|
Eeise cefl == I relf |
Cerse 3: | Crage & |
F T F 7
I I | I I | | |
| |
. |
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Updating Cell Gains (cont'd)

P
il

F
i
;_‘-_\j\ ::

&
S

£ ! T
Crise & i |
| & xa
| | ! |
| | i |
| | | bl I -ea
+ ! +1{ ! % o - | — -
focked
Flr
I
Crise 2! I |
LN N |
l | | |
| | | | I
R T 0 5 6 0 +f g0 7
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Updating Cell Gains (cont'd) D g

F !T
Ceese 3¢ I i I |
| sew
| | | |
| | I ! |
I - | I I I I | | |
7 0 o+ vl 5 5 66 0 = | = o
|
Crrse o | I
s Ra |
I | | |
| | &S I e |
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Algorithm for Updating Cell Gains D

Algorithm: Update_Gain

1 begin /* move base cell and update neighbors' gains */

2 F - the Front Block of the base cell;

3 T- the To Block of the base cell;

4 Lock the base cell and complement its block;

5 for each net n on the base cell do

[* check critical nets before the move */

6 if T(n) =0 then increment gains of all free cells on n
else if T(n)=1 then decrement gain of the only T cell on n,
if itis free
[* change F(n) and T(n) to reflect the move */

7 F(n)- F(n)-1;, T(n) = T(n)+1;
[* check for critical nets after the move */

8 if F(n)=0 then decrement gains of all free cells on n
else if F(n) = 1 then increment gain of the only F cell on n,

ifitis free
9 end

Gl Fol T F o 'T LHTIERE A 5 F!' 1
before | : I I
ety — el DdD-0d0

1 o B B g a |+t | g

Fl T F{==J=Gi } Fini=1 |

A o oy R LM U
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Complexity of Updating Cell Gains D,

e Once a net has “locked’ cells at both sides, the net
will remain cut from now on.

® Suppose we move a,, a,, ..., &, from left to right,
and then move b from right to left P At most only
moving a4, a,, ..., &, and b need updating!

|
|
| _—— |
Tll ufr ! :? Ibl |Iuk| ILIJlI
. —=

T — o=
—~

-——

e To update the cell gains, it takes O(n(i)) work for Net
.
e Total time = n(1)+n(2)+...+n(N) = O(P).
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F-M Heuristic: An Example

Cl, -1

C3, -1 A

4

if

I

k

C2,+1

P

i s Ee 2//: i

1 B L

e Computing cellgains: F(n)=1P g() +1; T(n)=0P g(i)—1

m q K p
Cell [F| T | F [T| F [T F [T[F] T | g
cl 0| -1 —1
¢2 |0|-1] 0 |O|4+1|O|[4+1]0 +1
c3 0| -1 0 0 —1
cq F1I 70 o[ -1 U
c5 +1 |0 0| -1 0
cH +1 | 0 +1
e Balanced criterion: r|V| - S, E |A|£r|V|+ S, Letr=04Pb |A|l=

9, V=18, S

max

=5, r|V|=7.2b Balanced: 2.2£ 9 £ 12.2!

* maximum gain: c, and balanced: 2.2 £ 9-2 £ 12.2 b Move c, from
A to B (use size criterion if there is a tie).

Partitioning
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F-M Heuristic: An Example (cont'd) Yy

oy o A I B A I 5
| o _
4 q-::Jf.n 4 | -::4. L
3 | I FER -y L 13 |cs -2
| ki |5 |s0 G5 |m | -
L I - | 3 |os -1
2. +1 5 |cé, L T2
rmid | =7

e Changes in net distribution:

Before move A'FCEF move
Net | F T F' T
& 1 1 0 2
m 3 4] 2 1
g 2 1 1 2
P 1 1 0 2

e Updating cell gains on critical nets (run Algorithm Update Gain):

Gains due to T{n) Gain due to F{n) Gain changes
Cells [ & m g ) E m]| ¢q p | OId New
e +1 -+1 -1 +1
c4 -1 o -1
eR -1 -1 o -2
e, —1 —1 | 41 —1

e Maximum gain: c; and balanced! (2.2 £ 7-4 £ 12.2) ® Move c, from
A to B (use size criterion if there is a tie).
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Summary of the Example
step | Cell | Max gain | [A] | Balanced? Locked cell A B
0 - - 2 - 1,2, 3 4, 5 b
1 Co +1 7 ves Co 1, 2 2, 4.5 06
2 e +1 3 ves £, 3 1 2, 3, 4 5, 6
3 €1 +1 D no - -
3/ cr 1 8 yes 3, €2, €F 1, 6 2,3,4,5
4 Ll +1 b yes €1,22,03, Cf, b 1, 2 3. 4. 5
o Cg — 2 =] ves €1, €%, €3, €K, Cp 5, D 1,2, 3. 4
6 C4 0 [ ves all cells 4, 5 b 1, 2, 3

e i=lLp=1,3=-1aG=1,8=-26=0p Maximum
partial sum G, = +2, k= 2 or 4.

® Since k=4 results in a better balanced b Move c,, C,,
Ci, Cs P A={6}, B={1, 2, 3, 4, 5}.

* Repeat the whole process until new G, £ 0.
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