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Abstract

This paper discussesa new approach for accurately
evaluatingthe reliability of a comple, highly reliable sys-
temfor which neitheranalysisnor brute-force simulation
are feasible We proposeto calculatethe reliability at fea-
sible parametervaluesandthenuseRationallnterpolation
to evaluatethe desied reliability. We presenta detailed
case-studyo demonstate the usefulnessf this method.

1. Introduction

In this paper we outline a new approactor evaluating
thereliability of comple, highly reliablesystemsincreas-
ingly, applicationshave arisenin which the specifiedavail-
ability or reliability over a given period of operationis of
the orderof 99.999% or greater Corventionalapproaches
to evaluatingthereliability of suchsystemsiave severelim-
itations. Analytical techniquesasedon Combinatoricsor
on Markov processesheory are infeasiblein complicated
systemsowing to the explosive increasein the numberof
distinctstateghathaveto beconsideredCornventionalsim-
ulation techniquesoften take a prohibitively long time to
execute dueto thevery smallfailure probability.

Thereareseveralapproachementionedn theliterature
for the calculationof probabilitiesof rare events,mostno-
tably - ImportanceSampling.All of theseapproachebave
their dravbacks.We focushereon oneof the morepromis-
ing approacheRationallnterpolation(RI) [5].

The basisfor this techniqueis asfollows. Simulations
of highly reliable systemstake a long time to execute
becausdailureshappenso rarely that gatheringsufficient
failure statisticsis extremely slov. By contrast,we can
quickly obtain simulation results of adequateaccuray
when simulating under parameterghat causefailuresto
occurmoreoften. Theideais to obtainstatisticsunderthe
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assumptiorthat the failure ratesof individual blocks are
high. Then,we constructa closed-formrationalinterpolant
to the obtainedpoints. A rationalinterpolanthastheform

ag + a1x + -+ + apz”
= 1
f@) bo + b1z + -+ + bz™ @

The RI in (1) is calledan (n,m) RI, x is a parameter
suchas the componentfailure rate or the systems$ oper
ating time, and the constantsu;, b; are determinedby the
higherfailure-ratesimulationresults.Sincewithout lossof
generalitywe canselectg = 1, k = n+m+1 inputpoints
f(z1), ..., f(z)) areneededo calculatethe coeficientsfor
an (n,m) RI. Thepoints(xy,...,x) areselectedn the
region wherefailureratesarehigh, k equationf theform
(1) aresolvedfor a;, b; [4], andthenthe reliability canbe
predictedfor very low failure rates. Sometimespasedon
the type of the function f(z), a pre-transformatiorns per
formedon f(z1), ..., f(z) and(1) is solvedfor the trans-
formedvalues.The purposeof the pre-transformatiors to
obtainafunctionalrelationshighatcanbeapproximatedy
arationalapproximatiorat a higherprecision.

The RI methodwasintroducedo performanceanalysis
in [5, 9], in which a seriesof resultsof Stahlwereused[3].
RI hasbeensuccessfullyappliedto the analysisof some
discrete-gentsystemg5, 6, 9], thecomputatiorof cell loss
probabilityin ATM multiplexers[10], andsomeotherper
formanceanalysisproblemsin computerandqueueingsys-
tems|7, 8].

This paperdemonstratethe useof the Rationallnterpo-
lation techniquefor calculatingthe accurateeliability of a
highly-reliablesystem.We next outline the motivation be-
hind our modelandexplain how we suggesto tackleit. We
then presentsomeinitial numericalresultsof experiments
which we have performedandoutline future directionswe
intendto pursue.



2. Motivation

Thereare mary ways of definingreliability [11]. Tra-
ditional reliability involvesa systemwhich canbein one
of two unambiguousstates:up or down andis composed
of subsystemsvhich arethemselesin oneof thesestates.
Examplesinclude series-parallesystemq1] or moregen-
eralinterconnectionsf moduleg13].

More advancedreliability problemsariseif we have to
take into accountthe possibility of the systemoperatingin
degradedstatesIn suchanevent,measureasperformabil-
ity or capacityreliability canbe used,in which the system
performance/reliabilitys expressedsa vectorof probabil-
ities.

In thestudydescribedere we consideredheevaluation
of the traditional static reliability. That is, the systemis
describedas a block diagramof modules,eachof which
canbein oneof two states:up or down. Whena module
fails,arepairprocesdegins,attheendof whichthemodule
is “up” again. The systemasa whole is consideredo be
“up” if certaincombinationsof modulesare up, anddown
otherwise. We definethe reliability of the systemat time
t asthe probability that the systemhasbeenup during the
wholetimeinterval [0, ¢].

This paperis meantto be a “proof of concept’for the
ideaof usingRationallnterpolationfor the accuratecalcu-
lation of high reliabilities which would not have beenfea-
sible otherwise.To this end,we selectedh systemwhichis
amenabléo ananalyticsolutionandnotjust to simulation-
basedresults. The behaior of the systemselectedfor
demonstratinghe RI methodis representetly thediagram
in Figurel. We assumehatthetimeto failureandthetime
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Figure 1. A Non Series/Parallel System.

to repairof module; areexponentiallydistributed,with pa-
rameters\; andy;, respectiely (i = A, B, ..., F).

Very high reliabilities can be the result of low failure
rates,high repairratesor smallvaluesof thetime ¢t. Since
we needone parametethatdetermineghe behaior of the
systemasawhole,we selectedstheparameteof theratio-
nal interpolantthe systemtime ¢ (the otherparametergan
bevariedaccordingly).Also, without lossof generality we
assumehatt is integervalued:t = 0,1, 2, ....

The systemis up if at leastone of the combinations
BEF, ACEF, or ADF is up, anddown otherwise. The

systemreliability attime ¢, R(t), is definedasthe proba-
bility that the systemhasbeenup during the whole time
interval [0,¢]. CalculatingR(t) is not atrivial task. How-
ever, thesystencanbedescribedsa Markov chainwith 16
statesdenotedby 0,...,15. Statel5 denotegheinitial state
in which all modulesare up andstate0 denoteshe “sys-
temis down” state.Settingstate) asanabsorbingstate the
un-reliability of the systemat time ¢ is the transitionprob-
ability Py50(t), or equivalently, the stateprobability Py (%)
giventhat Pi5(0) = 1. Thereliability R(¢) canbe calcu-
latedas

R(t) =1— Pi5,0(t)
Ratherthan solving a large set of differential equations,
the transition probabilities for the Markov chain can be
calculatednumerically using the powerful uniformization
method2], whichprovidesveryaccurateesults. Theavail-
ability of an analyticalsolution allows us to comparethe
predictionsof the RI approactwith the exactreliability, as
well aswith simulationresults.

3. The RI Approach

We next give a brief descriptionof the majorstepsn the
rationalinterpolationapproactto reliability calculation.

1. Selectaparameter for thereliability function R.
2. Calculatetheasymptoticvalueof R(z) asz — 0.

3. Obtain interpolation points R(xz;) (for large z;’s)
througheitheranalyticcalculationor simulation.

4. Perform an appropriatepre-transformationto R(x)
suggestedby its asymptotichehaior.

5. ConstructRI thatinterpolatesthe points obtainedin
Step3. Generatea sequencef RIs with increasing
ordersuntil aspecificRI is selectedaccordingo some
criterion.

6. Transformbackthe RI resultto obtainthe reliability
valuesin therangeof interest.

As mentionedabove, we selectedasthe main parame-
ter the systemtime ¢. Let usdenoteby R(t) the accurate
reliability function, by R*(¢) the reliability asobtainedby
Monte-Carlosimulation,andby R, ,(t) the estimateob-
tainedwhenusingan RI of degree(m, n).

In mary caseshereliability of asystencanbeexpressed
asa sumof exponentialfunctions,andthus, a logarithmic
pre-transformatiofog(R(t)) will make thevalueseasieito
interpolateusinga rationalfunction.

The main difficulty in implementingthe algorithm de-
scribedabove is in step5. : How do we choosethe right
RI amongthe mary candidates?Ve suggesthefollowing
procedure Selectthreesetsof pointsontheT-axis:



e 1y,..,x; aretheinputpoints- the pointsfor which
eithertheaccurateR(t) or the simulatedR*(¢) is cal-
culated(R?(t) will includesomenoise)andwhich are
usedin (1) to producethe coeficientsa; andb;. Note
thatfor theinputpoints z1,...,zx (k=m+n+1),
Rm,n(mi) = R('Z'z) orRm,n(wi) = Rs(wi)r depending
on whetheran analytic function or simulationresults
areusedfor thereliability calculation.

* y1,...,y; arethetestpoints- additionalpointsonthe
time axis which assistusin choosingthe bestRI for
our purposesWe will calculatetheaccurateR(y;) (or
simulatedR? (y;)) values,thoughpossiblyat a higher
costthancalculatingR(z;). In addition,wewill calcu-
late (for agiven RI of degree(m,n)) theextrapolated
vaIuesRm,n(yi) using(1), andthenobtaintheaverage
Y -errorasgivenby
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e 2,...,2s arethetargetpoints- the pointsfor which
we areinterestedn evaluatingthereliability. In anac-
tual application,calculating R(z;) (or even R*(z;) )
is infeasibleand only the estimatesém,n(zi) areob-
tainable. In this paper both R(z;) andRm,n(z,-) will
be calculated}o testthe validity of our approach.To
thisendwe define, similarly to (2), theaverageZ-error
for agiven RI of degree(m,n),

Notethatin (2) and(3), R(t) will in mostcasedereplaced
by R*(t) sinceonly simulationresultswill be available.

The approachwe studyfor predictingthe reliability of
highly reliablesystemss asfollows:

1. Selecttargetpoints,testpointsandinput pointsonthe
time axis.

2. Get a sequenceof rational interpolantsof varying
(m, n) basedntheinput points.

3. For eachfunctionobtainedin step2., find the average
error B, ,(Y') overthetestpoints.

4. Select the rational interpolant with the lowest

E,.»(Y) anduseit to predictthe reliability for the
targetpoints.

4. Numerical Experiments

To demonstrat¢he effectivenesof the RI methodout-
lined abovefor reliability estimationwe performecdaseries
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of numericalexperimentson the systemdepictedin Figure
1.

Thefailure/repairatesselectedvere: A; = 0.0001(7 —
i), u; = 0.004 (i = 1,..,6). The variablet is the
systemtime, and R(t) is the systemreliability at time ¢
(t =0,1,2,...). Clearly R(0) = 1. Our assumptioris
that the direct calculationof R(t) becomesamore difficult
the closerwe getto 0, andthus, the target points z; are
smallerthanthe testpointsy;, which, in turn, are smaller
thantheinputpointsz;:

21<22< <2 <Y1 <Y< - <Yy <r1 <x2 < -<Tg

To checkthe validity of the RI approachye calculated
a(5,5) RI basedon the simulatedreliabilities at the input
pointst = 13, ...,23 anda logarithmictransformation We
then usedthe obtainedfunction to predictthe reliabilities
Rs 5(t) fort =0, ..., 50.

Boththeexactandthepredictedreliabilitiesaredepicted
in Figure 2 andit is clearthat the differencebetweenthe
two is very small. Figure 3 shows the exactvaluesof these
differencesn log-scale.Notethatthe differencesareespe-
cially smallfor theinputpoints. They arenot equalto zero
becausehe curve wasbasedon simulationresultswhile it
wascomparedo the exactanalyticalresults.
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Figure 3. The diff erence between the exact
and the predicted reliabilities (log-scale)

In morecomplex systemsan analytic solutionwill not
be availableto usandwe will have to resortto simulation,
for which a goodrandomnumbergeneratoris a must. It
is well known that thereisn’t one randomnumbergener
ator which is suitablefor all tasks. We tried several ran-
domnumberggeneratorandfinally selectedhe Mersenne
Twister generatoif14]. Figure4 shaws the averagediffer-
enceover the pointst = 0, ..., 50 whencomparingthe ex-
act reliability R(¢) to the simulatedreliability R*(¢) asa
function of the numberof simulationsperformedusingthis
generatar
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Figure 2. Comparing actual and RI reliabilities.

To increasethe precisionof our numericalcalculations,
we usedthe multi-precisionsoftware developedby Bailey
etal. [15] andavailableat[16], andnoticeda significance
increasen accurag comparedo earliercomputations.

In the next setof numericalexperiments,we choseas
targetpointszy, ..., 2z, = 1,2,3,4,5.
Our first experimentwas meantto assesshe sensitvity of
thebestRI for thetargetpointsto theselectionof theinput
points. For this experiment,we didn't useary testpoints
but varied the placementand numberof the input points.
For eachstartingpoint between6 and 20 we calculatedall
possibleRIs between(1,1) and(10, 10), basedon thean-
alytic reliability function. We thencalculatedhe estimates
for thetargetpointsi, ..., 5 andtheaverageerror Ey,, (7).
WethenlistedthoseRIsfor which E,,, .,(Z) < 107'2. The
resultsof this experimentarereportedin Tablel, andthey
confirmthat selectinginput pointswhich are closerto the
targetpointsyields higherprecisionanda largernumberof
possibleRIswhich provide this precision.

We repeatedhis experimentwith the simulatedreliabil-
ities, and dueto simulationnoisewe listed those RIs for
which E,,, »,(Z) < 10~7. The resultsappearin Table 2,
andthey show thatfor simulateddatathe effect of theinput
pointspositioningis lessprominent.

In the secondexperimentwe fixed boththe numberand

the placementof the test points and the target points, but
varied the numberand the placemenibf the input points,
andconsequentlthedegreeof the RI approximation.The
target points were again 1, ..., 5 and the test points were
6,...,12. Theinput pointswere13, 14, ..., 50 with the start-
ing point varying from 13 to 20, andthe degreeof the RI
varyingfrom (1,1) to (10, 10). The purposeof this experi-
mentwasto seewhetherthereexists a correspondencbe-
tweenE,, »,(Y) and E,, ,(Z) for varyingcombinationsof
startingpointand(m,n). Suchacorrespondenceouldin-
dicatethat selectingthe bestRI for the testpointsis very
likely to resultin a goodfit for the target points as well.
Again, this experimentwasperformedor boththeaccurate
andthe simulatedinput points.

We first calculatedthe correlationcoeficient between
Enmn(Y) andE,, ,(Z) for eachstartingpoint betweenl 3
and 20, for both the exact and the simulatedinput points.
In all caseghe correlationwasabout0.99. This very high
correlationresultsfrom thefactthat(m, n) RIswhichpro-
ducedvery large errorsin the test pointsdid the samein
the target points. We, therefore,restrictedthe calculation
to RIswhichhadE,, ,(Y) < 10~7, andtheresultingcor-
relationsfor the differentplacementsverearound0.95for
theexactinputpointsandslightly lower, around0.85for the
simulatednputs.
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Figure 4. Comparing the simulated reliability to the analytic results.

We thencomparedfor eachstartingpoint, the setof best
RIsfor bothsetsof input data. Theresultsarereportedin
Tables3 and4. Our conclusionis thatan RI which shovs
a goodfit to thetestpointsis very likely to have a goodfit
to thetamgetpointsaswell.

In the third experiment,we wantedto find the effect of
the simulationtime on the accurag of the reliability esti-
mates. This is importantin caseof a restrictedsimulation
budget, enablingus to determinehow mary input points
should be usedand for how long should the simulation
last. We simulatedthe systemreliability attheinput points
t = 13,14, ... andusedthe resultsto gettwo RIs: (7,5)
and (8,6). For both RIs we estimatedR(t) at the target
pointsl, ..., 5 andcalculatedhe averageerrorcomparedo
the actualreliabilities at thesepoints. This wasdonefor a
sequencef simulationtimes, andthe resultsare depicted
in Figure5. Clearly, thelongerthe simulationtime, theless
noisyaretheresultsandthebetteris theinterpolation.How-
ever, it seemghatwe arenot gettingmuchaddedaccurag
by simulatinglongerthan250million cycles.

5. Discussion

In this paperwe have reporteda casestudyin the use
of Rationallnterpolationgfor calculatingreliabilitieswhich
arevery closeto 1. We have demonstratedhe usefulness
of atechniquefor selectinganaccurateRI. This approach
is designedto provide resultsin caseswhen a brute case
approachs notfeasible.

We are currently exploring the useof this techniquefor
the analysisof morecomplicatedsystemsandfor the gen-
erationof preemptve maintenancstratgjies.
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18 (8,9),(7.8) (8,9),(7.8) 100.00 5.00E-013
19 (8,5),(7,4),(4,3),(6,9), (7,5),(5,7),(6,6),(4,3),(4,5),(9,6) | 66.66 7.00E-013
(6,3),(7,5),(5,7),(6,6),
(4,5),(3,4)
20 (9,9),(8,10) (9,9),(8,10) 100.00 2.00B-013
Table 3: Error correlationbetweertestandtargetpoints: exactvalues.
Start || M,Ns(test points) M,Ns (target Points) % match || Error<=
13 (7,5),(8,6),(10,8),(9,7), (7,6),(8,5),(8,7),(9,10),(8,9),(7,8),
(6,4),(5,3),(6,7),(4,2), (9,6),(2,0),(6,7),(5,3),(9,7),(6,4), 70.50 4.00F — 007
(7,8),(2,0),(3,1),(8,5), (10,9),(10,8),(10,6),(7,5),(10,7)
(10,10),(9,10),(1,1),(8,7) || (9,8),(4,2)
14 (7,5),(8,6) (7,5),(8,6) 100.00 5.00E — 007
15 (3,1),(6,4),(7,5),(2,0), (5,6),(10,8),(6,7),(4,2),(8,6),(5,3) 76.92 4.82F — 007
(10,10),(9,7),(9,9),(5,3), || (8,9),(9,7),(7,4),(9,10),(6,5),(7,5),
(5,3),(8,6),(4,2),(7.7), | (6,4),(7.6).(7.8),(10,10), (8.5)
(10,8),(5,6) (3,1),(9.8),(2,0)
16 (2,2),(1,1),(2,4),(6.4) (1,1),(3.1),(3.3),(6,4),(2,2),(2,0),
(7,5),(9,10) 75.00 9.00E — 007
17 (6,4),(8,6),(5,3),(7,5), (6,3),(5,4),(5,6),(7,8),(10,8) 90.00
(4,2),(9,7),(10,10),(3,1), | (8,9),(7,4),(4,5),(6,5),(9,7),(3,1), 3.00E — 007
(4,5),(9,9) (4,2),(6,7),(7,5),(8,6),(10,10)
(6,4),(5,3)
18 (5,3),(6,4) (1,1),(5,3),(6,4) 100.00 7.00E — 007
19 (6,4),(8,6),(3,1),(3,4), (4,3),(10,6),(5,2),(6,7),(6,3),(10,8), || 75.00
(7,5),(5,3), (4,2),(2,0), (5,4),(7,8),(9,7),(4,5),(2,0),(8,6), 4.00E — 007
(9,9),(9,7),(4,5),(8,10), (5,6),(3,4),(3,1),(6,4),(7,5),(9,9),
(10,6),(5,2),(4,3),(8,8) (5,3),(4,2),(8,5),(7,6)
20 (8,5),(4,2),(5,3) (8,5),(4,2),(5,3) 100.00 5.23E — 007

Table 4: Error correlationbetweertestandtargetpoints: simulationvalues.




