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. Bbstract

A unified approach to a hroad class of number
systems is proposed in this paper. This class
contains all positive and negative radix systems
and other well-known number systems. The proposed
approach enables us to develop a single set of
algorithms for arithmetic operations and conver-
sion methods between number systems.
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I. Introduction

Several number systems have received a great
amount of attention in recent years. The conven-
tional unsigned binary system and the 2's comple-~
ment system are well-established number systems
for which numerous algorithms for arithmetic
operations have been developed and implemented in
digital computers. Recently, the interest in
negative radix number systems has increased, and
different algorithms for arithmetic operations in

nrmmmanavmﬂuwmnmawsmwmmmqmuovma Hlm. H#mwmmm

of usipg negative radixes was extendea lately to

binary coding of decimal numbers m.

A unified approach to all these number systems
is proposed in this paper . It is shown that the
above mentioned systems and some additional number
systems are members of a broad class of number
systems in which a mixture of positive and negative
radixes is used. We first define this class of
number systems and state its bhasic properties,
Next, algorithms for addition and subtraction are
developed and conversion methods between any two
number systems in this class are presented.

I1. Definitions and basic properties

Consider a class of n-digit, fixed base,
weighted, linear number systems in which every
number system is characterized by the base B which
is a positive integer and by a vector A of length

=.>u ﬁyﬁlw.yaln...~ »ou z:mﬂm ywmﬁu.lww. Ha
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such a number system characterized by the pair
<B,A> the algebraic value X of an n-tuple ﬁxu 1

xu:M~....xou vhere xwmﬁo~u.....mlww is defined by
n-1 i . Co
X = HMD»wxwm , T (v

For a given base B we have in this class 2"
distinct number systems. BAmong them are the

positive radix number systems, i.e., Vw = +]1 for

every i, and the negative radix number systems,

i.e., X, = (-1)* for every i. PFor example, the

i
conventional unsigned binary system is character-
ized by <B=2,A={1,1,...,1)?. The negabinary
system is characterized by <B=2,A=(...,-1,+1,-1,
+1)>. Additional known number systems are included
in this class. The 2's complement system is
characterized by B=2 and A=(-1,1,1,...,1). The

]

(8,-4,~2,1) binary coding of decimal numbers is
characterized by $=2 and A=(...,1,-1,-1,1,1,-1,-1,
1}.

All the number systems in this class are

. 7 . .
clearly non-redundant and complete , i.e., in a

given nurber system defined by <B,A> we have a
unique representation for any number X within the
range of the system. (Consequently, this class is
different from nvm\nwmmm of signed-digit number

8 .
systems = which are redundant}. The largest
representable integer in the system <B,A> is the
positive number P whose representation is nvnuw.
P ~....mou where

B-1 if yw = +1 .

Py = nwv
0 otherwise -

n-2

Its value is given by

1 ot i
P=2 ] (1) (B-1)B
i=0 )
i n-1 i -1 i
= 5| LA B-1BT + § (8-1)B
i=0 i=0
- w.ﬁw + (A7-1) _ (3)



where R is the algebraic value of the number
(B-1,B-1,..-.B=1) in the system <B,A>. similarly,
the smallest integer is the negative number N
whose representation is . o

B-1 4if A= -1
i

0 otherwise

and the corresponding value is

n-1

1 i
N M.M (-1 (B-1)8
i=0

1

R .3..
- 80 @

e

The number of inteqers in the range N<X<P ig P-N+1=

g% and the range of the system <@,A> is in gemeral
asymmetrical. A measure of ﬂsm\wmmsamnnw can be
the difference wl_z_ which equals

- n=l .
PrN=R= J (B-LIAB
: . R R
: i=0

Example: The negabinary system Amhm.ﬁuﬁ....rw~+wq
-1,+1)> is asyumetxical and for n even there are

Dl - fo : c o dan 3,4
twice as many negative numbers as positive ones .

If we prefer to have more positive numbers we can
use instead ﬁrmummems Amﬂm.>uﬁ+w~lw.p...ﬁw.lwuv.
Two binary systems are nearly symmetrical. One is
the 2's complement system <p=2,A=(-1,1,...,1)> for
which we have p-|W|=R=-1. The other is the system
<=2, A=(+1,-1,...,~1)> for which we have p-ln|=
Retls L e :

A complement of 2 number in the system <f,A>
can be defined as follows. Let Mw Wﬁmlwunan the

‘ H.:

S I S
complement X of the number ¥= ) wawmm is -
e L - oo o i=0 s -
. n=1_ . ) "
X= } xw»mmwh‘ u )
i=0 T 7 - ¥ )
n=-1 5
= ] (B-LINET - X i
ito
=RrR-X (5)

For example, in the 2's QOEmeamahlﬁmnﬁom ﬂunw and
The complement X can be used in

X=-1-X or -X=%X+l.
order to perform subtraction by addition in the

following way L
i i

AW-.TﬂU nn R i AWn-.?uwu S . ; .h

()

R-(R-X+¥) =X~-Y .
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However, a more efficient algorithm for subtraction

is presented in the next section.

‘r1I. Addition and subtraction

‘Different algorithms for addition and subtrac-
tion in positive radix and negative radix number

systems have been developed 1:2:4 e show that a

mified treatment of all number systems in the
wﬁm<wommwm defined class is possible and that a
single addition-subtraction algorithm can be
daveloped.

Let X and Y be two numbers in the system <8,A>,
We want to form the sum 5=X+Y .and the difference
D=¥X-¥. Since a mixture of positive and negative
digit weights is used in our nunber system, we,
‘have to use borrows in addition and carries in
subtraction. Hence, there is no need to distinguish
between addition and subtraction and a single set
of rules is developed for g=x+yY. These rules
specify the values of the sum digit Sie the carry

and the borrow vw+H from the wvalues of x

m.-

The

c.
i+l
¥y the carry in e and the borrow in VH.

basic equation that should be satisfied is

3 + .= -
>wﬁxW|wwu+nw by V.wmw+mnw+H mvw+w {7

Let N.W&.nx.ww.v+n.|d.. then the rule for obtaining
U Rt A S S
s, is .’ o e e
i : L ..
(A.z.,)medp * (8}
itiio

s
- b
F .~ and b, , we have two cases.

or QH+H m UP+H =T N

Case 1: N.VM.m.
i—i71 S
then b, ,=0 w:@ nw+wnﬁnwwywmwuxm. .va
Case 2: Z.,<hS,
1 11
‘n ¢, =0 RSPy 10
then ¢, ,=0 and b, s z )/ r.ﬁ )

ivl i

and borrow cutputs of stage n-1
rfespectively.

Clearly the carry
-indicate overflow and underflow,
Example: Let %=1614097 and v=0416034 and be two
to be added

————

numbers in the negadecimal system

(this example is- taken from-[11). We obtain .

RS TS R WS S #1.N
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For the binary number systems <B=2,A> a
truth table can be constructed from equations (8)-
{10) and logical expressions can vm dexrived. For .
convenience, we replace the vector A by m Vstn< ’
vectar whose mumamnnm satisfy - e
Yy, = m E.J,.f: is= 0, 1, eeeen-l {11)

i-

Thus, 4wno if wmu|w mum,4wuw if »m+w. We define

another binary variable a which satisfies a=0 for
an add operation and a=1 for subtraction. Using

this notation the resulting truth table is shown

in Table I and the logical expressions. are

s; = w@q @a.é_.v T e

it

1(12)

) = ) o -..‘
.nw+w m fu, +w un.”+ w.c i¥5Ss + a c A w 13)
vipumaévv +m=wv +M=wo (14)
A \
where :wanAva and mwu<MAHum.
e 0. Table T :
©141°141 .
b, €; *; ¥y mm@ @ @ ®h P
0o o0 ol|oloojoojfoec|oo )
0o 001 f1foofoolrojo1 )
o o 10 ]1loolocefcojoo
o 01 1}oforf1o{o0p00 ... .
oY 0 ojrflelool/rofoo0:
010 1]ofoo]iol10]|00
p’1 1 ofoloolr1ofjoo|1o o
111 |1jloo|rol10]oo
1000 [1foofjo1rfoojo1
1 0600 1 olox|ooleofoy .-
1010 fofo1]loofjorfouo g
1 01 1 41lp1looloolol
® v;=o0 ﬁ»wnuuv in addition (a = 0)
ﬁv %M = H.nwwu+wu‘ws mmaﬁﬂwon ﬁw = 0)
@u »w =0 n»wnrwu in subtraction {a = 1)
(a) Y, = 1 (A;=+1) in subtraction (a = 1)

The general equations (12)-({14) can be re-
duced to any given binary system <B=2,A>. For
example, in the case of the c¢onventional binary
system, i.e., A={1,1,...,1), we have 4wnH and

mmnM“ =0,1,;...,n~1. If we write separate logical

equations for addition (a=0) we obtain u =x. and
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8,=1, conseguently

i N e e T Lot
a1 T typlegtxgyy
vu..+p =0 '
§; = X AHV ¥, AHV ¢
Thesa are the well-known manmnwozm for a Full
Adder. Similarly, for subtraction (a=1) we obtain

the well-known equations for a Full Subtractor,
i.e.,

_U"
e

Conversion methods

H . - 1

The known conversion methods between positive

negative bases 304,35 can be extended to any
.number systems with the same base B but differ-
characterizing vectors >|ﬁw } and zlﬁz |

- JII.

The extension Om the serial amnrom wnmmmsﬂmm by

NQEHu

We extend now the parallel: method Pnﬁﬂomsomm by
4, m Cola e

is straightforward and is therefore omitted.

Yuen

Let. X vm a :ﬁBUmH zﬁomm Hmvnomm:ﬁmﬁpon nxzrws‘

1M....~xou in wrn number m%wﬂma <B, N> is given. -

We want to find M:m‘nmwnmmmnﬁmﬂMOS Awslw~watw~...~
¥o) of X in the number system <B,M> so that .

:!H mn-1
M Ak, m M v g --(15)
- \\. .
Ve rewrite wwmw in wvn.hoHHV£wla way ) . )
-l i N |
.M g6 = Ly s T owye 08
i=0 i - i~ B
W=Ay WA

The first term in (16) wcontains all the elements
for which twnyw and hemce we may ‘replace W, by

»w. The second term cwntains all the elements for
which :w%yw or twnnyﬁ:..nosmmncmsnww.

B - i i - e »

1= IAyB - IyB T L. an

ﬁ St R

:wnwn.. o Ewwc,&.k S L e



Adding M wwﬂ%mw to both terms in (17) yields
i .
wy#h
- i = i
X Dyt e Tgy,e
i i
Hi=dy w7y
- I yeng (18)
i
My FAL
The term inside the parenthesis is represented by
a single n-tuple whose i-th element is y; if

twuyw and is ¥ if twtyw. The second term in (18)

is represented by an invariant n-tuple whose i-th
element is {B-1) if tw%ww and is Q if ﬁwuyw.

Snbstituting (15} and rearranging {(18) we cbtain

. J
i N i
DAy + DAy e\= 1 Axe
i . i=0
B=Ay LN
Y A (B-1)B N 6T N
1
W AR .
eww conversion algorithm is now mpaamwknmm w: the

following steps:

Step 1: Add to the civen number (x

xov the constant digit pattern

X .
n-1""n-2'7"7"

i
M A (6-1)8
i
H#Ay
The addition is performed in the <8,A> system. -

Step 2: For each i complement the i-th element
in the result of step 1 if t.xw..

mnmv 1 of the algorithm is illustrated mv the
following example.

A +#1 -1 +1 -1
Mo+l -1 -1 +1
+unw unN Nw. unO

o 0 (B-1) {(B-1)
Y3 ¥ N3 . Yy

In step 2 we complement all ww elements., The two

steps of the algorithm are greatly simplified for
binary systems. 1In this case the constant bit
pattern is A AHV M which is defined as the Exclu-
sive OR of the binary eguivalents of A and M.

Step 2 is simply an Exclusive OR operation hetween
the result of step !} and the constant bit pattern.
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Example: Consider the conversion of the number
1111 in the 2's complement method <f=2,A=(-1,+1,+1,
+1)> to negabinary <f=2,M=(-1,+1,-1,+1)>. The
constant bit pattern is A (¥) M={0,0,1,0) and the
two steps give, successively, 0001 and 0011. The
algebraic value of the number converted is -1.

IV. Conclusions

A unified approach to a class of number
systems that contains the well-known and widely-
used number systems has been presented. Such an
approach allows a unified treatment of arithmetic
operations in various number systems and thus
enables the design of a single arithmetic unit
capable of performing operations in several number
systems. Additional arithmetic operations,  such
as multiplication and divisions are nrnumunwm
under investigation.
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