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Lecture #8

(Simple P models & uncertainty)

Chapra L29 (1st half) & handout
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Updated: 28 September 2017 Print version

Lake Nutrient Classification

David A. Reckhow CEE 577  #8 2

Phosphorus 
Conc. (mg/L)

Trophic State Lake Use

<0.010 Oligotrophic Suitable for water-based recreation and propagation 
of cold water fisheries, such as trout.  Very high 
clarity and aesthetically pleasing.  Excellent as a 
drinking water source.

0.010 - 0.020 Mesotrophic Suitable for water-based recreation but often not for 
cold water fisheries.  Clarity less than oligotrophic 
lake.

0.020 - 0.050 Eutrophic Reduction in aesthetic properties diminishes overall 
enjoyment from body contact recreation.  Generally 
very productive for warm water fisheries.  High 
TOC and algal tastes & odors make these waters less 
desirable as a water supply.

> 0.050 Hyper-
eutrophic

A typical "old-aged" lake in advanced succession.  
Some fisheries, but high levels of sedimentation and 
algae or macrophyte growth may be diminishing 
open water surface area.  Generally, unsuitable for 
drinking water supply.
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Phosphorus and productivity
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Clarity and productivity
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Chapra, pg 541
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Oxygen depletion and P
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Empirical Modeling

 Vollenweider’s
phosphorus 
loading plot

 P=fn(L/Z)

 refer to Chapra, 
pg. 535
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Total Maximum Daily Load (TMDL)
 See lecture #38, extra topic
 Definition (from DEP Website):

 “A TMDL is the greatest amount of a pollutant that a 
waterbody can accept and still meet water quality standards 
for protecting public health and maintaining the designated 
beneficial uses of those waters for drinking, swimming, 
recreation, and fishing. A TMDL is implemented by specifying 
how much of that pollutant can come from point, nonpoint, 
and natural sources.”
 “The TMDL provisions require states to identify and list waterbodies

that are threatened or not meeting water quality standards despite 
controls on point source discharges.”

 For MA studies see DEP website
 http://www.mass.gov/eea/agencies/massdep/water/watershe
ds/total‐maximum‐daily‐loads‐tmdls.html
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Empirical P Models (cont.)

 Vollenweider
modifies 
earlier model 
for effects of 
flushing

 x‐axis is 
equivalent to 
hydraulic 
overflow rate, 
Q/As.

David A. Reckhow CEE 577  #8 8w
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Simple Lake P Model

 This model is based on a simple mass balance with terms for loading 
(W), settling, and outflow.  There is no spatial, or temporal resolution

 Dividing both sides by the surface area (As) gives:

 where, H is the lake depth, L is the areal loading (W/As) and qs is the 
overflow rate (Q/As).  At steady state (dP/dt =0), the solution becomes:

David A. Reckhow CEE 577  #8 9

QPPAvW
dt

dP
V ss 

PqPvL
dt

dP
H ss 

ss qv

L
P




Simple Lake P Model (cont.)

 Based on data from 47 northern temperate lakes included in EPA's 
National Eutrophication Survey, the settling velocity (in m/yr) was found 
to be an empirical function of the overflow rate[1]:

 so substituting this into the steady state model above, we get:

David A. Reckhow CEE 577  #8 10

[1] From: Reckhow, 1979 [JWPCF 51(8)2123-2128] “Uncertainty Analysis Applied to Vollenweider’s
Phosphorus Loading Criterion”

ss qv 2.06.11 

P
L

qs


116 12. .
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Simple Lake P Model (cont.)
 where:

 P = mean annual total phosphorus concentration (g‐P/m3 or mg‐
P/L)

 L = mean annual areal phosphorus loading (g‐P/m2‐yr)

 qs = mean annual areal water loading or overflow rate (m/yr) = Q/As

 This model was developed from lakes with the following 
characteristics
 phosphorus concentrations in the range of 0.004‐0.135 mg/L

 phosphorus loadings of 0.07‐31.4 g‐P/m2‐yr

 overflow rates of 0.75‐187 m/yr.

 It should not be used for lakes whose characteristics are 
outside of this range. 
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P
L

qs


116 12. .

Simple Lake P Model (cont.)
 When used properly, the log transform of the model has an 
estimated error (smlog) of 0.128.  This value was determined 
from comparison of observed and predicted phosphorus 
concentrations in the 47 lakes.  Therefore, considering 
error, the model can be written as:

David A. Reckhow CEE 577  #8 12

  log)log(102.16.11 msP
sqL 
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Modeling Perspectives

David A. Reckhow CEE 577  #8 13

From Chapra (pg 538)
from: Reckhow, 1979

Determination of Areal Water Loading 
(overflow rate)

 qs = Q/As

 If Q is not directly measurable from inflow or outflow, 
then it can be estimated from:
 Q = (Ad x r) + (As x Pr)

David A. Reckhow CEE 577  #8 14

where: qs = areal water loading (m/yr) 
 Q = inflow water volume to lake (m3/yr) 
 Ad = watershed area (land surface) (m2) 
 As = lake surface (m2) 
 r = total annual unit runoff (m/yr) 
 Pr = mean annual net precipitation (m/yr) 
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Data Collection 
 Determine total drainage area (Ad) from a GIS database, or USGS maps, 

using a polar planimeter, or cut paper with squares.

 Estimate the surface area of the lake (As).  This may also be done by GIS 
or planimetry using a USGS map, or the cut paper method.

 Estimate annual runoff (r) which is usually expressed in meters/year.  
This information is generally available from the USGS.

 Determine average annual net precipitation (Pr), also expressed as 
meters/year.  This information can usually be obtained from the USGS 
or the US Weather Service. 
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Determination of Areal Loading with Uncertainty

 Total phosphorus mass loading (W) as 
proposed by Reckhow et al. (1980):

 W = (Ecf x Areaf) + (Ecag x Areaag) + (Ecu x Areau) + 
(Eca x As) + (Ecst x #capita‐yrs x [1‐S.R.]) + PSI

David A. Reckhow CEE 577  #8 16

where: Ecf = export coefficient for forest land (kg/ha-yr) 
 Ecag = export coefficient for agricultural land (kg/ha-yr) 
 Ecu = export coefficient for urban area (kg/ha-yr) 
 Eca = export coefficient for atmospheric input (kg/ha-yr) 
 Ecst = export coefficient to septic systems impacting the lake 

(kg/(capita-yr)-yr) 
 Areaf = area1 of forested land (ha) 
 Areaag = area of agricultural land (ha) 
 Areau = area of urban land (ha) 
 As = surface area of lake (ha) 
 #capita-yrs number of capita-years in watershed serviced by septic tank 

impacting the lake 
 S.R. = soil retention coefficient (dimensionless) 
 PSI = point source input (kg/yr) 
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Data Collection 

 Estimate land use drainage areas (forested, agricultural, 
urban).
 This information may be available from:

 local planning agencies
 otherwise it may be obtained from GIS data.

 For future projections, high and low estimates are needed for 
assessment of uncertainty

 Choose Export Coefficients for each category.
 Ranges should be selected for the major sources (often all but 
precipitation).
 Choice depends on characteristics of watershed as compared to those 

previously studied, for which there already exists export coefficients.  
Other factors may play a role such as the use of phosphate detergents 
(will impact Ecst). 

David A. Reckhow CEE 577  #8 17

General P Export Coefficients
 From Reckhow et al. 1980

 Mattson & Isaac (1999)

 Argue that MA may have a lower P export than the US 
average

David A. Reckhow CEE 577  #8 18

Source Symbol Units High Mid-range Low 

Agricultural Ecag kg/(ha-yr) 3.0 0.4-1.7 0.10 
Forest Ecf kg/(ha-yr) 0.45 0.15-0.3 0.02 
Precipitation Eca kg/(ha-yr) 0.60 0.20-0.50 0.15 
Urban Ecu kg/(ha-yr) 5.0 0.8-3.0 0.50 
Input to septic tanks Ecst kg/(capita-yr) 1.8 0.4-0.9 0.3 
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Septic System Calculations
 Estimate SR:

 This is a number between 0 and 1 that indicates how well the soil 
and associated plants take up phosphorus.  When it is low more of 
the phosphorus reaches the lake.  Factors to consider include:
 phosphorus adsorption capacity
 natural drainage
 permeability
 slope

 Estimate number of capita‐years on septic systems impacting 
lake
 This requires some judgment, but usually a strip of about 20‐200 m 

wide surrounding the lake is considered the zone of influence.  All 
septic systems within this zone would be counted in the following 
calculation:

David A. Reckhow CEE 577  #8 19

Data Collection (cont.)

 Estimate Point source inputs: possibly from NPDES permits

 Now determine high, low and most likely estimates of W using 
above equation.  These are obtained from high, low and most likely 
estimates of the various input parameters (note that the low value 
of S.R. should go with the high estimate of W, and vice versa). 

David A. Reckhow CEE 577  #8 20

Total # of 
capita-years 

= average # of 
persons per 
living unit 

X # days spent at 
unit per year 
/360 

X # of living units 
within zone of 
influence 
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Determine areal loading (L)
 From these three estimates of W, calculate the high, most 
likely and low estimates for annual areal phosphorus 
loading
 L = W/As

 Evaluate the three estimates of phosphorus concentration

David A. Reckhow CEE 577  #8 21

P
L

qs


116 12. .

Estimate Prediction Uncertainty (sT) 
 This requires that the model error be appropriately combined with the 

uncertainty inherent in the model terms.  This is done on log 
transforms of the model results, using standard error propagation 
techniques.
 Model Error

 positive and negative model errors are calculated separately and not presumed 
equal.

 sm+ = antilog[logPml + smlog] ‐ Pml

 sm‐ = antilog[logPml ‐ smlog] ‐ Pml

 Error in Model Terms
 sL+ = (P(high) ‐ P(ml))/2

 sL‐ = (P(ml) ‐ P(low))/2

David A. Reckhow CEE 577  #8 22
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Confidence Intervals
 Overall Error

 sT+ = [(sm+)
2 + (sL+)

2]0.5

 sT‐ = [(sm‐)
2 + (sL‐)

2]0.5

 Confidence Intervals
 The intervals are 55% for 1 prediction error, and 90% for 2 (based on 
a modification of the Chebyshev inequality).

David A. Reckhow CEE 577  #8 23

55% confidence interval: (P(ml) - sT-) < P < (P(ml) + sT+) 
90% confidence interval: (P(ml) - 2sT-) < P < (P(ml) + 2sT+) 
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Phosphorus in NE Region

From: Rohm,  Omernik & Kiilsgaard, 
1995, Lake & Reservoir Management
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Regional P Description I
 59‐10

 Most lakes are small and shallow with 
many being human‐made.  Landforms 
predominantly comprise numerous low 
relief hills rising above the general level of 
outwash plains.   Glacial till is derived from 
gneiss, schist, and granite.  LULC is a mix 
of central hardwood forest and 
cropland/pasture.  The lack of reliable lake 
P data in MA coupled with the increased 
urban/industrial presence of south‐central 
MA makes estimates of patterns of P in the 
northern  part of this region difficult.  

David A. Reckhow CEE 577  #8 25

Regional P Description II

David A. Reckhow CEE 577  #8 26

 59‐11
 Mostly high phosphorus values.  The region 
encompasses metropolitan NY, the highly 
urbanized coastal margin of CT and the CT River 
Valley.   Lakes in this region are typically small., 
shallow, and Human‐made.  Landscape 
associations that might affect lake total‐P values 
in the urbanized half of this region are masked by 
impacts brought on by extensive coverage of 
residential, commercial and industrial land use.  
In the CT River Valley, P values are elevated due to 
intensive agriculture practiced throughout the 
valley.  The estimated P distribution is shifted 
somewhat to lower classes to reflect the 
expectation of lower P for water bodies located on 
the margins of the valley.
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Mattson & Isaac approach
 Generalized model

 W = (Ecf x Areaf) + (Ecr x Arear) + (Ecu x (Areau)
0.5) + (Eca x As) + 

(Ecst x #septics)

 Model calibrated in terms of hectares

 W (kg/yr) = 0.13(Areaf) + 0.3*(Arear) + 14*(Areau)
2 + 0.5*(# 

septics)

 Note that: Arear = rural area

 1 hectare = 2.47 acres = 10,000 m2

 Based on 16 MA lakes, 

 Error for W is estimated at ±36%

David A. Reckhow CEE 577  #8 27

From: “Calibration of Phosphorus Export Coefficients 
for Total Maximum Daily Loads of Massachusetts 
Lakes” M.D. Mattson & R.A. Isaac, J. Lake & 
Reservoir Mgmt., 15(3)209-219.

In‐lake Management

David A. Reckhow CEE 577  #8 28

Technique Notes
1 Dredging removal of sediments
2 Macrophyte Harvesting mechanical removal of plants
3 Biocidal Chemical

Treatment
chemicals added to inhibit growth of
undesirable plants

4 Water Level Control flooding or drying of troublesome areas to
control growths

5 Hypolimnetic Aeration or
Destratification

addition of oxygen, and mixing

6 Hypolimnetic Withdrawal removal of bottom waters low in oxygen and
high in nutrients

7 Bottom Sealing/Sediment
Treatment

obstruction of the bottom by physical or
chemical means

8 Nitrient Inactivation chemical precipitation or complexation of
dissolved phosphorus,  nitrogen, etc.

9 Dilution and Flushing increase flow to help "flush out" pollutants
10 Biomanipulation or Habitat

Management
encouragement of biological interactions to
alter ecosystem processes
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Watershed Management

David A. Reckhow CEE 577  #8 29

Technique Notes
1 Zoning/Land Use Planning Management of land use
2 Stormwater/Wastewater

Diversion
re-routing of wastewater flows

3 Detention Basin Use and
Maintenance

increase time of travel for polluted waters so t
natural purification processes act

4 Sanitary Sewers installation of community-level collection syst
5 Maintenance and Upgrade of On-

site Treatment Systems
better operation & performance of home septi
systems, etc.

6 Agricultural Best Management
Practices

use of improved techniques in forestry,  anima
crop science

7 Bank and slope stabilization erosion control to reduce sediment and associa
loadings

8 Increased street sweeping frequent washing and removal of urban runoff
contaminants

9 Behavioral Modifications
a. use of Non-phosphate

detergents
eliminates source of P

b. eliminate garbage grinders reduces general organic loading
c. minimize lawn fertilization reduces nutrient loading
d. restrict motorboat activity reduce turbulence and sediment resuspension
e. eliminate illegal dumping reduce a wide range of conventional and toxic

inputs

Forge Pond

David A. Reckhow CEE 577  #8 30

Forge Pond
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Forge Pond

David A. Reckhow CEE 577  #8 31
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Holyoke Transcript-Telegram
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Holyoke Transcript-Telegram

David A. Reckhow CEE 577  #8 34

Holyoke Transcript-Telegram
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Mapping drainage basins

 Figure 1: Delineating a drainage 
basin perimeter. 

David A. Reckhow CEE 577  #8 36

Thanks to Colorado State 
U., ER454 website: 
http://www.cnr.colostate.e
du/class_info/er454/lab4/
morph.html
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Basin Delineation (cont.)
 Consider Figure 1a and suppose we wish to draw a line enclosing the drainage 

basin of the stream whose mouth lies at ‘A'. Beginning at the mouth we can 
proceed to the east or west. Notice that to the east a narrow ridge rises toward 
a peak. Runoff on the west side of the ridge will flow through the mouth at 
"A" whereas water to the east will flow down a hillside and into another 
stream. The ridge line is a obvious drainage divide, therefore we can begin 
drawing our perimeter line by tracing its crest. After reaching the peak, you 
should follow once again follow a ridge. Ridges are most easily recognized as a 
series of bent contour lines whose apex point downhill. Note that five ridges 
converge at the peak (Figure 1b). Choosing the correct ridge is simply a matter 
of determining which ridge sheds water into the stream of interest and a 
different stream. Of the 5 ridges in Figure 1b, ridge 4 has already been chosen 
as a drainage divide. Water shed by ridge 5 will flow into two different basins, 
but both of these basins ultimately drain to "A". Ridges 2 and 3 separate 
basins that do not drain to "A". Thus, we find that ridge 1 marks the eastern 
side of the drainage basin. Tracing the rest of the perimeter is now a matter of 
choosing the correct ridges (Figure 1c).

David A. Reckhow CEE 577  #8 37

From:  Colorado State U., 
ER454 website: 
http://www.cnr.colostate.e
du/class_info/er454/lab4/
morph.html

Basins (cont.)

David A. Reckhow CEE 577  #8 38

From:  Colorado State U., 
ER454 website: 
http://www.cnr.colostate.e
du/class_info/er454/lab4/
morph.html

Figure 2: Measuring drainage basin area by counting grid 
intersections. In this case, each intersection would represent 
10,000m2. The area of this basin is therefore 4,518,528ft2, 
0.162mi2, 420,000m2, or 0.42km2.



CEE 577   Lecture #8 9/28/2017

20

Basins (cont.)
 To measure area, one would ideally use a digitizer and simply trace 

the outline of a given basin. This procedure is as accurate as the 
digitizer and its user. Alternate means include overlaying a basin 
outline on a sheet of squares or dots. By counting the squares, 
intersections, or dots, each of which represents a given area, one 
can determine the area of a basin with modest accuracy. We will 
estimate basin area using graph paper with 10 divisions per inch. 
Furthermore, we will count the number of line intersections 
within a given basin (see Figure 2). We will assume that each 
intersection represents an area equivalent to a 1/10" by 1/10" 
square. Using this method, the area of the basin in Figure 2 is 
calculated as 0.42 km2. We can cross‐check this value using a 
digitizing tablet. Doing so yields an area of 0.425 km2. The grid 
intersection method yielded a fair approximation of the area, but 
is entirely less satisfactory when areas are small relative to the 
fineness of the grid.
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From:  Colorado State U., 
ER454 website: 
http://www.cnr.colostate.e
du/class_info/er454/lab4/
morph.html

 To next lecture

David A. Reckhow CEE 577  #8 40


