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Abstract

A class of stationary non-Gaussian processes, referred to as the class of mixtures of translation processes, is defined by their finite
dimensional distributions consisting of mixtures of finite dimensional distributions of translation processes. The class of mixtures of
translation processes includes translation processes and is useful for both Monte Carlo simulation and analytical studies. As for
translation processes, the mixture of translation processes can have a wide range of marginal distributions and correlation functions.
Moreover, these processes can match a broader range of second order correlation functions than translation processes. The paper also
develops an algorithm for generating samples of any non-Gaussian process in the class of mixtures of translation processes. The
algorithm is based on the sampling representation theorem for stochastic processes and properties of the conditional distributions.
Examples are presented to illustrate the proposed Monte Carlo algorithm and compare features of translation processes and mixture of

translation processes.
© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Current models for non-Gaussian processes can be
divided in three classes: (1) memoryless transformations
of R?-valued stationary Gaussian processes referred to as
translation processes, (2) conditional Gaussian processes,
for example, Gaussian processes with randomized
spectral density [6] (3) diffusion and filtered Poisson
processes, which represent states of non-linear and linear
filters driven by Gaussian and Poisson white noise input.
Conceptual simplicity and the ability to match any
marginal distribution and a broad range of correlation
functions are the main features of translation processes.
A limitation of these models is their inability to capture
higher order correlation functions [4]. Conditional
Gaussian processes have useful properties in some
applications [6]. Diffusion processes are difficult to
calibrate to a specified marginal distribution and
correlation function except for the case of the exponen-
tial correlation function [1,5]. Filtered Poisson processes
can match any correlation function but cannot be
calibrated to an arbitrary marginal distribution [5].
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The objectives of this paper are to (1) define a class of
stationary non-Gaussian processes X with continuous
samples and finite second moment, which can match a
broad class of finite dimensional distributions, and (2)
develop a Monte Carlo simulation algorithm for generating
samples of this process. A first difficulty in achieving these
objectives is the limited availability of non-Gaussian
multivariate distributions satisfying Kolmogorov’s consist-
ency and symmetry conditions. It is shown that a mixture of
distributions derived from translation processes satisfies the
Kolmogorov conditions. A second difficulty is numerical in
nature. There are no efficient numerical algorithms for
generating samples of non-Gaussian processes specified by
their finite dimensional distributions. An algorithm is
proposed for generating samples of the proposed non-
Gaussian process. The algorithm is based on the sampling
theorem for stochastic processes and properties of con-
ditional distributions.

Two numerical examples are presented. The first
example evaluates the feasibility and the accuracy of the
proposed Monte Carlo simulation algorithm. The second
example shows that, in addition to matching a wide range of
marginal distributions and correlation functions, the pro-
posed model can also represent a broader class of second
order correlation functions than the translation models.
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2. Mixtures of distributions

There are very few multivariate distributions that can be
used to define stochastic processes [10]. This section
develops a class of multivariate distributions satisfying
the consistency and symmetry conditions so that it can be
used to define stochastic processes. These distributions are
mixtures of finite dimensional distributions of translation
processes.

Let {F,(x), xERY}, k=1,...,m, be a family of
multivariate distributions. Denote by f; the density of F.
The mixtures of these distributions and densities are

F(x) = peFi(x) (1)
k=1

and

0 = pifi), )
k=1

respectively, where p; = 0 and > /L, p; = 1. The mixtures
in Egs. (1) and (2) with m > 1 are said to be non-degenerate
if the probabilities p; satisfy the condition p;, < 1 for all
k = 1,...,m. The moments of the mixture in Eqgs. (1) and (2)
relate to the moments of its constituents by

d
Qs - qa) = JW [T+ dFeo
i=1

m d m
=>m JW [ [ dFex) =D pro(ars g, 3)
= i=1 =i

where g; = 0 are integers, u(qy, ..., q,) is a moment of order
q= Z;‘]:l g; of F, and w(qy, ..., q,) denotes the correspond-
ing moment of F;. If distributions Fy, k= 1,...,m, have
finite moments of order ¢, the mixture of distributions F' in
Eq. (1) has the same property.

3. The class of mixtures of translation processes

Consider a collection of independent translation
processes,

Xi(H) = G lo®(V (D) = i (Vi(D),  k=1,...,m, (4

where Y, are stationary Gaussian processes with mean
zero, variance one, correlation function pp(7) =
E[Y, ()Y, (t + 7)], and spectral density s;(v), @ denotes
the distribution of a standard Gaussian variable, and G
is a continuous distribution with density g;, mean zero,
and variance one. The correlation function of X; can be

calculated from
& (1) = E[X (DX, (t + 7)]

= JRZ hi(e)h (B) (v, B; pr(7))der dB, &)

where ¢(-, -, pi(7)) is the joint density of a standard bivariate
Gaussian vector with correlation coefficient p(7) [4].

Let t,,...,t; be arbitrary times. The joint distribution and
density of the vector (X;(¢),..., X;(;)) are

d
Fr(xp, Xty ty) = P(n {Y@s) = )’i})

i=1

=Dy, Vi Pr) (6)

and
fk(xl, cnXg ...,fd)

8r(x;) e
b))

where p = {p(t; — 1))}, i, j=1,...,d, is the covariance
matrix of (Y(#)),...,Y(ty)), @(,...,-;pr) is the joint distri-
bution of this vector, and y; = @ 'oG,(x;), i = 1,...,d. The
functions in Egs. (6) and (7) are referred to as multivariate
translation distribution and density functions, respectively.
Let

PPy 1
= [@m)! det(p)] ]| XP(_EyTka)7 (M
=1

F(xl""’xd;tl""’td) = Zpk¢(yl’---’yd;pk) (8)
=1
and
< d Sty &)
FOts e Xgi 1 1g) = > pel@m) det(p]™ P ] 55
k=1 i=1 d)(yz)
1
X eXp<— EyTka), ©9)

be the mixtures of distributions and densities in Eqs. (1) and
(2), respectively, with F; and f; in Egs. (6) and (7). The
multivariate distribution and density in Eqgs. (8) and (9) are
referred to as mixtures of translation distribution and density
functions, respectively.

Let & denote the collection of stochastic processes
defined by the finite dimensional distributions and densities
in Eqgs. (8) and (9). A member X of Z" is called a mixture of
translation processes. Since the finite dimensional distri-
butions Fy, k = 1,...,m, define translation processes, they
satisfy the symmetry and consistency conditions [2]. Hence,
the finite dimensional distributions in Eq. (8) satisfy the
same conditions so that the class of processes Z is well
defined. The processes in 2 and their distributions have the
following properties.

(1) Translation distributions are degenerate versions of
mixtures of translation distributions. Take m = 2 in Egs. (8)
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and (9). Suppose that fin Eq. (8) is not degenerate and that
the translation densities f; of order two satisfy the condition
Feberx0) = £V (xy), where f{V denote probability
density functions, k=1, 2. Hence, the mixture f =
pfi + —p)r, p€(0,1), in Eq. (9) has uncorrelated
coordinates. If f is a translation density, then

pfi(x1,x0) + (1 = p)fa(xy, x2)

= pf"(x) + (1 = PAP AP () + (1 — PP ()

since uncorrelated translation variables are independent.
The above equality gives

Do) = APaE (o) — AP(0) =0

for all (x,x,) € R?. This implies that fl(l) coincides with f2(1)
so that the mixture is degenerate in contradiction with the
initial assumption.

(2) The multivariate distribution and density functions in
Egs. (8) and (9) define a stationary stochastic process X. It
has already been shown that the class of processes 2" is well
defined. The members of 2 are stationary processes since
the distributions Fy, k = 1, ..., m, are invariant to a time shift.

(3) The moments of any order of X are

d
WG 1s oo Qs s e ty) = EI:l_[X(ti)"":l
i=1
d m d
— qi — qi
= J'[R{" ll:!xi dF(x) = ;Pk J'R‘, ll:!xi dF(x)

[\/]§

kE[]"[Xm )%]

k=1
m
= Zpk,uk(%,---,Qdﬁl,---,td), (10)
k=1
where Gy ... qai i tg) = E[[ T2 Xe(t)%] is  the

moment of process X, (t). The definition of the moments of
arandom vector and Eqs. (8) and (9) yield Eq. (10). Because
the translation processes X; are stationary, the moments
E[]_[ji:IXk(ti)qf] are invariant to a time shift so that the

moments w(qi, ..., q4q; 1, ---» tz) depend only on the time lags
(t — t4,...,t; — t;) rather than the times (¢, ..., ;). Ford =
2 and g¢; = ¢, = 1, Eq. (10) gives
p(l 150,0) = Y pem(1, 1565 — 1), (11)
k=1
(4) The marginal distribution of X is
FO@ = > piF"x) = > piGy). (12)
k=1 k=1

The first equality holds since the distributions F; satisfy the
consistency condition. The second equality is just a notation

(Eq. (4)).

(5) The finite dimensional density of X in Eq. (9)
degenerates into a one-dimensional distribution with
probability mass on a line equally inclined relative to the
coordinates of R? as (t,,...,t;) — t. This property must be
satisfied by the finite dimensional distributions of any
process X since the random variables X(t;),...,X(#;)
coincide in the limit as (7,...,t;) — t. In particular, it is
satisfied by the translation distributions. Eq. (8) implies that
the mixture of translation distributions has the same
property.

(6) If the processes in the mixture are type A ergodic,
then X is ergodic of type A. For example, suppose that all
processes X;, have mean zero and are ergodic in the mean,
that is, the estimator

1 T
XkT = — J Xk(S)dS
’ 27 ) -1

of the mean of X; has the properties E[X; ;] = E[X;(H)] =0
and Var[X, ;] — 0 as 7— o0. The corresponding estimator,

1 T
X, = — J X(s)ds,
27 ) -

of the mean of X is unbiased and its variance approaches
zero as T increases indefinitely since

E[X,] = L J E[X(s)]ds = L J (J u dF“)(u))

27 -7 27 -7 R

= ZpkE[xk 1=0

k=1
Var[X,] = 2 J’; J’;E[X(S)X(t)]ds dt

= % JT_T JT_T (JRZ uv dF(u,v; s, t))ds dr

=D e VarlX ] —0

k=1

T— 00,

Similar considerations can be used to prove other types of
ergodicity.

(7) The process X is completely defined by the
probabilities py,...,p,—1, the marginal distributions
Gy,...,G,, and the correlation functions py,...,p,. The
defining parameters can be estimated from a record of the
target process following these steps. First, the method in
Ref. [8] can be applied to select a mixture > j—; piG; for
the marginal distribution of X based on estimates of the
marginal moments of the record. This step defines
the marginal distributions Gy and their weights p;. Second,
estimates § and § of the first and second order correlation
functions & = E[X(1)X(t + 7)] and { = E[X()X(t + 1 X(t +
0)] of the record can be used to select optimal functional
forms for the correlation functions p; such that the
difference between the estimates é and f and the first and
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second order correlation functions & and ¢ of X be
minimized in some sense.

4. Time domain representation of processes in Z

Let {x(r), t € R} be a deterministic function whose
Fourier transform is zero outside a bounded frequency range
(=1, 1), 0 < yy < oo, The sampling theorem gives the
representation [3]

m

x(t) = li_r}go z x(kT)oy (1), (13)

k=—m
where 7= T/, times k7 are called nodes, and

sin(m(t/T — k))

() = w(ilt— k) (14
Hence, x is completely defined by its values at k7, k =
0,*=1,*2,..., that is, it is sufficient to sample x at a rate
equal to half of its shortest period. The sampling theorem
has been used to represent stationary Gaussian processes
and develop an algorithm for generating samples of these
processes [3,4]. These developments are now extended to
the class of stationary non-Gaussian processes defined in
Section 3.

Let X € & be a stationary non-Gaussian process with
finite dimensional distributions in Eq. (8). If the spectral
density of X is zero outside a frequency band (— vy, 1), then
almost all samples of this process can be represented by
harmonics with frequencies in the range (— vy, 1) so that
Egs. (13) and (14) yield

m
X(t,w)=lim > X(k, w)oy (1) (15)
mee k=—m

for almost all ws, where w is an element of the sample space.
If the spectral density functions of the translation processes
X, in the definition of X € % are zero outside the frequency
bands (— v, ¥4 0), Kk = 1,...,m, then the spectral density of
X is zero in (— maxX <y<,, { Yo}, Max; <=, { ¥ 0}) . Hence,
the sampling theorem can be applied to represent almost all
samples of X.

The exact representation of X in Eq. (15) cannot be used
in calculations since it involves an infinite number of terms
and random variables. Consider the approximation

n+n+1

X, ()= > Xkt w)oy(t) (16)

k=n,—n

of X, where n, = [t/7] is the largest integer smaller than #/7
and the integer n > 0 gives the number of nodes right and
left of the cell [n,7,(n, + 1)7] containing the current time

nodes

nt (nt+1 ) time

Fig. 1. Approximate representation of X.

(Fig. 1). This approximation depends on the values of X at
2(n + 1) nodes, and has the property X, (k7, w) = X(kT, w)
fork=n, —n,...,n, +n+ 1,since og(Ir) = 1 for k = [ and
o (IT) = 0 for k # [. A Monte Carlo simulation algorithm
for generating samples of X, is presented in Section 5.

The accuracy of the approximate representation X,
depends on the size n of the window used in the definition
of X, (Eq. (16)). Let

U, (1) = X(1) — X,,(1) a7)

be the approximation error at a time t € [n,7, (n, + 1)7].
Several measures can be used to quantify this error. For
example, the probabilities P(max,c(y, 7.(y,+1yr U, (D) > €) or
P(lU,((n, + 1/2)7)| > €), where € > 0 is a small number. A
heuristic justification for evaluating the error at the cell
midpoint is that X,, coincides with X at the nodes so that the
error is likely to increase with the distance from the nodes.
The calculation of these probabilities can be very difficult. A
simpler measure, the mean square error ¢ = E[U,((n, +
1/2)7)?], is considered in the following example.

Example 1. Let Y be a stationary Gaussian process with
mean zero, unit variance, one-sided spectral density of
intensity 1/, in the frequency band (0, v) and zero outside
it, and correlation function p(s) = sin(vyt)/(vyt). The
translation process X(f) = Y(1)*/~/15 has mean zero, unit
variance and covariance function &7) = p(t)(3 + 2p(t)*)/5
[4]. In this case it is possible to obtain an explicit formula for
the mean square error e.

The Gaussian vector
Y =[Y((n, — n)7),....Y(n,7), Y((n, + 1/2)7), Y ((n,

+ D7),....Y((n, +n+ 1)71)]

has dimension 2n + 3, mean zero, and covariance matrix
p={p(tk —Dn}, k, l=n—n,...n,n,+12,n+
1...,n, + n 4+ 1. The corresponding vector

X =[X((n, — n)7),...., X(n,7), X((n, + 1/2)71), X((n,

+ D7), ..., X((n, + n+ 1)7)]
has also mean zero and covariance matrix & = {&(k —

DN}, k, l=n,—n,....,n,+1/2,...,n, + n+ 1. The mean
square error is

n+n+1 2
e :E[(X((n,+ 12)n - > X(kna((n, + 1/2)7)) ]

k=n,—n

=B'£B,
(18)

where B is a column vector with dimension 2n+ 3
and coordinates (B; = —a, ,((n, + 1/2)7),..., B1n =
L, ..., Bonys = =y np1((n, + 1/2)). Fig. 2 shows the vari-
ation of the mean square error in Eq. (18) with the window
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Fig. 2. Mean square error of the approximation X,, and correlation functions of X,, for several values of n.

size n for a band limited Gaussian white noise process with
unit variance and bounding frequency 1, = 5 and a nodal
spacing 7= m/(3y,). As expected the approximate
representation improves as n increases. The figure also
shows the exact correlation function ¢ and its approxi-
mations for n = 1, 5, and 10. The correlation function of X,
with n = 10 nearly coincides with the correlation function &
of X.

There are two sources of error in the approximation X,,.
First, the spectral density s(v) is replaced by the spectral
density 3(») = 1—,, ,,)(¥)s(v) for some 1, > 0. Since the
processes in Z" have finite variance, the integral f ® o s(v)dv
is finite so that f(_,,o,,,n)c s(v)dv— 0 as vy — oo. Hence, any
process X € & can be approximated by a process with a
bounded frequency range, that is, a process with spectral
density 5(») = 1, ,,)(¥), ¥ € (—00,00), provided that v, is
sufficiently large. Second, the algorithm for generating
samples of X outlined in Section 5 uses only a finite number
of values of this process determined by the value of the
parameter n in Eq. (16). Extensive calculations show that
accurate representations of X result for n = 3-5 [7].

5. Monte Carlo simulation algorithm

Suppose a sample X, (¢, w) of X,, has been generated for
t = (n, + 1)7. The objective is to extend this sample into the
next cell, that is, the time interval [(n, 4+ 1)7, (n, + 2)7]. This
extension requires a sample of the process at the node n, +
n + 2, that is, a sample of the conditional random variable

X((n, +n+2)DIX((n, + n+ D1 = X((n, + n + 171, w),
X((n, + n)7) = X((n, + n)1, w), ...).
(19)

This exact formulation is not practical because it requires
conditioning on the entire past history, that is, a vector of
increasing size as time progresses. Moreover, the contri-
bution of values of X at nodes far away from the cell
containing the current time is likely to be negligible. It is
proposed to approximate the conditional random variable in

Eq. (19) by [3,7].
)A(((n, +n+2)1=X((n,+n+ )DIX((n, +n+ 1)7)

=X((n,+n+ 7, w),
(20)

X((n; +n)7) =X((n, + )7, ), ..., X((n, —n+ 1)1
= X((n, — n)7, w)),

that is, by the random variable X((n, + n 4 2)7) conditioned
on the values of X at the past 2(n + 1) nodes. Hence, the past
history is represented in this approximation by a vector with
the same dimension at all times.

The generation of samples of X((n, +n + 2)7) is very
simple for stationary Gaussian processes since the second
moment properties of the vector (X((n,+n+
2)7),...,X((n, — n)7) are time invariant and define comple-
tely its probability law. The generation of samples of
)A(((n, +n+2)7) is much more complicated if X is a
stationary non-Gaussian process.

Let "2 and £ be the joint density functions of
X((n, = n)7),....X((n, + n+ 7)) and X((n,—n)7),...,
X((n,+n+1)7),X((n, + n+2)71)), respectively. Let (X((n, —
mT,w)=/{,...X((n,+n+1)7,0) = {5,,,) be a sample of
the first vector. The density of the conditional vector in
Eq. (20) is

f(2n+3)(€’x)

where {=({},...,{5,12). There is no simple and efficient
way to generate samples from the density f(x|§) since the
vector { changes in time. The following algorithm has been
used in this paper. Let u be a sample of a random variable
uniformly distributed in (0,1) and denote by (a,b) the
range of f(-\g) used for numerical calculations. If u=0.5,
integrate the conditional density from the left to find x such
that [fA@l)da=u. If u>0.5, integrate from the right to
find x satisfying the condition [’falf)da=1—u. The
solution x is a sample of f I¢). This algorithm has been used
for Monte Carlo simulation. The following three steps can

fixlty = Q1)
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be followed to produce a sample of the approximation X,, of
X in a time interval [0,7].

Step 1

Generate a sample ; of X(0). Use this sample to generate a
sample &, of X(7)|(X(0) = ¢;). Then generate a sample ¢, of
X2nl(X(©0)=¢,,X(1)={,). Continue this generation to
obtain a vector ({y,...,{>,1,). The generation of the samples
{5,...,{onyo 1s based on conditional densities of the type in
Eq. (21).

Step 2

Use the conditional density in Eq. (21) to generate a sample
of X((n;,+n+2)7) given the values of X at the previous
2n+ 2 nodes. This new value of X allows advancement of
the simulation from cell [n,7,(n,4+1)7] to cell [(n,+
1)7,(n, +2)7]. Repeat this step to produce a sample of X
at all nodes in [0,7].

Step 3

Calculate the corresponding sample of X, from Eq. (16).

It has been shown that processes defined by finite
dimensional distributions in Eq. (8) are not necessarily
translation processes, provided that these distributions are
not degenerate. The following examples demonstrate two
features of the class of mixtures of translation processes
defined in this paper. These processes exhibit intermittent
behavior and can describe second order correlation

functions that cannot be matched by translation pro-
cesses. These feature of the mixtures of translation
processes can be very useful in some applications. For
example, if the available information on a time series
consists of the marginal distribution and the first and
second order correlation functions [9], translation pro-
cesses can be inadequate.

Example 2. Let m =2 in Egs. (6)—(9) and let X, (1) =
Fyod®(Y (1)), k=1, 2, where Y, and Y, are stationary
Gaussian processes with mean zero and covariance func-
tions

pi(a) =N (22)
sin((», — vya/2)cos((v, + v,a/2)
p2(a) = ,
(v — Va)a/z
0=y, <.

The processes Y; and Y, are independent of each other. The
distribution in the definition of the processes X, is Fy(x) =
(172)(x + D1j—; 13(x) + 1}1 00)(x), that is, the random vari-
ables X, (¢) are uniformly distributed in [—1, 1] at each time
t = 0. The function 1, (x) is 1 for x € [a,b] and 0
otherwise.

Fig. 3 shows five samples of X with finite dimensional
distributions in Eq. (8) corresponding to p; = 0, 1/4, 1/2,

0 10 20 30 40 50 60 70 80 90 100
time

Fig. 3. Five samples of X(7) corresponding to p; = 0, 1/4, 1/2, 3/4, and 1.
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p,= 0.0
_-1 0 1 1 1 1
100 20 40 60 80 100
0 MMMAWMMM\AMAA/WVMWMAN\WMMM
p, =0.25
-10 I I I I
100 20 40 60 80 100
0 MM
p, = 0.50
-10 1 L 1 1
100 20 40 60 80 100
0 L_A_NMM\»/\«\/\N/\‘JI\AMM
p,=0.75
—-10 1 L 1 1
10 20 40 60 80 100
0 WWWMM
p, = 1.0
-10 ! L ' .
0 20 40 60 80 100

time

Fig. 4. Five samples of X(7) corresponding to p; = 0, 1/4, 1/2, 3/4, and 1.

3/4, and 1. Numerical results are for A = 0.1, v, = 1, and
1, = 2. The samples have been generated by the Monte
Carlo algorithm in this section using a nodal spacing 7=
0.25 and a window size n = 5. The samples of X coincide
with the samples of X; and X, for p; =0 and p; =1,
respectively. For other values of p; the samples of X
incorporate features of both X; and X,. The sample of X for
p1 = 1/4 appears to be alternately dominated by the sample
properties of X; and X,.

The samples in Fig. 3 suggest that the processes in 2" can
model intermittent behavior. Such behavior can be observed
in some applications, for example, the wind speed process
can alternate between two patterns of behavior correspond-
ing to smooth and turbulent flow. The variation of soil
properties with depth in geological deposits with randomly
alternating soil layers characterized by random properties
can also exhibit intermittent behavior. The sample in Fig. 3
have features that are consistent with property 6 in Section 4
defining the class of processes 2. For example, if the
constituent translation processes X, are ergodic in the
marginal distribution and the correlation function, the
corresponding process X € Z is also ergodic in the
marginal distribution and correlation function. Hence, the
values and the frequency content of each sample of X have
to reflect the corresponding features of the constituent
processes X;, and these features have to be incorporated in
the proportion py.

Example 3. Let m = 2 in Egs. (6)—(9) and let

Yty _ 112
X (=" k=12 (23)

€ —¢

in Eq. (4), where Y, are stationary Gaussian processes
with mean zero and covariance functions in Eq. (22).
The marginal distribution and density of the processes X;
are

Fx)@P(log(xve — 1+ 1) + 1/2)) 24)

_ We—1 —
fo) = md)(log(x\/e L+ 1)+ 1/2)

for x > —e/+/e?> — e. Let X be a non-Gaussian process in 4’
with the finite dimensional distributions in Eqgs. (6)—(9),
m =2, and processes X;, k=1, 2, with the marginal
distribution and density in Eq. (24).

&(1)

0.8t
0.61
0.4r

0.2}

0 1 2 13 4 5

Fig. 5. First order correlation function ¢ of X for p; = 1/2.
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Fig. 6. Second order correlation functions ¢ and {1 of X and Xr, respectively.

Fig. 7. Difference { — {1 of the second order correlation functions of X and Xr.
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The first and second order correlation functions of the
processes X are

epr(@ _ 1

() = E[Xy (DX (1 + a)] (25)

e—1
epk(a)+pk(0')+Pk(a70—)

fi(a, 0) = E[X, (DX (1 + )X (1 + 0)] = e—1yp2

where p,, k=1,2, are in Eq. (22).

Fig. 4 shows five samples of X for A = 1/5, v, = 7, and
1, = 10 corresponding to p; = 0, 1/4, 1/2, 3/4, and 1. The
samples have been generated by the Monte Carlo algorithm
in this section using a nodal spacing 7= 0.1 and a window
size n = 5. The samples illustrate the dependence of the
correlation structure of X on the correlation functions of the
constituent processes X; and the weights p, of these
processes in the definition of X. Fig. 5 shows the first
order correlation function of X for p; = 1/2. Consider also a
translation process X with the marginal distribution F in
Eq. (24) and the covariance function in Fig. 5. Fig. 6 shows
three dimensional views and contour lines of the second
order correlation functions ¢ and {t of X and of
the translation process Xr. Fig. 7 shows a three-dimensional
view and contour lines of the difference { — {r between the
second order correlation functions of X and Xr. Figs. 6 and 7
suggest that the translation process Xt may be inadequate to
model X if the second order correlation function of this
process needs to be represented accurately in addition to its
marginal distribution and first order correlation functions.

6. Conclusions

A class of stationary non-Gaussian processes, referred to
as the class of mixtures of translation processes, was defined
by its finite dimensional distributions consisting of mixtures
of finite dimensional distributions of translation processes.
The class of mixtures of translation processes includes

translation processes and is useful for both Monte Carlo
simulation and analytical studies. As for translation
processes, the mixture of translation processes can have a
wide range of marginal distributions and correlation
functions. Moreover, these processes can match a broader
range of second order correlation functions than translation
processes. The paper has also developed an algorithm for
generating samples of any non-Gaussian process in the class
of mixtures of translation processes. The algorithm is based
on the sampling representation theorem for stochastic
processes and properties of conditional distributions.
Examples were presented to illustrate the proposed Monte
Carlo algorithm and compare features of translation
processes and mixture of translation processes.
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